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PREFACE. 


Tus want of a systematic treatise upon the Calculus of 
Variations has long been felt. The researches of Poisson, 
Jacobi, Ostrogradsky, and Delaunay, which have added 
so much to the completeness of the science as it came 
from the hands of Lagrange, are only known through the 
medium of scientific journals and Transactions of learned 
}Societies, and are thus inaccessible to many readers, and 
inconvenient of access toall. The student has also to com- 
plain of the want of a sufficient number of examples to 
illustrate the principles of the science, a defect which ren- 
ders these principles, from their very abstract nature, ex- 
ceedingly difficult to be understood by a beginner. These 
deficiencies it is the object of the present work to supply. 

The plan which has been eS may be briefly 
stated as follows : 

| After a short introductory cen of the origin and 
history of the science, the author has, in the first Chapter, 
endeavoured to give a clear statement of its principles, 

considered as a branch of pure Analysis. In the follow- 

_ing Chapter these principles have been applied to the 
investigation of the variation of those expressions with 
which, in the present state of mathematical and physical 
science, we are most generally concerned, namely, diffe- 
“ontial coefficients and definite integrals, the attention of 


) 
) 
| 


vl PREFACE. q 


the reader being directed solely to functions of one inde- 
pendent variable. 

In the third Chapter the author has considered, under 
the same limitation, the important problem of maxima 
and minima. Of this problem some examples have been 
given in immediate connexion with the general methods 
of solution. But as the most interesting examples of the 
Calculus of Variations are to be found in its applications 
to particular sciences, it has been thought most expedient 
to place them in separate chapters under the head of the 
science to which they respectively belong. ‘These ex | 
amples will be found in Chapters IV., VIII, and IX, 
containing respectively the applications of the Calculus 
of Variations to the Theory of Curves, Theory of Sur- 
faces, and Mechanics. 

In Chapters V., VI., and VIL, is discussed the case 
of functions of more than one independent variable, and 
the extension of the methods of the Calculus of Variations 
to such quantities. 

Finally, in Chapter X. the author has given the appli- 
eation of the Calculus of Variations to the integration of 
functions of one or more independent variables, a branch 
of the science which has not met with much attention 
but which appears to be of considerable importance. 

Besides the ordinary treatises upon this subject, the 
author has been much indebted to the two memoirs of 
M. Delaunay, published in the Journal de l’Ecole Poly- 
technique,* and in Liouville’s Journal, respectively, as 
also to a memoir published in the Transactions of the 
Academy of St. Petersburgh,t by M. Ostrogradsky, all of 





* Journal de l’Ecole Polytechnique, tom. xvii. 
+ Journal de Math., tom. vi. 
t Mem. de l’ Acad. de St. Petersb. a. D. 1838. 
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which he would strongly recommend to the attention of 
his readers. 

The author desires to take this opportunity of return- 
ing his sincere thanks to the Board of Trinity College, 
for the liberality with which they have contributed to 
defray the expense of the present work. 


6, Trinity CoLLecE, 
March, 1850. 
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INTRODUCTION. 


AttHoucH the Calculus of Variations, properly so called, is justly 
ue to the genius of Lagrange, many of the principles, as well as 
he results of the science, are of a more ancient date. Like the 
sartesian Geometry, and many of the other analytic methods in 
ise among mathematicians of the present day, its origin is to be 


ought, not in any systematic treatise, but in the investigation and 


\olution of some particular problem. ‘This, indeed, is the ordi- 


aary history of the great improvements in mathematical science. 
Some problem, physical or mathematical, is proposed, which is 
ound to be insoluble by known methods; and in the solution of 
such a problem a new principle is necessarily introduced. It is 
soon cbhserved that this principle is not limited in its application 
io the particular question which occasioned its discovery, and it 
8 thea stated in an abstract form, and applied to problems of gra- 
tually increasing generality. Other principles, similar in their 
lature, are added; and the original principle itself receives such 
nodifications and extensions as are from time to time suggested 
y the various problems to which it is applied. Finally, these 
eyeral parts are grouped together, a uniform system of notation 
shdopted, and the principles of the new method become entitled 
offank as a distinct science. The mathematical historian cannot, 


4 ta & 


ourse, expect to be able in all cases to trace this process. The 









Xi INTRODUCTION. 


several steps may be the work’of a single mind, and the author 
in giving his finished discovery: to the public, may not think 1 
necessary to detail the method by which his own mind was con4, 
ducted to it. But, from the experience of those who have left us; 
such a detail, as well as from the history of sciences which canno 
be traced to an individual discoverer, we are warranted in con¥. 
cluding that the history of mathematical discovery is, generall 
at least, such as has been described above. 

In estimating the truth or falsehood of such a conclusion, an L, 
more generally, in examining the laws which regulate the progress 
of the human mind in the discovery of truth, the most important 
evidence is derived from sciences which have been at their first 
promulgation most incomplete, and have owed their subsequen*; 
advancement rather to the successive labours of several, than ta 
the efforts of a single mind. An individual discoverer seldom 
gives us the results of his labours in the same form in which they 
first presented themselves to his own mind. Still more rarely are 
the steps, by which he desires to conduct the mind of his zeader 
to the perception of a truth, identical with those by which he 
himself arrived at it. These last are commonly tedious and in- 
elegant, and when the conclusion has been once reachet, it is 
generally possible to discover some more compendious mode of 
arriving at it. And if doth these discoveries be the work of a 
single mind, the first is seldom given to the reader. ‘Thuswhile 
much is gained in the brevity and elegance of the published de- 
monstration, future inquirers are deprived of a most importaat aid 
to discovery, by the suppression of the process through whic: the 
mind of the author actually passed. It is unnecessary to say ‘hat 
such a suppression is impossible, where the original discovery md 
the finished demonstration have emanated from different persons. 
Hence the historical importance of those sciences whose principhs 


have been given to the public, not in a complete and system¢ ¢ 
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form, but gradually, and by methods more or less tedious or im- 
perfect. As there is, perhaps, no science which furnishes a better 
example of this than the Calculus of Variations, it may not be 
unprofitable to trace briefly the several steps of its progress. 

In the month of June, 1696,* John Bernouilli proposed to the 

mathematicians of his day the following problem: 
‘“ PROBLEMA NOVUM, 
Ad cujus solutionem Mathematici invitantur. 
Datis in plano verticali duobus punctis A et B, assignare mobili 
M viam AMB per quam gravitate sua descendens, et moveri in- 
cipiens a puncto A, brevissimo tempore perveniat ad alterum 
punctum B.” 

The novelty of this problem, which appeared to differ essen- 
tially from any previously solved question of maxima and minima, 
attracted immediate attention, and we find three of the most illus- 
trious mathematicians of the day, Leibnitz, James Bernouilli, and 
De Hopital, engaged in the attempt to solve it. The first of 
these appears to have succeeded in obtaining a solution within the 
allotted time.t This, however, he did not publish, being, as he 
states, desirous that other mathematicians should be encouraged 
to attempt the solution. He, therefore, merely transmitted it to 
John Bernouilli, receiving in return the solution which that ma- 
thematician had previously obtained, to be published at the 
proper time. Subsequently, Leibnitz, influenced by the same 


* Previously to this, Newton had solved a problem of a similar nature, namely, the 
determination of the solid of least resistance. But he did not publish the method by 
which his result had been obtained, and no impulse seems to have been given by it to the 
researches of other mathematicians. The history of the Calculus of Variations, therefore, 
properly begins with the problem of the brachystochrone. 

+ James Bernouilli states that he also had solved the problem within the allotted 
period, but that, on learning that the proposer had extended it, he reserved his solution, 
with the intention of investigating and adding to it certain other problems of a similar 
nature. The fact that his Isoperimetrical Problem—a problem which is greatly in ad- 
vance of the brachystochrone—was published along with his solution of the latter, is of 
itself almost sufficient to prove the truth of this statement. 
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motive, requested that the time originally prescribed by the au- 
thor might be extended, a request with which John Bernouill com- 
plied, and again proposed the problem in a Programma published 
at Groningen in January, 1697. Three solutions of the problem 
appeared in the Acta Eruditorum for May, 1697, emanating res- 
pectively from the proposer, James Bernouilli, and the Marquis 
de l’H6pital. The solution given by the two Bernouillis (that of 
De l’H6pital being without demonstration) rest substantially upon 
the same principle, namely, that “ whatever maximum or mini- 
mum property is possessed by the entire curve must belong also 
to every element of it.” But James Bernouilli is undoubtedly in 
advance of his brother, both in adopting a more direct process, 


and in stating, in abstract terms, the new principle upon which 


g; 
that process is founded. ‘This, besides subjecting the assumed 
principle to a more rigid scrutiny, brings us a step nearer to a 
general analytical method. 

In the problems which James Bernouilli proposes at the close 
of the same paper, he gives the germs of two other important 
branches of the new method. ‘These problems are:—1. Among 
all curves drawn from a given point to a given vertical line to 
determine the curve of quickest descent. 2. Of all curves of the 
same length described upon a given base, to determine a curve 
such that the area of a second curve, each of whose ordinates is a 
given function of the corresponding ordinate or are of the first, 
may be a maximum. 

In the difference between the first of these and the original 
question of the brachystochrone, we recognise the germ of the 
general problem subsequently considered by Lagrange, namely, 
“Tf a given definite integral receive a maximum or minimum 
value, what are the conditions to be fulfilled at the limits of inte- 
gration ?” 


In the second, or isoperimetrical problem, we see the first step 


INTRODUCTION. XV 


to the general question of relative maxima and minima, in which 
the maximum or minimum curve is to be determined, not from 
among all possible curves, but from among those only which pos- 
sess some given property. The unsuccessful attempts of John 
Bernouilli to solve the second case of this latter problem showed 
at once the inaccuracy of the principle upon which the original 
question had been discussed. It had been there assumed that the 
curve might be considered as a rectilinear polygon, having an in- 
finite number of sides, and that whatever maximum or minimum 
property belongs to the entire curve belongs also to each consecu- 
tive pair of these sides. By the application of this principle to 
the second case of the isoperimetrical problem, John Bernouilli 
obtained continually erroneous results; nor does he appear to have 
been sensible of the cause of his mistake until the publication of 
James Bernouilli’s ‘‘ Analysis magni Problematis Isoperimetrici,” 
in which the original principle is modified by the supposition that 
three elements of the curve (considered as a polygon) vary simul- 
taneously. 

This valuable memoir appeared in the Acta Eruditorum for 
May, 1701. It contains two important steps in the progress of 
the method, namely:—1. The modification of the original prin- 
ciple just alluded to, by which it was rendered (although not 
universally true) more general in its application than it had pre- 
viously been. 2. The method of taking into account the tsoperi- 
metrical condition. Much was done afterwards by John Bernouilli 
in simplifying his brother’s demonstration, as well as in establish- 
ing a more uniform system of equations for the solution of such 


problems.* But the actual limits of the power of the new method 





* The following principle, which was afterwards extensively used, is due to John 
Bernouilli : 
If an equation of the form 


dy 4 
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do not appear to have been materially extended until the subject 
was taken up by Euler. 

It would be impossible, in a brief sketch like the present, to 
give an adequate idea of the labours of this illustrious mathema- 
tician, to whom the Calculus of Variations is perhaps even more 
indebted than to Lagrange. We must, therefore, content our- - 
selves with a rapid view of the principal additions made by him 
to the researches of the Bernouillis and some of their contempo- 
raries. 

Euler commences by a classification of the problems which he 
proposes to consider, founded on the number of properties (exclu- 
sive of the maximum or minimum property) which the sought 
curve is required to have. 

In the first class are to be reckoned those problems in which, 
as in the case of the brachystochrone, a curve is sought possessing 
a maximum or minimum property, but not restricted by the ne- 
cessity of possessing any other given property. In the second 
class, including the isoperimetrical problems of James Bernouilli, 
he places those problems in which a second condition, such as a 
given length, a given area, &c., is attached to the curve. In 
problems of the third class, two such conditions are supposed to be 
added. By the introduction of problems of this last class, Euler, 
in his first memoir, extended the limits of the method consider- 
ably beyond the position in which the Bernouillis had left them. 
He also greatly facilitated the solution of all the ordinary problems, 
by the construction of a table of formule, which are of very 


extensive application. Lastly, we may discover in Euler’s first 





hold between any two consecutive points of a curve, the functions on each side being simi- 
lar in form, we must have 


dy 
Fi 2. Y, —, &c. | = const. 
dx 


This principle, the truth of which is self-evident, was first used by John Bernouilli, and 


subsequently by Euler and others, in the solution of problems of maxima and minima. 
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memoir the germ of that general method of solving problems of 
relative maxima and minima, which he himself afterwards com- 
pleted, and which is now in general use. 

Euler’s second memoir was published in 1736. In this me- 
moir we can trace the rapid advance of the method to complete 
generality. The use of the table of formule, which had been it- 
self a vast improvement upon the previous methods, was now 
superseded by the discovery of a single equation, of so compre- 
hensive a nature, that no subsequent generalization of the science 
has removed it from the place it occupies, as the general solution 
of all cases in which the maximum or minimum property is ca- 


pable of being expressed by a formula such as 


4 2 n 
[r(« Y; 2 a Sie Th) a 

The principle upon which all previous solutions had been 
founded, namely, that what is true of the entire curve is also 
true of each of its elements, was rigorously examined, and shown 
to be, in an important class of problems, untrue. Thus the way 
was prepared for a more general method. Much was also done 
in facilitating the processes employed in the former memoir. 

Still greater advances to a complete system are made in the 
“ Methodus inveniendi Lineas curvas Proprietate maximi mini- 
mive gaudentes.” In this great work, displaying an amount of 
mathematical genius almost unrivalled, Kuler arranged, in a re- 
gular and systematic method, his former discoveries. The prob- 
lems which he proposes to solve are divided into two great 
classes, absolute and relative ; in the former of which it is required 
to determine the maximum or minimum curve from among all 
curves whatever; while in the second this curve is to be selected 
from those curves only which possess one or more given pro- 


perties. 
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The principles of the method are stated in clear and logical 
order, and the conceptions of the student are aided by a great 
number of illustrations and examples. The defect, arising from 
the want of generality in the principle noticed in his previous 
memoir, is supplied, and equations of solution are given for the 
cases in which that principle fails. Finally, a general method of 
solution is given for problems of relative maxima and minima, 
which remains in use to the present day. 

To estimate the importance of the labours of Euler, it is only 
necessary to compare with the “ Methodus Inveniendi” the last 
memoir of John Bernouilli, which marks the extent to which the 
method had been carried before the author of the former com- 
menced his investigations. From being little more than the 
solution of a particular problem, it had almost become a complete 
science. General methods had taken the place of the considera- 
tion of individual questions, the principles of the science had been 
clearly defined, and the whole had been arranged into a regular 
didactic treatise. Still, however, much remained to be done. 
The method of maxima and minima, as it came from the hands 
of Euler, wanted that which is essential to every analytic method, 
namely, an analytic foundation. In deriving its principles from 
geometry, Euler established a connexion which was not natural, 
and whose inevitable tendency was to limit the extent to which 
those principles were capable of being carried. The method, too, 
by which he arrives at his conclusions, is tedious and difficult, and 
in the hands of a less accomplished mathematician would probably 
be unsuccessful. There was also wanting in the method of Euler’ 
a definite system of notation by which its distinctive character 
might be marked. The omission of the “definite equations,” as 
they were termed by Lagrange, without which the problem 
would be in general indeterminate, is a serious defect in Euler’s 


theory ; and, lastly, there seems to have been no attempt made to 
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extend it to surfaces possessed of a maximum or minimum pro- 
perty, or, in other words, to cases in which the property in 
question is expressed by an integral of a degree higher than the 
first. 

These defects were removed by the genius of Lagrange. In 
separating the principles of the Calculus of Variations from the 
geometrical considerations from which his predecessors had de- 
rived them, he not only placed the science upon its true and legi- 
timate foundation, but opened a new and extensive field for its 
future applications. By the invention of a simple and definite 
notation he gave distinctness and permanence to the new method, 
securing it from being confounded with the other infinitesimal 
methods, to which it is in some degree similar. 

In the investigation of the definite equations, the general me- 
thod of maxima and minima, where the variables are not inde- 
pendent of one another, and, above all, in his applications of its 
_ principles to Mechanics, Lagrange increased so largely both the 
completeness and the extent of the new science, that he 1s, for all 
these reasons, justly reputed the inventor of the Calculus of Va- 
riations. Itis, however, the less necessary to enter minutely into 
the principles laid down by Lagrange, as it is the object of the 
following treatise to develope them. For although much has been 
done by Poisson, Jacobi, Ostrogradsky, Sarrus,* Delaunay, and 
others, to extend its methods and supply its deficiencies, the Cal- 
culus of Variations is now, in its essential principles, the same as 
when it came from the hands of Lagrange. - 

In concluding this brief sketch of the history of the Calculus 


of Variations, the author would refer any of his readers, who are 


* I regret much that, in consequence of the delay in the publication of M. Sarrus’ 
Memoir, which was crowned by the Academy of Sciences in 1843, I have been unable to 
consult it previously to the publication of the present Treatise. 
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desirous of more extensive information on this part of the subject, 
to Woodhouse’s Isoperimetrical Problems, in which the various 
improvements made by successive mathematicians are detailed 
with great clearness, and from which the preceding account has 


been in a great measure compiled. 
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CHAPTER I 
DEFINITIONS AND PRINCIPLES. 


1. One variable quantity is said to be a function of any number 
of others, when there exists between them a certain relation, ren- 
dering the value of the first dependent on the values of the others, 
which are termed independent variables. ‘The nature of the rela- 
tion subsisting between the first, or dependent variable, and the 
others, or independent variables, is termed the form of the function. 
This is ordinarily expressed by the notation w= @¢ (a1, 22, %3....), 
where 2, #2, &c., are the independent variables, u is the dependent 
variable, and ¢ is a general symbol, denoting the form of the 
function. 

2. From this definition it is evident that the value of a depen- 
dent variable or function depends upon two different things, viz. : 
1. the values of the independent variables; 2. the form of the 
function, or nature of the relation by which it 1s connected with 
them. A change in either of these will change the value of the 
function. Thus, for example, let the function be u=sin.a#, and 
it is evident that the value of w may be changed, either by a 
change in the value of w, or by a change of the functional symbol 
sin. into any other, such as cos., tan., log., &c. Functions may, 
therefore, be divided into—1. Determinate, or those whose form 
is not supposed to change; 2. Indeterminate, or those whose form 
is variable. This division is analogous to that of ordinary quan- 
tities into constant and variable. The changes in value of which 
i B 


2 DEFINITIONS AND PRINCIPLES. 


determinate functions are susceptible, arising solely from a change 


in the value of some one or more of the independent variables, | 





have been already fully discussed in the Differential Calculus. | 


But the changes in value of which indeterminate functions are 


susceptible, arising, as they do, from a different cause, require to 


be treated in a different way, the rules of the Differential Calculus 
not being (as will be seen hereafter) universally applicable to 
them. Itis with such changes in value, those, namely, which 
arise from a change in form, that we shall be, in our present sub- 
ject, principally* concerned, inasmuch as these changes only are 
peculiar to the Calculus of Variations. 

3. It is evident that the form of one function may be so con- 
nected with the form or forms of one or more others, that if the 
form or forms of the latter be determined, that of the first is de- 
termined also. Thus, for example, the form of the differential 
coefficient of any function depends on, and may be deduced from, 
the form of the function itself. This species of relation between 
functions may be denoted by giving the name of primitive func- 
tions to the latter, whose forms are independent, and that of 
derived function to the former, whose form depends on those of 
the primitives. We shall denote it analytically by the symbols 
F, F’, &.; i. e. we shall use the symbol /.@ to represent a 
function whose form depends on that of the function g. Now if 
the form of one or more of the primitive functions be supposed to 
change, it is evident that the form of the derived function will 
undergo a corresponding change; and if the relation between the 
forms of the primitive and derived functions be supposed inva- 
riable, the change in the form of the latter will not be arbitrary, 
but connected by a fixed relation with the change in the form of 
the former. ‘To deduce this relation, or, in other words, ‘ to in- 
vestigate the change in a derwed function, in consequence of a 
change in the form of its primitive,” is the object of the Calculus of 
Variations. 

4. As it is essential no less to the problems of the Calculus of 
Variations, than to those of the Differential Calculus, that the 


* I say principally, because, as will be seen, many problems in the Calculus of 
Variations involve the consideration of increments of both kinds. nd 


/ 
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_ increments assigned to the variable quantities should be susceptible 
~ of indefinite diminution, it becomes a question of importance to 
determine a method of giving such an increment to a function by 
means of a change inits form. It is, moreover, essential that this 
increment should continue indefinitely small for all values of the 
independent variables. Hence if w= (a, a2...-) be the given 
function in its original state, and if wu’ = ’ (a, a2 ....) be the func- 
tion after having undergone the required change of form, and if 
i be a constant quantity of whatever degree of smallness w’—u is 
intended to have, it is evident that 


v 


must be finite for all values of 2, x2, &c., which are consistent 
with the conditions of the problem. Assume 





i . \ oS 1, @2 ! P (Lr, Xe ) 
and we have w—u=w(a, m....), or w=Uutth (am, m....), 
where f(a #....) 1s a function subject to no other restriction 


than that of not becoming infinite for any values of x, a2, &e., 
which are consistent with the conditions of the problem. 

Hence it appears that the required method of assigning to a 
given primitive function an increment susceptible of indefinite 
diminution for all values of the variable, is to add to it another 
function (subject to the foregoing restriction), multiplied by a 
constant quantity, which is to be assumed of whatever order of 
magnitude the increment is required to have. Such an increment 
is properly termed a variation, which may, therefore, be defined 
to be “ Lhe indefinitely small change in value which a function re- 
ceives in consequence of a change in its form.” From this and the 
preceding number it immediately appears that the variation of a 
primitive function is perfectly arbitrary, and that the variation of 
a derived function depends on that of its primitive. 

5. Let w=¢ (a, a....), an indeterminate function of any 
number of variables, and let v= F’. u,* a function derived from w, 


* It must be carefully kept in mind that v is not a function of u, as the symbol £ de- 
notes a relation between forms, not between magnitudes. 
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i.e. a function whose form depends on the form of u. Let it be 
required to find the variation of v, i. e. the change which v under- 
goes in consequence of an indefinitely small change in the form 
of w. 

Substitute, according to the method in (4), for 


p(X, Myo. -)s p (x1, VQ... ) fr ww (a, VQ... a); 


and let the operation denoted by Ff’ be performed on the function 
so changed, sufficiently far to obtain the coefficient of the first 
power of 7. If this coefficient be denoted by w, iw will be the 
required variation. This appears by precisely the same reasoning 
as that employed in the Differential Calculus in the investigation 
of a differential. 

This is the most general problem of the Calculus of Variations. 
But as, in the present state of mathematical science, we are con- 
cerned with but two species of derived functions, sc., those which 
are derived by the process of differentiation, denoted by the sym- 
bol d, and those which are derived by the process of integration, 
denoted by the symbol |, the investigation of so general a problem 
is quite unnecessary. We shall, therefore, proceed to consider 
a particular case, which is, however, sufficiently general for all 
purposes to which the Calculus of Variations has been hitherto 
applied. 3 ee 

Let the symbol of derivation, /’, be distributive, 1. e. such as to 
satisfy the equation 
P.¢+ fF .6,=F.(p + $1), 
where ¢ and ¢ are functions of any number of variables; and let 
it be required to find the variation of v=/.¢. Substitute, ac- 
cording to the method given above, in /’.9, ¢+% for ¢. Now 


since, by the equation of condition, 
F(o+w)=F.o+ Fa, 


itis evident that the total increment of gis Mid. But Maps 
if.) (vid. Note A). Hence, according to the principle above 
stated, the variation of F.g is ify, or Pid. It is easily seen 
that the equation of condition, 


FP .¢4+F.o,= F'(¢ +1), 
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is satisfied by the two modes of derivation represented by the 
symbols d and |. 

_ 6. Hitherto we have only considered that species of increment 

which is peculiar to the Calculus of Variations, viz., that which a 
function receives in consequence of a change inits form. But as . 
the problems with which we are concerned in this science fre- 
quently involve the consideration of the increments which a func- 
tion receives in consequence of change in one or more of its 
independent variables, the following principle is necessary to the 

determination of the complete change on the function. 

If, from the operation of any cause whatever, a quantity receive 
an increment which is indefinitely small, in comparison with the 
quantity itself ; and if, from the operation of another cause, the same 
quantity receive another such increment, and so on for any number 
of causes, the increment which it would receive from the combined 
action of all these causes is the sum of the increments which each pro- 
duces when acting separately. 

The truth of this principle appears at once from the supposition 
that the increment is indefinitely small when compared with the 
quantity increased. 

It is, in fact, perfectly analogous to the principle of the super- 
position of small motions in Mechanics, and may be proved in a 
similar manner. 

As the increments with which the Calculus of Variations is 
concerned are of two essentially different species, it may be -well, 
before proceeding further, to establish a distinct notation to ex- 
press them. ‘This is the more necessary, as many writers on the 
Calculus of Variations have been led into considerable difficulties 
by an unsteady use of the symbol 6, asymbol which they employ 
sometimes to express the increment which a function receives in 
consequence of a change of form only, and sometimes to express 
the increment which it receives from the variation, not only of its 
form, but also of its independent variables. 

_ We shall, then, use the symbol 6 to denote that species of in- 
erement which is peculiar to the Calculus of Variations, that, 
namely, which a function receives in consequence of a change in ~ 
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by the symbol d that increment which a function receives in 
consequence of a change in the magnitude of its independent 
variables. 

Finally, we shall use the symbol D to express the total in- 
crement of which any function is susceptible, arising from the 
variation of every quantity connected with it which can be va- 
ried. Hence, if vw be a determinate function of variable quan- 
tities, 

Du = du; 
if w be an indeterminate function of constant quantities, 

Du = du; 
and if w be an indeterminate function of variable quantities, 
Du = du + du. 


As an independent variable is capable of but one species of incre- 

ment, it 1s immaterial what symbol be employed to express it. 

We shall, however, in general, denote the increment of an inde- 
pendent variable by the symbol d; and whenever it may be ne- 
cessary to vary this notation, we shall be careful to state it 

distinctly, so as to preclude the possibility of any mistake as to 

the meaning of the symbol employed. 

7. We shall now proceed to apply the principles which have : 
been established, to the investigation of the variations of the seve- 
ral species of quantities with which we are concerned in this 
science. | ! 

(1.) Let 

=F ( 1, Bayer aenonee | 
a determinate function of any number of independent variables, 
and let it be required to find its complete increment. Here the 
form of the function not being supposed to vary, 


. Ak, + &e. + be ALn. 


du du 
Du =du= —.da, + — ae A) 


dix,’ 
(2.) Let 
U= Wy) (x, WUD es toler s Bay 


a primitive indeterminate function. In this case 


Du = su + du. 
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But 
| du du 
, du = dat . AK; + &e. ote Xn . dans 
and 
St ty (0, 09,0... 1. Ain) ; 
hence 
du du du 
Du= ae ax; an irae dite + &e. + dx,” dx + wp (v1, Uv vaat v n)s 
(3.) Let 


trl dy (hy, ao," .*. Bi), 
and it is evident that 
du 


ey dx, + 


u 
Wa: . datn + Su, 


as . Axes + &e.+ g 
din 


diy 


where du is to be determined according to the method in Art. 5. 


(4.) Let 
w= Fd (th Bq i... En); 


a derived function, in which the symbol F satisfies the equation 
F.¢+F goi=F.(¢+ $1); 
and since (Art. 5), 


u= Mip=F 8g, 
du du du 
Du= =. dx fide. diz + &e. + + Gy * din + Beg. 


(5.) Let 
fe fF (4i, 12,5 «=U, Ue... ), 

a determinate function of the quantities within the brackets, of 
which 2, #.... are independent variables, and w, w.... inde- 
terminate functions of any or all of these variables; and let it be 
required to find the complete increment of V,1. e. D.V. 

Here it is evident that V may vary either in consequence of 
a change in one or more of the independent variables, 7, x, .... 
or in consequence of a change in the form of one or more of the 
functions W, U2.... 

If, for example, 2, vary, while everything else remains con- 
stant, the corresponding change in V will be 


(5+ dV du, dV du 


ee ii. thn.) dus le, 


+ &e.) PaZ 3 
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similarly, for 22, 
dV dV duy dV du 
(5-4 duy Mace dus’ dirs 


and so on for the other independent variables. 

Now, let the form of the function u vary, while everything 
else remains constant, and, since V is a function of wm, the corres- 
ponding change in V will be 

AV 
duy 


the truth of this theorem depending solely on the fact that V is a 
function of u, and being altogether independent of the species of 


+ &e.) dx: 


. OUy ; 


increment meee tow. Similar terms being introduced by the 
functions uz, us,...., the complete increment will be . 


aves duy | aV dur 
ve 
uy Gat du,’ dixy Tia Fea ua ) a 
dV : 
+ & + &e. ) diz, j 
+ &e. 


+ Ze 8u + & .But Be, 


The expression for Ane variation, properly so called, will iid 


be : 
dV % 

éV= Be — ouy ae 8 + &e. q 

ny aie 

(6.) Finally, let it be required to find the complete variation — 

of U= FV, where 


Pas 


¥ 
Vf (a1, dg .... U1, Ug), | 

and fis asymbol of derivation, which satisfies the condition 
Po + Fig: =F. (b+ dy). 

We shall proceed, as before, to determine separately thes va- 
riations arising from changes in the several variable elements 
which U contains. Let vary, while all the other elements, 
viz., the independent variables, x2, v3 ..., and the forms of the se- . 
veral functions, w, w..., remain constant, and let it be required 
to find the corresponding change in U. Now, since Vis a deter- 
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minate function of 7, 2... , %w...., it is evident that, as long 
_ as the forms of the functions w, wz... remain unchanged, V will 
|. be a determinate function of the independent variables 2, w2...; 
_ and since the symbol of derivation F’is determinate, U will also 
be a determinate function of a, a2.... Hence, if ay vary while 
everything else remains constant, the corresponding change in U 


will be 





| 

: 

: | | 
gard to 2. Similar terms will, of course, be introduced by the 

_ variation of a, 23.... It remains then to find the variation, pro- 

_perly so called, sc., that part of the complete increment which 
depends upon the change in the form of any of the functions 


denoting the complete differential. coefficient of U, with re- 


, Uy, Ug.... 
Now it might be at first sight supposed that the variation 
arising from a change of any kind in % should be, as before, 


dU 

Wes Ou}. 
But it must be remembered that the truth of this theorem of the 
Differential Calculus depends entirely upon the supposition that 
U is a function of uw, 1. e. a quantity whose magnitude depends 
upon the magnitude of #;. But U is not a function of 7, inasmuch 
as the relation between them is a relation of form, not of magni- 


tude; and it is therefore no longer true that the increment of U is 
dU 


rt Ou. 

duy 
But although U is not a function of uw, it is a function derived 
from w, for itis evident that the form of U depends upon the form 
of V, which itself depends upon the form of w. Since, then, 
U=F-.V, we have (Art. 5) ;U=£.6V; and since, from the pre- 
ceding paragraph, 

dV 


dV 
Be i, ou, + dup Ot? t Hs 


it is evident that the part of 8U which results from a change in 
the form of w is 


; tc ate 


C 
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Hence the complete expression is 


aye dx, Pick &e. 
dx, dx2 


+f, (Feu a was + ke.) 
du, dus 

We have in this proposition an instance of the caution requisite in 

applying the principles of the Differential Calculus to any cases in 

which the variation which we consider arises from a change in the 

form of the function. , 

8. Having thus stated the general principles of the Calculus 
of Variations, we shall next proceed to consider the several cases 
to which, in the actual state of mathematical and physical science, 
they may be applied; those cases, namely, in which the functions 
are derived from one another by the processes of differentiation 
and integration. 


11 


CHAPTER II. 


FUNCTIONS OF ONE INDEPENDENT VARIABLE. 


Prop. I. 


9. To find the complete variation of the differential coefficient 


a y being a function of the single independent variable «. 


It is evident that there are but two modes in which such a 
differential coefficient can be varied, sc., either by a change in the 
independent variable, or by a change in the form of the function. 
The complete variation will, therefore, according to the principle 
stated in Art. 6, Chap. I., be found by taking the sum of the in- 
crements produced by the separate action of these causes. Now 
if the independent variable w receive the increment dz, the form 
of the function y remaining unchanged, it is plain that the corres- 


mn +] 
ponding increment of ce will be ae 





1 
ea 7 ae dz. Hence, according to 


the notation established in Art. 6, we shall have for the complete 
variation, 


ne Meena 
aa = dam’ dx AF 0. on 





abevana: ON iit ; 
But since the symbol of derivation, Fe satisfies the equation 


F.g+ F.gi=F.(o + oi); 
it is evident that 
dy d*.dy 
‘da™ = =da"- 





| Substituting this value in the expression for Dee we have, 
finally, 

d"y . aly d”.dy 

Ss 1 Cede aera 
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It is necessary to notice here a restriction upon the quantity 
oy. It will be remembered that in the preceding chapter, where 
we found du= i (x, a....), 1t was noticed, as a necessary re- 
striction upon the function w, that it should not become infinite 
for any values of the independent variables consistent with the 
conditions of the question. This is sufficient as long as we are 
concerned only with the function itself; but when the question 
involves the consideration of functions derived from the original, 
it is necessary that the functions similarly derived from ~ should 
also be finite for all admissible values of the independent variables. 
In other words, when it is stated in Art. 7, No. (4), that 


Galo = Hen = hae 


it 1s, of course, supposed that /’. ~ does not become infinite for 
any values of x, a, &c. which are consistent with the conditions 
of the question. In the present case, where there is but one inde- 
pendent variable, 


eyo) eee 
oy = tya, r) da" =t+—— . 


It is, therefore, necessary to assume the function w of such a form 
a", ba 
dx” 
mark will be found of great importance in the application of the 

Calculus of Variations to the theory of maxima and minima. 


as to render finite for all admissible values of a. ‘This re- 





Prop. II. 


10. To find the complete variation of 


dy d*y dy 
Va f(y az’ dx?’ te =), 


a determinate function of x, y, and its first m differential ¢o- — 


efficients. 


This is evidently a case of the general question discussed in 


Art. 7, No (5), of the preceding chapter, and its solution may be ; 


cs m 


derived from the formula there given, by reducing the number of ‘ 


independent variables to one, and putting w= y, w= = &. Ife 
x 
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these substitutions be made, and if, for the sake of brevity, we 


assume 
d d 
ee Pp ge pe 
dx dy i dy i d*y 1 dry? 
a2 da " dx? dat 


we shall have 


7 Nia 
D.V=(M+no Pos 4 + &e.+ Py at) 


+ Noy + Pid. SEP. 8. FH + Be +Po. ay 


or, if we substitute for 
d"y 


o 
3: A aes 1 858, 





their values derived from the preceding proposition, 














m+1 4 
D.V-(4+ NS. p, x2 aa) 
d. dy! 

ue d?. dy dey 

+ Ney + Pi: = +P» aint + &.+ P, eric 


The variation oy hein as before, expressed by wa, it appears | 
from the concluding remark of the preceding proposition, that it 
is necessary to assume the function y of such a form, that neither 
itself, nor any of its first m differential coefficients, become infinite 
for any value of x consistent with the conditions of the question. 


Prop. IIL. 
11. To find the complete variation of 


oe be 4 dy d"y 
U- a Vie, where V=f (ay... =) 
The value of a definite integral may be varied in one of three 
ways: sc. 1. By a change in the superior limit x. 2. By a change 
in the inferior limit a. 3. By a change in the form of the func- 
tion to be integrated.* The complete variation will be, as before, 


"It is usual, j in, “investigating the variation of a definite integral, to assign an incre- 
ment to the indeper dent variable. But as this quantity does not enter into the final result, 


wy ee 
he 
a 6 ae] 
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the sum of the partial variations so obtained. Let the value of V 
at the superior limit be denoted by Vj, and let that limit be in- 
creased by da), the form of the function V remaining unchanged. 
The corresponding increment of Uis Vidz. Similarly, if the 
inferior limit xo receive the increment dao, the corresponding in- 
crement of U will be — Vo dz». Hence 

D. U= Vide, — Vode +8 {/ Vac. 


Xo 


It remains, therefore, to find 6 af Vdz, 1. e., the change in the 


value of the definite integral produced by a change in the form of 
the function V. Now, since the operation denoted by the symbol 


3 ( ). dz satisfies the equation 
F.9+f.o1= fF. (p+ $1); 
we have (Art. 5, Chap. I.) 


a Va =|" 8 ae. 


, ; : dy d ' ¥ 
As V is a determinate function of a, y, wl oa , &e., its form 
da’ dx? f 


considered as a function of the independent variable x, can be 
changed only by a change in the form of the function y. The 
value of 6V will, therefore, be, as found in the preceding propo- 
sition, 














SV = Noy + Py 2 + Py TY 5 &e 2, 
and, therefore, 
zy ddr d” 
8 i Vda = -| (Way + P; a+ Rg ee —r : +P, Ne 


This may be reduced by the method of integration by parts, as 


follows : 


which depends entirely upon the values of the limits and the form of the function to be 
integrated, it may naturally be expected that the complete variation will contain no 
term depending upon the increment of the independent variable, as distinguished from 


the increments of its limiting values. Accordingly, if an increment be assigned to the | 


independent variable, it will be found that the coefficient of that in:rement, under the 
sign of integration, will vanish of itself. 





ap a se 
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t/, id 
Re fog ae = (Psy) - —(Piéy)o . - [Po sii OY phe; 
where (Pi6y)1, (Pidy)o denote the values of P,dy at the superior 
and inferior limits respectively. Similarly, 


eh (AB) (a 





v dP» dey 
dz dx ae y [= da’ ts 
or, if we integrate the last term again, 
déy dP» (P doy dP» x1 ql? sa 
Bs, — (7,22 22) «PP ye 


Similarly, if we integrate n times successively the term 


ie Pr, s oy, . ax, 








Xo dax™ 
we shall find 
mi dt Oy ( aigy dP, aby _alP, 
|, Ps dat aie aa dz ~ da*? asa ih dx™ -&y) 
ad ldy 
( P, Hy - &e. 
ae ia ad’ P,, 
+(-1) li aie oy: 
Collecting the coefficients of the several quantities 
dey 
. oy, Gal &e., 
we find 7 





Bip. &e ) (oes) cy 
d. 1 \adu/\ 
+ &c. 


d™ oy dey 
+( 2, Paengs 
2 


n = 
dx) 0 
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and, therefore, 


D. ki Vde = Vide; 2Vede 


nf kee &e.) ay: - (Pi-S? + de.) Oyo 





He 
HOP, = &ou)| Go. S (Py <\eane (ean 

- + &e. 
Pls sf 2a ent 


12. This expression, as will be seen, consists of three parts, 
essentially distinct, viz.: 1. The terms 


Vidz; —- Vode, 


which are independent of the change in the form of the function, 
and depend solely upon the variation of the limits. 2. The terms 


(Pi = &e.); oy — &e., 


which depend on the change in the form of the function, not for 
every value of #, but for the limiting values only of that variable. 
3. The terms under the sign of integration, sc., 


z1/ dP, ) F 
ee “+ be.) dy. de, 


depending on the general change in the form of the function. 
The nature of this difference will appear most clearly, if we re- 
collect that éy=waz. For it appears immediately—l. That the 
value of the first class of terms is wholly independent of the form 
of the function y. 2. That for the determination of the value of 
the terms of the second class it is not necessary to determine the 
form of the function ~, but only the values which that function 
and its first »—1 differential boefirients have at the limits. 
3. That the value of the term 


* (8B. te) aya 
- (w- 54s ge. oy . dx 


A 
depends on the form of the function y, and cannot ie determined 
as long as that form remains arbitrary. | 
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Prop. LV. 


13. If V contain explicitly the limiting values of any number of 


hs d Apia 
the quantities 2, y, a &e., 1. e. if 


ile ay 
Bey. ere Li, Yi) a 1+ +» B05 Y0s (se) eb 


find the complete variation of ig Vdz. 


Xo 
As y, %, and yo, Zo, are connected by the same general relation 


as y, x, it is plain that the integral f Vdz can be varied only by 


xO 
one of the three methods given in the foregoing proposition. 
Now if a; receive the increment dx, the form of the function y 
remaining unchanged, the corresponding increase on the integral 


will be 
“(dV aV (20) dV (20) 
ae ee Bara (#) , dx? + &e.) da Wen 
*\da/1 | 


Similarly, if 2 receive the increment dz, the corresponding 


change in ie Vdz will be 


“uldV dV (fd dV d? 
= Vor | ae, * ayo (als * apy (ast) * & 
0+" aa dyy’ d/o 2 é, ( ax? ay a | dxo. 
L * \da/o ‘A 
Now let the form of the function change, while everything else 
remains the same, and it is evident that the change in 8 Vae will 


e x 
be 


su = | (vey PS &c.) de + yr. Ga eee of. — dx 
Xx Xo 


dy), 
+ fe!) a meee dx + (= ) iba) ada 
dx 1 d 


a6,“ Te 
eae NGL) 1 » \dx/o 





+ &e, 
D 
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Assume 
dV a eae 
ee day dip eee! | 
da/\ 
_aV ule g dV 
Mo ~ dit A ETT aa (H) 
dx/ 


Integrating by parts, as before, and adding the three expressions 
just given, we find the complete variation. 


DU= { Vi + Pu + Vy (2), + 7 (2), + &e.) da day 
+{- Mo+| ‘(uo + Vo @) + 7 (3), + &e.) de } dxo 
)+ ia ride b8y; 
-{ (P.-4 ~ a + &e. ) ~ PP rude bdyo 
+4 (P2- &e.)1 + [" “mde } (F ) -{(P2- &e. Jo -[ ‘nude }(F2), 


+ &e. 


+{ (Pi- 52+ be. 





Prop. V. 


14. To find the complete variation of 


2 2 dy. Cae is) 
v-(" Vdz, where V=f (29,22 Serre eh 


y and z being indeterminate functions of x. 


The value of this integral may be changed either—l. by a 
change in 2,; 2. by a change in a; 3. by a change in the form 
of the function y; or, 4. by a change in the form of the function — 
z. The complete variation will, therefore, be found by taking the 
sum of the partial variations arising from each of these causes. 
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Let, as before, 


dV dV aV dV 
M=—~, Alea ~ on ati any’ 
dx da 
and 
Mig dV : dV 
A ey = de’ eee gms? 


dx "dom 
and it will appear, by the application of similar principles to 
those employed in Prop. III, that 


DU= Vi dx, = Vodxo 


d 
(Pi Aaa fe.) oy < (P.-S + he.) Oyo 


sete (cer 
+ &e. 
: ( Bn Te, if ( Pn aa). 


vy dP, d? P, = ak. ; 
+| ( a ae 7 8 CD) aa) by 


+(P1-S 2+ be.) 62, - (7, -GP+&e.) O20 








“ft (P2- &e. yi (=) = (P2 — &e. Yo (=), 
+ &e. 
qr-i 2 ( ; qm Oz 
it (Pn da! ), mae dam! i 
vy} 7 dP; Ps, “feel Px 
ee ae fe + Dt) 


Similarly, if V contained any number of indeterminate func- 
tions, each of these functions would introduce into the expression 
U or DU a series of terms depending on the variation of 
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that function, and precisely similar to those found in Prop. III. 
These expressions are equally true, whether it be supposed that 
the functions y, z, &c., are really independent, or that these func- 
tions are connected by any equation or equations. 


Prope. VI. 


15. To find the variation of 

ey Ez dy d"y dz i het 
v=" Vdzx, where Vat (ay, oe... 5%, 2 ae goa 
the functions y and z being connected by the equation (differen- 
tial or other) Z = 0. 

The expression arrived at in Prop. V.is, as appears from the 
concluding remark, applicable to the present case, the truth of the 
principle on which it was obtained being unconnected with the 
dependence or independence of the quantities dy, dz. But as it 
is essential, in the application of the Calculus of Variations, that 
these quantities should be considered as being really independent 
of each other, the expression of Prop. V. requires certain modifi- 
cations before it can be made use of. Now, if the equation L=0 
can be solved for either of the functions y or z, so as to give a 


d «hie 
result of the form z= (2, Y, a &e.), it is evident that the values 


of the several quantities, 

dz dz iis 

Tat aah ee 
may be obtained by simple differentiation; and if the values so 
found be substituted in V, that quantity will become simply a func- 
tion of w, y, and its differential coefficients. In this case, then, 
the variation of V is found as in Prop. III. But as the equation 
L = () is, in general, a differential equation, not susceptible of inte- 
gration, this method can rarely be applied, and it is, therefore, 
necessary to seek some other mode of removing the difficulty. 
This has been furnished by the illustrious Lagrange, the principle 
of whose method we shall partly state here, reserving a fuller ex- 
planation of it till we come to the application of the Calculus of 
Variations to the theory of maxima and minima. At present it 
will be sufficient to show that this method may be made to furnish 


an as 
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an expression for 6.{Vdw, in which but one of the variations, dy 
or 62, enters under the sign of integration. 





16. Assume 
dL, al, dL 
iy. B ay 7 mapas 
Wk * dz? 
a =<, 65 = & 
‘ d.— 
wv 
Now, since the equation 
laa 0 


must, according to the hypothesis, be satisfied by all forms of the 
functions y and z, which are admissible in the question under con- 
sideration, it is plain that we must have dL = 0, or 


ady +B SY + y Ss bo +82 + B'S + &e. = teary) 


If this equation can be integrated so as to furnish a value for either 
of the quantities éy or dz in terms of the other,—if, for example, 
déz ddz 


> a ok &e., may 


éz can be found in terms of éy,—the quantities 


be deduced by simple differentiation in terms of dy, = Ke. ; 


and if these values be substituted in the expression for fi found 
in Prop. V., that expression will be found to contain but one ar- 
dey dey 
da’ dx’ 

Tn this case the expression for 8U would have received the neces- 
sary modification, and the solution of the problem would be so far 
complete. But as it is rarely possible to integrate equation (A), 
this method is generally inapplicable. 

The value of 8V being 


pe 


bitrary variation, éy, and its differential coefficients, 


ae N'3e+ Py 4 vat 





8V = Noy + Pi 44 P 





+ &e., 


it is evident that, without altering the truth of this expression, we 
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may add to it the left hand member of equation ‘multiplied by an 
indeterminate quantity A. The expression for 8V will then be- 
come 


‘ 
‘ 
, 





, d. 
OV = (N+ da) dy + (Pi+ AB) ale + &e. 


d 
+ (N+ da’) 82 + (Pi+AB) a 
+ &e. 


and hence it is easy to see that the expression for 6U will become 


Ee! 


8U = (Pi+dB- + &e.) By 


Be =e d(P2+Xy) 


-(P 1+AB- + be.) yo 


+ (P2+Ay - &e.)1 (2) — (Pa thy - &e.)o (5) 
+ &e. 


+ |. (+ Aa - ) &e.) oy 


0 


+ (Pi +B" - SEY) ke.) Ser 
- (Pi +6" Hee LN + &e.) 82g 
0 


dédz d. 
+ (P2+ dry - &c. 1 (=) —(P2+ryz2- &e.)o 2) 


+ &e. 
+ li (a + Aa.— gar) + &e.) Oz. 


Now if it be required to find an expression for 6U, in which 
but one of the indeterminate variations, dy or éz, shall appear un- 
der the sign of integration, this may be effected by means of the 
indeterminate quantity A. For if that quantity be assumed such — 
as to satisfy the equation | 
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N+ Na-— ae Xp) + &. = 0, 


the expression will be independent of the variation dz; and if it 
be assumed such as to satisfy the equation 


B+ da SELEY), go. =0, 


it will be independent of dy. 
We shall now proceed to give some examples of the applica- 
tion of this method. 


Prop. VII. 
17. To find the complete variation of 
sie ah dy d"y 
U= Ir Vda, where V=/ (2,4, We da jvdn), 
and Ls dy amy 
v= fy (2 y, Te oi). 
Assume, as before, 
dV d d 
M=—, oes yen a ieee) Pz = &e., 
du dy dy 
d.— 
dx 
and 
bi dv _dv dv eg 
| ES ax’ Vv dy’ 1 dy’ 72 = NC. 
CY 
Assume also, 
z= |vda, and we 
The equation 
L=0 
becomes, in this case, 
dz 
Us aE = 0 5 


hence 
a=, B =m, Y = 72, &e. a = (0, B'=-1, vy =9, Ke. 


Making these substitutions in the general expression given in 


Prop. VL, we find 
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d( P2 + Am2) 
aren 


8U = (Pr + im oY 








d( P»2 ae A712) o aa ) 
dx 


— (P, + ym1- Oyo 


+ (Po + Am - &e.); au — (Po + Ama — &e.)o (2), 


+ &e. 


vy dP, +m) d?(P2+ Am) ) 
+f eave + oy 





~ (Aer — 03%) +{" ( 4 a Se. 


It is evident that, as P’,=0, P2=0, &c., no terms will occur 
containing ( i eh &c. It is evident also that the com- 
Ey da 
plete variation, DU, is found by adding V\ dx; — Voda to the 
expression given above. 
To reduce this expression to one in which but one of the ar- 
bitrary variations, dy, shall remain under the sign of integration, 
let X be assumed such as to satisfy the equation 


dx 
IN ka 0. 


This will give 
A = — | N’dx = 1% (suppose). 
Substituting this value, and adding the terms V,dx,— Voda, we 
have ultimately 
DU = V dx, — Vodxo + iz in fo.) oy; 


. A P2+72) 
— (Py ¥ém, Se + &e.) Yo 
0 


a Pains tae. (= ) (Py + ing SR ee 
0 
+ &e. 
a 102 — % O20 


tf, . A(Py+t1) d?(P2+t71) : ) 
-+ ip (A +etyp— cams Pas + MRE = &e. oy. da. 





> a a 
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Similarly if V were a function of 
dy 
L,Y a , &e. fPuda?, 
the equation 


L=0 
would become 


It is easy to see, then, that the coefficient of dz, under the sign of 
integration, is 


The expression will, therefore, be reduced to the same form as 
before, if we assume 


h=—fPN'dar =i. 


The quantities P;, P’,, &c. being, as before, each = 0, the pre- 
ceding formula will become, by the substitution of 2, for ¢, 


DU = Vda, “fed Vodao + (2, + Uy) mo Ee ke.) oy; 
1 
az (P, + tpt — ee + &e. oYyo 
0 
+ (Po + tyme — &e.), (= — (P2 + tire — &e.)o (@Y)o 


+ &e. 
sys (8) 0-2) 
ee ate) 
+ &e, 
Sr Aang iP 4 &e. Sy de. 


E 
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Prop. VIII. 


18. To find the variation of a function of 
d 
Ly Y; oe &e., 


whose form is given by a differential equation of the first order. 
Let 
dy dy an 
bar {(eu%, da? da?’ 
the form of the function f being such as to satisfy the equation 


d dU 
re («, y, &e. U, =) oii 


The equation 
Lo= 


being supposed to hold for all forms of the function y, it is clear 
that we must have 


SDES0: 


which, if we put as before, 


and 


will become 
ady + BLL + &e. + NU pis 0; 
or, assuming, for the sake of cas 


Bu = ady +B f+ bo, 


N3U4 pl, BY 


—— ae 
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Multiply this equation by an indeterminate factor A, and integrate 
by parts. This will give 


APau + |(WA- 4) 37+ Jrdu=0. 


As we may always suppose the equation L =0 to have been 


solved for os, it is evident that we may suppose P’=1; and as 


the factor is indeterminate, it may be assumed such as to satisfy 
the equation 


haan, 
Nr-—=0, 


giving 
Dé =_ es Nidx_ 


This reduces the equation to 


SU. ef Mex = — | of Nex Sy; 
or, finally, 


SU = — ef Nae [ ef Nar Sy, 
, doy 
We have thus éU expressed in terms of dy, Ee &c., combined 


with 2, y, 4 &c., U. But the form in which this variation is 


here found renders it comparatively useless, and although we may 
derive from this expression the value of 


6. (Udx, 


it will be always better to investigate this directly by the method 
of Prop. VI. 


ON SUCCESSIVE VARIATION. 


19. Hitherto we have made no particular hypothesis as to the 
variability of the form of the function ~ or dy. And the con- 
clusions at which we have arrived would hold equally whether 
we suppose that function to be of a constant or of a variable 
form. 
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Thus, for example, if the symbol of derivation, /, satisfy the 
condition 


Figt+k.o=F. (b+ 1), 


it is equally true that 
Of .¢=F.d¢=Ff. if, 


whether it be supposed that the form of the function ~ does or 
does not change. 

But this circumstance is no longer indifferent when we come 
to consider the second variation, i.e. the variation of the variation. 
Thus, in the example just given, we should have, in general, 


RF. =F. 8g = Fi. 


If, therefore, the form of the function ~ were invariable, this 
would become 
oF. ¢=F. 0=0* 

This we shall, in general, suppose to be the case, and shall, there- 
fore, define a primitive function to be one whose variation is of 
arbitrary, but invariable form. In other words, if u be a primitive 
indeterminate function of any number of variables, we shall sup- 
pose that the variation du is such as to satisfy the equation 


ou = 0. 


This completes the analogy between a primitive function and 
an independent variable. | 


Prop. IX. 


20. To find the second variation of the differential coeflicient 
d"y 


da” 


We have seen already (Prop. I.) that 





* Itis evident, from the general equation of condition, that F.0=0. For 


F.¢=F.(@+0)=F.64+F.0. 
Hence 
F.0=F.¢-F.9=0. 
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Hence it is plain that 
Ss ay it ano*y 
i Ot 





But since y is a primitive function, 


oy = 0, 
and, therefore, 


Hence 


Prop. X. 


21. To find the second variation of V, where 
: dy 22) 
Vef (ayo. A ere - 


We have seen (Prop. II.) that 


dV dV doy dV dey 
OV = dy + dy de * Py dat’ 


‘dx ” dam 
hence 


But since 


Determining the value of 3. 7 the same way as V, we find 





aV @V aVi doy aV dey 

= = yt 5+ &e. + — 

dy dy? q dy dx Ave ay da" 
da OC dan 


1 


30 FUNCTIONS OF ONE INDEPENDENT VARIABLE. 





Similarly 
5 dV doy t doy 5. dV 
« dy dx ; dx a; dy’ 
‘dx dx 
and 
2 2 2 
; 7. _@v_ 2) (ae 
Pp be beg Ce (a Bh iG 
Ue ae andes dx 
&c. = &e. 
Hence we find ultimately, 
2 2 
eV =e ay? Qn ans Ola _o ian ( + &C. 
dy” dud. = emeay dx J a dx 
sae Pe ( dx 
Prop. XI. 
22. To find the second variation of 
ot dy = dy 
| Vdx, where V=f (ay, Te 54). 


It has been already shown (Prop. III.) that 
6{ Vdx = | Vda; 
and for the same reason it 1s evident that 
o? | Vda = | &Vde. 


Substituting for 8?V its value as found in the foregoing proposi- 
tion, we have 


&? | Vda 
eV PV cds ea dy) 
ai de dx J 


It is easy to see that a similar method will give third, fourth, &c. 
variations; but it 1s unnecessary, for any practical purpose, to 
pursue this discussion any further. 


dl 


CHAPTER III. 


MAXIMA AND MINIMA OF INDETERMINATE FUNCTIONS OF ONE 
INDEPENDENT VARIABLE. 


23. A maximum value of a function is one which exceeds any 
other value of that function which can be produced by an indefi- 
nitely small change in any of its varying elements.* Similarly, a 
minimum value is one which is less than any value which can be 
so produced. 

In the mode of variation peculiar to the science with which 
we are at present concerned, a maximum or minimum may be de- 
fined to be a value of a derived function which exceeds or falls 
short of all other values which can be produced by an indefinitely 
small change in the form of its primitive. 

The problem of maxima and minima, solved by the Differen- 
tial Calculus, is, as is well known, as follows: 

_ Let x be an independent variable, and u { =/(x)} a function 
of that variable; find what value of x will render uamaximum or 
minimum. 

The corresponding problem which the Calculus of Variations 
proposes to solve is this : 

Let @ be a primitive indeterminate function, and let u (= /.¢) 
be a function derived therefrom; find what form of @ will render 
u @ Maximum or minimum.+ 

The general method of solution is as follows:—Substitute in 


the derived function u or F.¢, 9+ for g. Let f.(p +) be 


* This definition is given in order to prevent the common mistake, that maximum 
and minimum values of functions are the greatest and the least values which those func- 
tions can have. 

7 I am aware that this problem (and indeed the science generally) is commonly de- 

fined with special reference to the case of definite integrals. But in stating the principles 
of a science it seems proper to give them all the generality of which they are susceptible, 
even though it be impossible, in the present state of mathematical knowledge, to give 
equally general applications of them. 
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expanded in powers of 2, and it will appear by reasoning precisely 
the same as that employed in the Differential Calculus, that, if 
be a function of such a form as to render /.@ a maximum or 
minimum, the coefficient of ¢ in the expansion must vanish, and 
that of 2? preserve the same sign (negative for a maximum, and 
positive for a minimum) for all forms of the function ~ which the 
conditions of the question admit of. In other words, if the form 
only of @ be varied, we must have du=0; and if both form and 
independent variables be varied, we must have Du = 0. 

We shall proceed to apply this theory to the case of functions 
derived by the processes of differentiation and integration. 


Prop. I. 


24. Let y be an indeterminate function of the single indepen- 
dent variable 2, and let it be required to find what form of the 
function y will render 


dy d?y i 
f(a @sYy Fey Tree 
a maximum or minimum. 
Assume 


dy dy 
u=f (ay, a dae } 


du = Md + 'Ndy + Py. 2 + Pr a. 54 + &. 


and let 


then (Chap. II. Prop. IT.) 


ou = Ney + Pio 





Now, if the form of the function y be such as to render u a maxi- 
mum or minimum, 


or 


Bee 


Moy + Py SY + P, TE + &, =0. 


This equation it 1s manifestly impossible, in general, to satisfy, 
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without destroying the independence of the form of the function 
~ or dy, for unless the quantities VV, Pi, P2, &c., be separately 


zero, the equation 


oe d? dy 


Neoy+ Pig a 


+ Po + &e. =0 





will establish a relation between the form of the function éy or yf, 
and the form of the function y or ¢. Such a relation would, of 
course, render the entire proceeding nugatory. Nor is it in gene- 
ral possible to satisfy the equations 


N=0, Pi=0, &e., 


inasmuch as each of these equations establishes a general relation 
between y and a, or, in other words, determines the form of the 
function y. Unless then it should so happen, that the forms of 
the function y, as determined by all these equations, should agree, 
it is plain that the equations 


N=0, P, =9, &e., 


cannot be satisfied; and as this will not happen generally, it is 
evident that the problem does not ordinarily admit of being 
solved. 

If the function w contain but one of the quantities 


dy d’y 
D da? de®” hi 


or if, by the conditions of the question, the values of all but one of 
these quantities be fixed for each value of x, the equation 


Ney + PS! + &. = 0 


will be reduced to a single term, and may therefore be satisfied. 
Thus, for example, let 


dy\ 
w=f(, Y) Fas 


and let it be required to determine, among the forms of the func- 
tion y which render that function of a given value for a given 
F 
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value of xz, that form which renders u a maximum or minimum. 
In this case the equation 


i doy I 
Néy + Pi oF + &. =0 


is reduced to P; = 0, and may therefore be satisfied. 

This will, perhaps, be most easily understood when stated 
geometrically. In that form the problem is as follows : 

To determine a curve such that at every point the function 


oy 
in («, Yr a 


may be a maximum or minimum, it being understood that the 
curve so found is, at each of its points, to be compared only with 
curves which pass through that point. 

25. As an example of this case, let it be required to find a 
curve such that if at any point 7’(Fig. 1) a tangent be drawn, 
and produced to cut two given ordinates, Cl, C’M’, the product 
CM. C'M’, may be a maximum or minimum. 

Let O be the origin, and assume 

a=OM, ad=OM. 
We have, then, 


dy 
CM=y += (a-2), 


Pe ia i Jide 
OM =y + = (w- 2), 
and, therefore, 
-2W.0u-(y: Be-2) (of 
V=CM.CH = (y+ 2-2) y+ 2 @-2)), 
Hence 
BV = (2y + (a +a’ - 20) 2) ay 
dx 


+{(y+ 2 @- #)) (a2) 4 (y+ Za 2)) (a- 2) \ 24, 


Now if it be one of the conditions of the problem that the curve 


is at each of its points to be compared only with curves passing 
through that point, itis evident that we must have 


oy 0, 
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which reduces the equation 
cau 


to 
(y+ 2 (a- x) (@- a) 4 (y+ 2 @ -2)) @- wy =) 


or, by reduction, 








Ba. ae 
Integrating this, we find 
y= +e (a—-2) (a2), (A) 
e* being an arbitrary constant. The curve is therefore an hyper- 
bola or an ellipse, according as we use the upper or lower sign. 
Let us next consider the second variation, 6? V. 
We have already seen (Art. 21) that, in general, 
2 2 2 
av doy a?V ey he ees 


dy I dae * aye 
dyd. 2 (4.4 





ay 
a: 
') dye jy? +2 


Hence, in the present case, where 
dy 
V=f («, Y) iis)’ 
and éy disappears by the conditions of the question, 


2V } 
ora (BY -20-0.6-0 (8 


Substituting for 2(a =~) (a — x) its value, given by equation (A), 


we have 
se 
2 
ee oe a 


The maximum value, corresponding to the negative sign, belongs 
therefore to the ellipse; and the minimum, corresponding to the 
positive sign, to the hyperbola. It is plain also that in the former 
case the curve lies wholly within the lines CZ, CM’, and in the 
latter wholly without them. 
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Prop. II. 
26. Let 


se ‘ Vdzx, where V= =f (a, Ys aa et 


and let it be required to determine the form of the function y, and 


ve 


the values of the limits wp and 2), which will render Ua maximum > 


or minimum. 


In this case we have (Chap. II. Prop. IIT.) 
DU= Vida, = Vodxo 


dP 
+ (Pi ~ ae. + ke.) oy — (P, Sore + &e.), dyo 


a dS A 
+ (P2 - &e.) (az - (P2 - &.) (54) “4 
+ &e. 
ry dP, d* P» n@ 
| (Naat Seely “Tam ) 8 de= 0 


In seeking to determine the method of satisfying this equation, 
it 1s, in the first place, to be observed, that we may have to deal 
with one of two different cases:—1. The variation dy, or the form 
of the function ~, may be wholly unrestricted (except by the con- 
siderations in Prop. II. of the preceding chapter). 2. The prob- 
lem may be such as to render it necessary to assume only those 
forms of the function i which satisfy a certain condition or con- 
ditions. 

In the first case we seek to determine, among all possible func- 
tions, that one which will render Ua maximum or minimum. 
In the second case, we seek to determine the required function, 
not from among all possible functions, but from a certain class,* 
sc. from among those which satisfy certain conditions. Maxima 
and minima belonging to the first class are termed absolute, while 
those belonging to the second class are denominated relative. 
Problems involving maxima and minima of the latter species are 


* This class may, of course, contain an infinite number of functions. 
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also frequently called (from a remarkable class among them) 
isoperimetrical. 

We shall first consider the case of absolute maxima and 
minima. 


27. Assume 


dP: dé | 
a, = Vi dx, -- (P, “ai ee i fen) OY) + (Pe, - &e.) (5) + &e. 
and 
dP. 
ay = Vodao + (P, _ ee + &e.) dyo + &e. 
dx 0 
also 
dP, @P, Pn 
ds ae OY ae 


Equation (A) becomes then 
a, — Ay + ir Boyda = 0. 
9 


Now this equation cannot be satisfied, without restricting the ge- 
nerality of dy or y, in any other way than by making 


a, — a) = 0, =. 


For if a, — ay be not =0 we must have 


ic Boyde SO he 


XO 


an equation which, as is easily seen, implies that the integral of 
an arbitrary function may be expressed (without determining, or 
even restricting its general form) in terms of the limiting values 
of itself and a certain number of its differential coefficients. This 
is manifestly untrue. We have, therefore, 


x 


a, — a) = 0, | * BSyda = 0. 
XO 


Now it is known that, as the result ofthe process of integration 
depends in general on the form of the function to be integrated, 
it is impossible to determine the value of an expression such as 


at : ae oe . 
| Bdydzx without, at least, restricting* the generality of the func- 
Xr 
* I say restricting, because there are many cases of definite integrals, whose value can 


be determined without an absolute determination of the form of the function to be inte- 
grated, 
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tion dy. Hence it is evident that it is impossible to satisfy the 
equation 


fe Boyde = 0, 


without either restricting the generality of the form of dy or 
making =0. As the former supposition is inadmissible, it is 
plain that we must have ($3 =0, or 


qian 


1 
da” 


dP,  &P» 


SR eS — &. + (-1)" 


=} 








a differential equation, by which the form of the function y 1s 
determined. 
The equations 
a, -a,=0, and B=0, 
differ essentially from one another, the second establishing a ge- 
neral relation between y and w, while the former is concerned 
merely with the values which these quantities have at the limits 
of integration. If this were not so, the solution of the problem 
would be impossible, as we could not have more than one general 
relation between y and w. The coefficients of the several incre- 
ments in the equation 
a, — ao = 0, 
or 


dP. dP 
Vi day _ Vodao =i i (P, = _ Tt fe.) oy _ (P, _ Pie + &e.), oyo 
ddy\ doy 
++ (Pe — &e.)1 Ge) — (Oy Se &e.) (aaa (B) 
+ &e. 


a” dy eri! 
(723)~ (2 Gio 
being constants, 1t is plain that this equation, if capable of being 


satisfied, can be satisfied only by means of the arbitrary constants 
which enter into the solution of the equation 


n dP = 
aan 





3 + dee = (WO ey (- 1) 
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This is, in general, a differential equation of the order 2n, for 


. e e d” ° . . 

since V, and, therefore, in general, Pn, contains = , it is plain 
oP; qn : é 

that will contain“. The solution of this equation will, 





da" dx” 
therefore, involve 2n arbitrary constants. Now if the limiting 
values of 
Uv, Y; es alloy ele dati 


be completely unrestricted, the equation 
a; — Ag = 0 


will contain 2(n +1) arbitrary increments, viz.: 


dy ( qr t (a 
dan, Syn, 3.(2) ....8. Tat) + deo, Bye, -..3. (4) . 


In such a case it would be impossible to satisfy the equation 
a; — Ay = 0, 


inasmuch as it would be necessary to equate to zero the coefh- 
cient of each of these arbitrary increments, which would furnish 
2(n+1) equations between 2n quantities; and this was to be 
expected, for if there were no restriction on either the form of the 
function y or the limits of integration, it is easy to see that the 
integral might be made to have any value from zero to infinity, 
and would, therefore, be incapable of either maximum or mini- 
mum. ‘The nature of the restriction upon the limits will, of 
course, be determined in each particular case by the conditions of 
the problem to be solved. 

(1.) Let the limiting values of x, se. xv and x, be given, 1. e. 
let the question be, to determine such a form of the function y as 
will render | Vdx, when taken between jived limits, a maximum 
or minimum. 

In this case dz; =0, day) =0, and the equation 


a) =a). 0 


is equivalent to 
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(Pi- G2 + &e.) 0) (P-S2 + &e.) aot 
ve 1 x 0 


d. d. 
(P2- &.)1=0, (Pe- &e.)o =0, (C) 
&c. = 0, &e. = 0, 
(225i (Payee 


Now it is plain that the number of these equations (27) is pre- 
cisely the same as the number of arbitrary constants in the general 
solution of the equation 
B = 9, 

and that, therefore, the solution of the question is in this case 
complete. 

(2.) Let the limiting values of both x and y be given. 

In this case dx, = 0, dy =0, day =0, dyo =0; and the equation 

aj—-a=9 

is equivalent to but 2n—2 equations, those, namely, which are 
formed by equating to zero the coefficients of the several va- 
rlations, 


ade ®(Gadg 8: (as) +8 at) 8 aan) 
3.(2) , 5. (H)., 8.(F2) ....8. (S54), 8.(Z4) 


But as two additional equations are furnished by the substitution, 
in the general solution, of the given limiting values of « and y, 
the number of equations remains still 2n. Thus, if the integral of 
the equation 





dP, dP» a P, 


— &c. + (—1)" ie 0 








were 
FAB Ys Cin Lo 1-4. Coe) es 

¢, ¢, &e. being arbitrary constants, we should have for the deter- 

mination of these constants the 27 equations, 


f (2p Yir Ci C2 +--+ Con) = 0, F (0; Yo; Ci C2-+- . Con) =0, 


(P,- 2 + &e.) = 0, ( P,— S28 5 a) = (), 
dx 1 dx 0 
(P; = &e.)1 = 0, (P3 = Ke. )o = 0, (D) 
&e. Ke. 


(Pn)i = 9, (Pn)o = 0. 


~ 
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(3.) Similarly, if the limiting values of z, y, _ were given, 

the new datum would remove two equations from (D), namely, 
(P.- +h.) =0, (P.-S2+ &.) =0, 

But at the same time two new equations would be derived from 
the given limiting values of e as follows: 

Let the equation | 

let C1,(Cos ~~: Can) = 0, 
be differentiated with regard to , and let the result be expressed 
b 
{ f(a y, e102...) =0, 
dx 


then the two new equations will be 


; d 
iz (a, Yi; (=), Cj, CQ e+e con Pe 0, 


: d 
dy 


te). and (2) being the given limiting values of 
d*y 
dx? 
number of the equations (D) would be further diminished by two, 
and at the same time two new equations would be formed by dif- 


ferentiating twice the equation 


In the same way, if the limiting values of —— were given, the 


BUA C1, Coan) Can) 230) 
and substituting in the result the given limiting values of 
| dy a 
x, Y; a as 
an da 
Tn all these cases, then, the number of equations is 2n, the same 
as that of the arbitrary constants; and the same would be true if 


the limiting values of any number of the quantities 
G 
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dy Py By dy 


> dx’ dx?’ dx "°° dar-l’ 





were given. For it is evident that, by fixing the limiting values 
of any number of these quantities, as many new equations would 
be obtained as are removed from the equation 


a — ay = 0. 
(4.) Instead of supposing the limiting values of a, y, a &e. 


to be fixed, let any two or more of these limiting values be con- 
nected by a fixed equation or equations. 

In this case it is evident that the variations of the quantities 
so connected would be no longer independent, and, therefore, that 
two or more of the terms of the equation 


a, — a9 = 9 
would be reduced to one. ‘This would, of course, reduce the 
number of equations to which that equation is equivalent, and, at 
the same time, introduce a sufficient number of new equations to 
make up the deficiency. Thus, for example, if the limiting 
values of y and # were connected by the determinate equations 


n=filxi), you fo(#o), 


we should have between dyi, dx, dyo, da, the equations 


d d. ; 
(2) dx, + OY =i ay) : day, (2) dxo =F Oyo = f 0(20) . dio. 


If the values of dy, dy derived from these equations be substi- 


tuted in 
a;—a,=90; 


and if the coefficients of the independent variations be equated to 
zero, it will be found that that equation is equivalent to the fol- 


lowing: 
Vi+ (Pi—-S +e.) { fi(a)- (2) \=0, 


Vo + (eee &e.), { fo(w)- (2) } ay 


(P2 - &.); =0 ; (P, — &.)o = 90, 
Ke. &e. 
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the remaining equations being the same as before. These equa- 
tions, which are in number 2n, are, with the four equations, 


yn =fi(@), yo =f0(Xo), 
Memerere cy cs s---Cin)=0, f (20, Yo: C1, Co---- Con) =O, 
sufficient to determine the 2n + 4 quantities, 


U1, Yiy V0, Yo. C1, CQ- ~~ « Con. 


Similarly, if the limiting values of # and z were connected 


by the equations 


d : d ; 
(2) = film), (2) = Fela), 
we should have 


ay () baie ce ) +3. (2) ay 


hence the first three terms of each of the quantities a), aj would 
be reduced to one, and consequently the number of equations 
furnished by a, — a)=0 to 2n — 2. 

To determine the 2n+ 4 quantities, 7, &c., c, &c., en, there 
are, besides the 2m — 2 equations just mentioned, and the four 
which occurred in the first part of this case, two others, namely, 


Mermreis 7 1171), C1.-.-Cn)=0, f(X0, Yo, f0(40); C1--- - Cn) = 9, 


formed by differentiating the general solution 


PGs) Cust Ca)— Os 
and substituting in the result the limiting values of 


dy 
X,Y; 7. 


The same reasoning will show that in all cases in which the 
conditions of the question, by annulling or restricting any of the 
independent variations, 


dy 
a1, 3(34) eee 


diminish the number of equations furnished by a,— ay =0, they, 
at the same time, introduce the same number of new equations, 
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thus leaving the total amount unchanged. Hence it appears that 
the equations furnished by the condition DU=0 are, in general, 
necessary and sufficient for the solution of the problem, i. e. for 
the complete determination of the form of the function y. 

28. Before giving any examples of the foregoing theory, it 
may be well to notice some exceptions to which it is liable. 

(1.) If V be a linear function of the highest differential co- 
efficient which it contains, it is manifest that P,, will not contain 


ce and, therefore, that = will be, at most, of the order 2-1. 


Therefore the equation 
a Cad 
N - ——+ &. + (- 1)" ——=0 
Cis 
cannot be of an order ae than 2n - 1, and its solution will 
only contain 2n ~— 1 disposable constants. In this case, then, the 
equation 
ay 0g. 0, 
which is, as we have seen, equivalent to 2n equations, cannot, in 
general, be satisfied. 
It is, indeed, easy to show that if V be a linear function of the 
highest differential coefficient which it contains, the equation 


B=0 


can never rise above the order 2n - 2. To prove this, let 


dy 
du" 

then V = 9v+ 0, where 6 and @ are functions of 
dy dy 


L,Y, a a Ae dal 
As we have seen already that the equation 


B = 0 


ZR ae it only remains to show that it does not 
2n-1 


contain ola Now this coefficient, if it occur at all, can be 


dx 7 2n-1 ie 
ar Pa a’ P,, 
dat) ? dyn’ 


Qn 
does not contain 





found only in one of the terms But since 
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f a*P,;, 1 a°0 
V = 00+ 90, P,=0,; Mas et 
q2n- 1 in n 
In order, then, to find the coefficient A J in ee, or in ay 
dx 2n-1 da” ax” 
d@ d?0 do 


it will be necessary to form the values of — &c., —, reject- 
da” 


dx’? da” 
ing at each step every term except that of the highest order. 


: aly 
Assuming w= yal 


ae (as) * (G)-ae* & + CG) Ze 


d@ eee 
In this expression the term (— nt Ne ae \aa) aa is the only 


one to be retained, as it is evident that all the other terms are of 
an order less than n. 

( 
x the only term of the order n+lis Ta) dae? 
and in the same way it can be shown that the only term in 
a"p dé fe i Hg ah 
Fon which is of the order 2n — 1, 1s Ce REE or =) Fae 

But since 


2 
Similarly in — ay a best 





V=00+0, Pay=v. (5) E (=) 


if then we proceed as before to form the values of 


Oe bn 1 mead 
Gr oft ds dat °* 








retaining after each differentiation only the term of the highest 
order, it will appear, as before, that the only term of the order 
a 1 a & P41 : ee) d™\y or (4) .2 daly 
da™ dul’ dav” \du 

As this result is the same with that found for the term of the 





dee" - 


; _ ee ep 
highest order in ——, it is evident that that term will disappear 


dx” 
from 
d™1 Poy dP, 


dx”) = =— dy’ 
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and therefore from the equation 


(ole. 
Hence it is evident that this equation cannot be of an order higher 
than 2n — 2. 
This reduction of the equation 


i) 
to another whose order is less by ¢wo than that of the first, is not 
noticed by Lacroix, who merely shows* that when V is a linear 
function of the highest differential coefficient, this equation will 
be depressed by one order. It was first remarked by the illustrious 
Euler,t whose demonstration, however, as far as it is general, 
proves rather that such a reduction was to be expected, than that 
it actually takes place. His demonstration is nearly as follows: 
Assume, as above, 


d™ly 3 d"y 


OT dee dag 


then, since V is a linear function of v, we must have 


V = 00+ 06, 
6 and @' not containing differential coefficients of an order higher 
than n-—1. Hence 
| Vda =| Ovdx + | Oda. 


Now it is easy to see that the integral {@vdx can be reduced to 


the form 
6; ap [O.da, 


6,, 02 not containing any differential coefficient higher than w. 
For if we assume 


{ Ovda = 0; + | O2dz, 


and differentiate, we find 


a an a dy e& du 
Ov = (F (fe oy ATaeeO: A in ay t Ob. 


* Traité de Calc., tom. ii. p. 740. t Meth. Inven., pp. 62, 75. 
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Gunes. : , 
Hence as v= Ta it is evident that the equation 
x 


{ Ovda = 0; + [O2dx 
is satisfied by making 


do; do; ad\\ dy... 

(<2) =6, and 6 =- {(2) + (Z) As &e.}, 
the first of which conditions shows that 0, is found by integrating 
§ with regard to u solely. From this it appears that when V is 
a linear function of the highest differential coefficient which it 
contains, {Vdz can always be reduced to another, {Vidx, in which 
V, contains no differential coefficient of an order higher than n—1. 
If then this reduction be made previous to the application of the 
Calculus of Variations, it is evident that the order of the differen- 
tial equation arrived at will be 2n — 2. 

This mode of demonstration is important, as showing that the 
case which we have been considering cannot properly be re- 
garded in the light of an exception to the generality of the method. 
For, if the given integral be reduced to its lowest terms, pre- 
vious to the application of the Calculus of Variations, it will 
assume the form 


¢ + [pda, 


or, when taken between limits, 
ey ; 
oi — po + | p dx, 
na) 


in which 4, @ contain differential coefficients of an order equal 
to that of the highest coefficient contained in ¢’. This case is 
considered in a subsequent proposition, and is evidently distinct 
from that which we have been considering in the present propo- 
sition, in which the quantity which is to be made a maximum or 
minimum contains no terms free from the sign of integration. 
Hence it appears that the existence of a case such as that which 
we have been here discussing merely denotes the necessity of re- 
ducing an integral to its lowest terms, previously to the applica- 
tion of the Calculus of Variations. 
(2.) Another exception to this theory is as follows : 
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Let V=yf(x)+ F(a, p); then N=/f (a), and P= - The 


equation 
dP 


NV Ee 


becomes in this case immediately integrable, giving 
P=(f(«) dx+c=fi(a)+e. 
This equation, being solved for p, gives a result of the form 


p=F(@,¢), 
and, therefore, 
. y =. Ty (2, ¢).4.€. 
Now let it be supposed that the limiting values of a are given, 
those of y remaining indeterminate. The equation 
a) = aos 0 
is equivalent to 


Pie Py = 9, 
fi(ai)+e=0, fila) +¢= 0. 


These equations, containing but one indeterminate quantity, ¢, 


or 


cannot, of course, in general be satisfied, and, therefore, although 
the general solution contains the requisite number of constants, 
the problem in this shape does not admit of a solution. If, 
however, f(x) =0, so that 
V= Ef (x, Pp ); 
the two equations 
Po =0, P,=0, 

become identical, and the problem becomes soluble, but indeter- 
minate, containing one arbitrary constant. 

The conclusion here arrived at is not peculiar to functions of 
the first order. If V be of such a form as to satisfy the equation 


dV 
N= dy =f (2), 


and if the limiting values of x only are given, it is easy to see that 
the same reasoning will apply. The equation 


B=0 
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will be, as in the case of functions of the first order, immediately 
integrable, giving 


dQ 
P— Jt &e. = fiz) + 6; 


and the first two equations furnished by a, — ay = 0, will be 
fi(@i)+e=90, fila) +c=9, 

which cannot be satisfied generally unless f:(x) = 0, i. e. unless 

y disappear altogether from V. And in general let 4 be the 


lowest differential coefficient contained in V. Then if Vbe such 
as to satisfy the equation 


dV 
~~ ay = f{x), 
dap 


and if only the limiting values of w and of coefficients higher than 
the p” be given, similar reasoning will show that the problem 
does not admit of a solution. 

(3.) Let WV = 0, and let the limiting values of # only be given. 
In this case the equation 


becomes 
dP, d?P, 
dx = dx eden 
or, integrating, 
P tas ee + &. =¢ 
dx 


Hence it is evident that the two conditions furnished by equating 
to zero the coefficients of dy, dyo, namely, 


(P,-T2 + ae.) = Q, (P:- 2 + &e.) =(), 
; dx 1 dx 0 


are equivalent to but one, namely, c=Q, and that, therefore, the 
equation 
a, — ag = 0 
is equivalent to but 2n — 1 equations, instead of 2n, as before. 
The problem is, therefore, in this case, indeterminate. 
H 
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This might have been anticipated, for as y does not enter either 
into the function V, or into the conditions which are supposed to 
ae d he 
be fulfilled at the limits, we might have taken = for the primi- 


tive function, and it would then have required all the equations 
which DU =0 affords, to determine an equation without arbitrary 


d : 
constants between x and - The relation between # and y, de- 


d ; 
rived by integration from that between 2 and a will, therefore, 


contain one arbitrary constant. But if either of the limiting va- 
lues of y were given, the problem would become determinate as 
before. Similarly, if V = 0, P; =0, and if the limiting values of 


y and 2 be both indeterminate, the solution will involve two ar- 
bitrary constants, and would be rendered determinate only by 
fixing at least one of the limiting values for both y and ee And, 


in general, if the first m terms of the equation 


Note even 
dx 
disappear, and if no limitation of the extreme values of y, _ a 
m-L 
sed. be given, the solution will involve m arbitrary constants. 
dum 
29. As in certain cases the equation 
Ni um + &e. = 0 
dx 


admits of being integrated one or more times without a determi- 
nation of the form of the function V, we shall proceed to consider 
some of these cases, inasmuch as, by so doing, we shall be enabled 
to establish some general equations, which will greatly facilitate 
the application of the foregoing theory to particular examples. 
These cases may be arranged under two general classes, one of 
which has been already alluded to. 


2 


oe dy : 
(1.) Let the first m of the quantities y, de’ de be wanting : 


MI ie Met 


m+] n 
Vey, (0, Gan Ay we 


dam dx” 
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In this case the first m terms of the equation 
N- + &. =0 


are wanting, and that equation becomes 


d™ it m dtd m+1 
dx™ a9 dam 








+&c.=0; 


which equation, being integrated m times, becomes 


dP m+ 
dx 


a differential equation of the order 2n — m. 


(2.) Let 
dy. d?y 
K -f (ye dx? "°° da" /’ 


Pn - + &. =co + ¢,@ + Coa? + &. 4+ Cm, v™!, 





not containing the independent variable. 


In this case 


dV = Ndy + Pa. a + Pod. ie L + &e. 


n+] 
CN hae CU ee +P, g ct) de 


dy 
-(w? al eas, 5 clas "dal 


dx 
or, if we substitute for NV its value derived from the equation 
dP, ‘ 
dx 
dy dy a ( dy dy &P. ‘) 
aV = (Poh) de + ie — | den + 


am Y n d" =) ps 
ee (Pp. 5 —(- iL ie er ax ; 


gel d, a 








and, therefore, 
V = e+ |(Pite ay =) ae 





dx? dx dx 
d’y dy dP» i 
+|(P. 2x3 a TN daz ) dx + WC. 
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m+ 
But if the quantity jee = be integrated by parts, its value will 
be found to be 

















d™ly agi pa ngs See gee ~1y [@. dy d"Py_ 
| Patt. de= el PACOR RE ES dx dat’ 
hence 
dt ly dy d : dy dP, d& av ty 
RE PE NS | Ba EB = cee 
| (2, dap 7 OU ae ae) On ae 
dy aiPp,, 
oe n-1 
te) dx’ da™)’ 
and, therefore, 
¥, dy ( d’y dy ae 
Y= OAs em Poa apne 
+(P dy dP3 Py _&Ps d?P3 
"de® de da® da® dx 
+ &e. 
dy dP, d™y <3 2 ee dy 
+ Pe te da del t SD 


a differential equation, which is, at most, of the order 2n — 1. 
Hence it appears that if the function V do not contain the 
independent variable, the equation 


Bp =0 
can be reduced, at least, one order. 
For the sake of convenience in the application of this formula, 
we shall give afew of the most important cases: 


Here V=c+ p, 2 a - but as V, and therefore Pi, are functions of 
: oT 
=A , this equation is equivalent to Jy OF Y= Oe + Co. Hence 
by 


it appears that linear functions have the ae of giving a 


maximum or minimum value to every function of @ 7 Which ad- 


mits of such a value. 
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(b) If V= AC aay ey oer pt a 
d’y — dy dP 
dx dx dz’ 


(3.) Let the simplifications of the form of V in both these 
classes be combined, i. e. let neither the independent variable nor 


dy 
() UV=f(y, $4), thon V=0+ PS 


the first m of the quantities y, ay &ec. be found in V. 
The equation 


B=0 


becomes, as in case 1, by integration, 





aP n3 
Po fee + Ge. = Cy + Ge + C20? + &e. + Cm w™!; 
hence 
dP, 
P= — ~ &e. + 9 + 6% + C0? + &e. + Cn 2. 





Substituting this value in the equation 


dV = (Py Tod + Pour Toa + e+ Py TY) ae, 


dz cca m+ dam 














qm2 y d } EP qm !) 
Mis (Pres dam? dx — dam! 
qs y ad? Page qm s) 
c ( m2 dams dx? dam! te 
+ &e. 








d” ‘mp qm ) 


dan™ dam} 


amy 
a Se n-1 
uf (Pe, Aaa -(-1) 
am ly 
1 os 
+ (Co + O@ + Cox? + Ke. + C1 2") amit 


Integrating by parts, we find 








qm ly ie Be d Pine qty 
V=cot+ Pua + eae ase ak eS) &e. 


d. dum 
dy aP,, ql m-m-1 ee d m+1 amy 
“ad J an-m-1 “dam! 


dx” dx dx™ 








+P, Ys &. + (-1yem = 





qm 
+[@ + O)@ + Cv? + &C. + Cm 2) at . ax. (fF) 
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But as in general 








pode dmy — jeg OY 


dam dx™ dam} 
qr- oy dmky 
koe pe ak nes 2s aoe 
gy ew tes ER ae —&.+(-1)'.k.k-1.k 2...1. 7p 
if k be made successively 1, 2,....m-—1, and the values of the 


integrals, 
| qm y | qm dm ly fom ee dm ty 


u m+1? a m+1 ° ym? 
da dnl dx 


be substituted in equation (I), the resulting equation will evi- 
dently be of the order 2n-—m-—1, 1.e. of an order m+ 1 degrees 
lower than that of the original differential equation. 

Thus, for example, let 


dy EN) 
Vw, (2, dx 


Here the equation 3 = 0 is 
dP, @P. | 
dit? Adar wae 
which becomes, by integration, 


dP» 
ahr pr pata 


Substituting this value in the equation 


av - (PBS ey PP es 2) ae, 
and integrating, we find 
d d? 
Vad+o 4 Pat, (d) 


a differential equation of the second order. 
We shall next proceed to give some examples of the applica- 
tion of the foregoing formule. 
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Example 1. 


30. To find the form of the function y which will render 
Vy) dy? 
v= ["V(2 ey ot 


a maximum or minimum. 


Here V=/7 eo and, therefore, ((a), p. 52), 
y= cL + ¢. 


To determine the arbitrary constants ¢ and ¢, 
(1.) Ifthe limiting values of both y and a be given, we have 
the two equations, 


Yo=CHpt+e, Yr=cM +e, 


the equation 
a; —a)=9 


disappearing, inasmuch as 
éy1 = 0, dyo = 0. 
(2.) If the limiting values of w only be given, the equation 
a, — a) = 0 


becomes 
c (0y1 — OY) = 0, or c=0; 


hence, in this case, the other constant, c’, is indeterminate. This 
is an example of exception 2. 

(3.) If the limiting values of x and y be connected by the 
equations 


yi =fil%), Yyo=fo(*o), 


the increments dyi, d21, dy, dz, are connected by the equations 


d 
oy + ay dx, = mda, 


d. 
oyo + (4) dxo = ModXp, 
putting m, i for f(a), fo(@o). Hence the equation 


a, — a) = 0 
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is equivalent to 
Cc 
2 a —_— = 
V (1+?) + vane) c) = 0, 


V (146) + ay (mo- 0) = 0, 


or 
l+mc=0, 1+mc=0; 
which equations, with the four others, 


Yir=CM+C, Yo=CM+c, yw=fil*%), Yo=fo(*o), 
are sufficient to determine the six unknown quantities, 


‘ 


Yi, V1, Yo; XH, C, C- 


Haample 2. 


31. To find the form of the function y, which will make 


a Maximum or minimum. 


In this case V =f ly, 2), hence ((b), p. 53), 


dy 
V= P, Aa + C5 
or since 
n YY 
dx 
P 1/ ( dy? 
eae ) 
y dy? 
: dy?\ _ dix? 
¥y V (1 a =) J (1 aE + @, 
* Oe 
therefore 
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or making, for the sake of symmetry, ¢ =a", 
d a” dy 
L = —— 
an _ G2 
V (y nq a) 


This comes under the general class of binomial differentials in- 
cluded in the expression 
/ ne 
y™ 1 (at by™)a. 
In the present instance 
Taw =—2n, p= —1, g = 2: 
Now it is known that the expression 


Cae (a vt by") 


is integrable if either 


hence it is easy to see that the equation 
andy 
da = V (pr — ab") 
is integrable if the value of n be any term of the series 
1, 3; 4, ro &e. 


As the cases n= 1 and n=4 will occur again, we shall not at 


present dwell further upon them. 
Let 
as dy 


assume 
z=y3, b=ab, 


then 
ak: 3b622dz . 


V(@-8) 


2 
e¥e=8b.(—a 


V @-8) 


Hence 


* Vid. Lacroix Traité Elem., Art. 192. 
I 
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But 
2d. 
| am = ANA Ce as b?) —ldzV/ (2 = b?) 
r  gtdz ae 

saat Ate \WeE V@-B)" * | aoe Be) 

Hence, finally, 
| es = 4 [2 (2? — b?) + 62], {z ae V (2- b2)) i]; 

therefore 


+e. [yy (yt - a’) + abl. {y® + / (y® — aé)}]. 


To determine the constants: 
(1). If the limiting values of z and y be both given, the con- 
stants a and ¢ are determined by the two equations, 


3a8 
oc) + 6S —— 


x Ly vv (yt — a8) + a Tlys? + (yn? — a) } J, 


pe 
ay +6 = we -Lyo® V (yo® — a8) + a8 L (yo8 + VY (yo? — a*)} J. 


(2.) If the limiting values of # only be given, the equation 


aj — ag = 0 
is equivalent to 


— |= 0, 
V(t+ta)) \W (+a), 


These equations are satisfied by making 


nats ({).-0 
a= 0,0 = Us wor (=) =o, 7p) ieee 


The first supposition gives evidently a = 0, as the general solution 
would otherwise be impossible. But if a=0, it is easy to see 
that the only solution which the equation admits of is y= 0. For | 
if y be not = 0, we must have «+ ¢=0, and therefore 


w+c=0, xa +c=0, or 4 =2%%, % 


j 
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which is impossible.* The second supposition gives 71 = Y= 4, 
the value — a being evidently inadmissible; hence, from the ge- 
neral solution, 


ajt+c=hala, xu+c= ala, 
and therefore x, = %, which is impossible, as before. Hence, in 
this case, the problem does not admit of a finite solution. 
(3.) Ifthe limiting values of both # and y be given for one 


limit, and only that of # for the other, it is evident that the 
equation 
a) — a) = O 
will become 
ajo =0, or x +¢=0, 


which, with the equation 
das 1 2 2 2 2* 2 
Hj +e=—>. [ye (mi? — a )+ al (yr + f(y? a)} ], 


will suffice for the determination of the constants a and c. 
(4.) If the limiting values of x and y be connected by the 
equations 


Nn =fi (a1), Yo = fo (20), or dy, =m dx, dyo = mdxo, 


the equation 
yi Oe @) 


will be equivalent to the following, viz. : 


{ V+Py (m- 4) 0, {V+ Pi (mo - 22) f=: 


or, putting for V and P, their values, and reducing, 


i aur (a) BS OH) lien ray (34) - 04 


* It is unnecessary to consider either of the suppositions, 


dy dy 
yi = 9, (4) =o, or yo = 9, (z) =0 


inasmuch as the foregoing reasoning shows that neither y; nor yo can vanish. 
Tt For the geometrical interpretation of these equations, vid. Chapter IV., where a 
more general problem is discussed. 





q 
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Example 3. 


32. To find the form of the function y, which will render 
d*y 
tee. 
Xo Vay dy sf 


dx 
a maximum or minimum. 
Since V does not contain the independent variable, this pro- 
blem is a case of the general one discussed in pp. 51, 52. We find, 
therefore, by applying equation (KE) to this case, ; 





a dy dy AP: | 
V= 
sin herr th dx2? dx’ dx’ 
which, since 
d? d?y 
, da? » de y 
Vu=¥ dy’ Piy=-y dy’ 2 dy’ 
dx dx? dx 
ay 
dP» = ny) n dic? 
dx? 
becomes 
d. 
ny” “e =¢; 
hence, by integration, 
y" = ch + ¢. 


This equation containing but two arbitrary constants, it is im- 

possible, in general, to satisfy by means of these constants more — 

than two equations. Hence as the equation 

a) — a = O 

is in general equivalent to four, it is impossible, by means of the 

two arbitrary constants, to satisfy this equation. The present — 

problem is, in fact, a case of Excep. 1, p. 44. And although in ~ 

certain cases the equation , 
; 
| 


a, — ap = 0 





vf ONE INDEPENDENT VARIABLE, pe 


is equivalent to but two, it will be found that the impossibility of 
satisfying it by any finite value of y, remains. This will appear 
by an enumeration of the several cases. 

(1.) Let the limiting values of a only be given, and it is 
evident that the equation 


a) — a9 =0 
is equivalent to 
dP» dP 
(P, ~ =), = Q, (P, ~ ss), =O, CPs)1 = 0, CP)o =0- 
If the values of P;, P2 be substituted, it will be found that 
these equations are equivalent to but two, namely, 
yi =9, you I. 
Hence, from the general solution, we find 
cH) +€=0, cao+e¢ =0, 
which can only be satisfied by 
C= 0; l6 = 0 : 
and, therefore, the only possible solution of the problem is 
y = 0, 
which would, of course, render the given definite integral zero 
also. 
(2.) If the limiting values of both x and y be given, the 
equation 


a; — ao = 9 
is reduced to 


(P2) — 0, (P2)o = 0, or yi = 0, yo = 9, 
which cannot, of course, be satisfied, unless the given limiting 
values of y be each zero, in which case the solution becomes 
y = A). 
(3.) If the limiting values of x and y be connected by the 
given equations, 


dy, =mdx,, dyo = moda», 
the equations 
(P:),=0, (Pa)o=0, 
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will give, as before, 
py ee 7230 


This case is, therefore, reduced to the preceding. It appears, 
then, that the problem admits of no solution except 


ps hy 


Example 4. 


33. To determine the function y, such as to render 
{ye (+s) } 
- +} > dx 
if. {y “ i" dx? 
a maximum or minimum. 


In this case 


As V does not contain the independent variable, we have (p. 53, 
(b)), : 
_p¥ 
V=P 1 ae + ¢, 


or 


and, therefore, 





Integrating this, we have 
w-b=- ¥ {a’-(y-c)?}, 
(y — c)? + (@ - 6)? =a’. 


or 


fr 
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This equation determines the form of the function y. To deter- 
mine the constants ¢, ¢, we shall consider the several cases which 
may arise. 

(1.) Let the limiting values of both x and y be given. 

In this case we have 


dig = 0, dx, = 0, oYyo = 0, oY = 0. 

The equation 
therefore, disappears, and the arbitrary constants, ¢, ¢, are deter- 
mined by the equations, 

(Yo — c)* + (2 _ by? = a’, 

(yi -c)? + (m- bP =e, 
formed by the substitution of the given limiting values, 

Ys X0, Yl; “1; 
in the general solution. 
(2.) Let the limiting values of x be given, those of y remain- 


ing indeterminate. 


The equation 
aj — ag = 0 


is, in this case, equivalent to 
(Piy=0, (Pin =0. 
Substituting for (P1)o, (P1):, their values 


these equations give 
Xo — 6 = Us 
by) Se b= 0. 


As these latter contain but one indeterminate quantity, 5, it is 
plain that they cannot be satisfied, and that, therefore, the given 
integral does not, in this case, admit of a maximum or minimum 


value. This is an example of Excep. 2, pp. 47, 48. The geo- 


7 
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metrical interpretation will be found in the chapter on the appli- 
cations of the Calculus of Variations to Geometry. 

(3.) Finally, let it be supposed that the limiting values of « 
and y are connected by the equations 


Yo = fo (xo), 

41 = fy (a1); 
dyo = modxo, 
dy, = mdz ; 


or, 


Fo, fi, denoting two given functions. 
Substituting for Vi, Vo, &c., in the equations of Art. 27 (4), 
we find 


dy (dy 
n-ay/ (14945) TPN a 


st dyo 
ya (1496 - a (mo — Se 1. ae) 
0 


or, by reduction, 


i) -o(.om) 
wy (145% thes lt Oe «= Q, 


ayn ayo 
dx; dxo 
the general solution, and reducing, we have ultimately 


Substituting for , their values found by differentiating 


c+ (a — 6) m = 0, 
c + (a — 6) m = 0, 


which, with the four equations, 


(yi — ¢)? + (1 - bP = @, yx = fi (a), 
(Yo — ¢)? + (@ — 6)? =.0?, Yo = f(a), 
are sufficient to determine the six quantities, 


1, Yi, Xo, Yo b, C. 
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Prop. III. 
34. Let 


U= v+(' 


x 


Vdx, 
0 


where V has the same form as before, and 


arm) (22, mm (B,D. 
V=f {2 yn (Se) + ax’) 0 V1, Y1, FEI ERO Ms sey) fee 


and let it be required to determine the form of the function y and 
the values of the limits a, 71, such as to render U a maximum or 
minimum. 





The general equation 
B= 0, 
being derived solely from terms under the sign of integration, 
will evidently be the same as in the foregoing Proposition. Hence 
it will only be necessary to consider the terms which refer to the 
limits. Assume 





dV’ = M'day + N’dyy + Pid () + &. + Pyd (5 4) 
dx/ dx” / 0 
ary 


dan’ 1 * 


+ M’de, + N’dy, + Pd (2) + Bo. + P'ud ( 


Then it is easily seen that the terms added to DU by V’ will be 


} ‘ es) (2°24) 
if pets ol fetid 
Md) +N ayo + Pa (SE _t Ke. + at \ Trane) 


+ M'da,+N"3y,+ Ps (ee ) + &e. + Pony oe ; 
dx /\ dan” ]\ 


The left hand member of the equation 
a} | ag = 0 


will therefore be augmented by these terms; and as they are ob- 
viously of the same form with those which are already found in 
that equation, the mode of treating it, in the several cases which 
may arise, is precisely the same as before. 
One important remark, however, must not be omitted. 
K 
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It will readily appear, from the reasoning of pp. 88-44, that 
the possibility of satisfying the condition 


BL ea 


‘depends upon the fact that the number of independent increments 
which enter into the equation 


a) — ao = 0 


does not, in general, exceed that of the arbitrary constants which 
are found in the integral of the equation 


B= 0. 


If, then, any case should arise in which the number of these in- 
crements does exceed that of the constants, it 1s plain that the 
condition 

DUE 
would no longer be capable of being satisfied. Now, in the case 
before us, the number of the increments 


dey d's 
dxo, eyo, (Ss) Sopra (=). 


relative to the inferior limit, which are found in the terms intro- 
duced by V’, is evidently n’'+ 2. The number of increments, 
relative to the same limit, which already exist in ap, is, as has 
been before observed, n+1. If, then, 





n+2>n+1, 


or, in other words, if 
n>n-—I1, 

the problem does not admit of a solution. Similar conclusions 
apply, of course, to the superior limit. Hence it appears that, if 
the new quantity V contain any coefficient of an order higher 
than n-1, the given function does not admit of either a maxi- 
mum or a minimum. 

One instance of this has already been alluded to (p. 47), where 
it has been shown that if V be a linear function of the highest 
differential coefficient which it contains, the given integral 


he Vdx 


Xx 
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can be reduced to the form 


— go + | pda, 
in which 4, do contain coefficients of an order equal to that of 
the highest coefficient in ¢’. In this case, therefore, 
n=n =n>n-1; 
and, as we have before seen, it is impossible to satisfy the equation 
FEN ECE 
Examples of this Proposition will be found in Chapter IV. As 


the mode of treating any case which may arise is perfectly similar 
to that of Prop. II., we shall content ourselves with giving here a 
single example of the excepted case just alluded to, principally 
for the purpose of pointing out its identity with a case formerly 
noticed. 


Example. 
Boe Let 


dy d wm dy dy 
raat) orf) af 
NG Rae FRR ALLE eR oP 


Here 
rent (f),-»0(Q), 
dx/ 0 
dy , dy 
pd EO (OA 
K "y dau ore 
whence 


Substituting the values of V and P) in the equation 


d 
V= Cr P, = 
we find, by reduction, 
ny”! ae OM 


or, integrating, 
y= en + é. 
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With regard to the terms outside the sign of integration, it is 
evident that 


(ds 
a= Vides + (Pi +N’) dy + Po eo) 


— 





dé 
ay = Voda + { {(Pi)o- NV ") byo — Py (=). 
But 
eve Nees @ 
N'= dy, = ny l AG , ; 
hence 
(Pi) + NM =- ny". 
Also 
dV’ yy" ; 
; dx 1 dx 1 
hence 2 
a, = V da, re nyse oY F (sp 4 (>. 
da) 
Similarly, \ 
yo” d 
Ap = Vodxo _ nyo”) oYo aia (2) (S : 
dx 0 


Now if we compare these values of a, a9, with those which occur 
in Ex. 3, pp. 60, 61, it is easily seen that the coefficients of 


iw (Ge) (Te), 


in the two expressions, are identical. 
The general solution, 


y" = ch +¢, 
being also identical with that of Ex. 3, the conclusions there de- 


duced applying to the present case, showing that the problem 
admits of no solution except 


y = 0. 
The identity of the two problems may also be shown by proving, 
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~ according to the method of Euler (pp. 46, 47), that the value of 
U in p. 60, namely, 


dy 
IE yd 
Xx J dy a 
dx 


may be reduced to the form 
Ne (2) os ay , ay 
yn (a — yor | = yy qe duo 


oe 
i$ pn = de = =o+ oda. 
“| } 


Assume 


Differentiating both sides, we have 


ay | z 
ye ae : et pete) 
dz dx 
Hquating the coeflicients oe A we have 
4.8 


whence, by integration, 
d 
gayrl a + f (2, Ys 


f denoting an arbitrary function. 
Substituting this value in the remaining terms of equation 


(G), we have 


whence 


vy : XY adi 
e pdx =—n 2 yt = -f (1, 91) + f (Xo Yo)- 
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But since 
mn dy 7 
pals tft ys 
we have, by substituting successively, x, y1, and ao, yo, 


p—qo= yl (2), - wrt (5 a) +f (1 1) ~— Fo Yo). 


Hence, therefore, 





dy 
e dar 
Pes dx = g - pox |" pda 
dx 
ad ad Ly dy ,d: 
“ 61(@) n 2a) | n-1 2Y ty ; 
SERRE Ei ted laa ‘ pa da ane 
Q. E. D 
Prop. IV. 
36. Let 
v={" Vax, 
where 
af ly i) (2 dy 
V =f { ya! Ak ae s,7 0 Yo; al oa aras (5). 





2), 
U1, Ys ae ; PC Soha dn’ a7 


and let it be required to determine the form of the function y, 
and the values of the limits 29, 21, which will render Va maximum 
or minimum. 


The general equation, 
DU =0 


becomes in this case (Chap. II. Prop. IV.), 


[M ats Pf a rey (i Seri s Mean i &e. } dx dx, 


ue E V5 + PL + Vo @& ) + 7 (3): | &e. } de | diy 
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f(a) «faa an 
~{ (2-440), «ean 


+{ (Pr-&e.): + fa mde} (2) - {(P2- be. Jo-f “note (Se) 


+ &e. 
al dP, d? P» ) ise 
“f- fe (av- Blais ar dae Se &c. oy = 0. 


Putting this equation, as in Prop. II., under the form 





a; — Ao +{" Bdoyda = 0 
x 


it is, in the first place, evident that ( is the same as before, and 
that, therefore, the form of the general differential equation by 
which the form of the function y is determined, is not altered by 
the supposition that V contains the limiting values of 


2, y, 2, &e. 


The terms contained in a, — ap are also of the same nature as 
in Prop. IL, constituting, in fact, a series of the form 


A\dx, + Bysy as Ci (=) + &e. + Avda =P By dyo =} aie) + &e. 
dx /\ dx /o 
Aj, By, Ci, &c., Ao, Bo, Co, &c. being constants. 
For in the expressions 


vy Pa] 
| pydx, &c., | pod, Kc., 
XO XO 


the same supposition is made as in the case of 


dP» )} ( dP» c.) 
(P,- 52 + &e 5 Fg Ui open et A 


and the other coefficients of the several increments which enter 
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into a; — a, in Prop. II.; the supposition, namely, that the value 
of y derived from the equation r 


10 
has been substituted in 1, fo, &c. If this substitution be made, 
and the operation of definite integration be then performed, the 
terms 


U1 vy 
| da, | yoda, 
XO Xo 
will become constants. 
Hence it is evident that the mode of treating the equation 
DUD, 


in the several cases which may occur, is precisely similar to that 
given in Prop. II. 

The restriction on the possibility of the problem is analogous 
to that which we found to hold in Prop. III. Ifeither m or n* 
exceed n — 1, it is easily seen that the number of arbitrary incre- 
ments in a; — ap is greater than the number of arbitrary constants 
in the integral of the equation 


Pp = 9, 
and that, therefore, it is not, in general, possible to satisfy the con- 
dition 
DU =0, 
From this and the preceding Proposition we infer that the 
quantity 
x 
V’ + | ' Vde 
vO 
does not, in general, admit of a maximum or minimum, if either 
V or V’ contain either of the limiting values of a differential co- 
efficient of an order equal to or greater than the order of the 
highest general coeflicient, 
d"y 
das” 


which is found in V. 
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Example. 
“37. Let 


weer Le 

wm V¥(a-y) 
in which a is a given function of 2, y;; and let it be required to 
determine y so as to make U a minimum. 


In this case, V being a function of y and - not containing 
the independent variable, we have, (p. 53) (b), 
dy 
V= C+ P\ ays 
dy 
ay") ied 
1+ d 
Vv ( + ’ and P,= mae aaa 
Ven va-y) (1+) 
we have, by substituting these values, 
ae) dy? 


—————————EE——E ES Cc +- er 
VA i dy? 
2 ve-9.V0+%) 
Whence, by reduction, 


L=cv(a-y). (1+ ay 


Rr) e 
or, putting ae 6, and solving for oe 


dy _ a 
wm V ( ) (H) 


This equation, which is easily integrated by putting 


But since 


V = 


; a-—y= bcos, 
gives 





“+0 = bcos) V (2-4) + v10@-9)-(a-9)?). (I) 


L 


¥ 
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To determine the arbitrary constants } and 0’: 

1. If the limiting values of both w and y be given, it is plain 
that a will be a given constant, and that, therefore, the problem 
differs in no respect from that of Prop. II. All the terms of 
a, — ag will in this case disappear of themselves, and the constants 
b, U’ will be determined, as in Prop. II., by the substitution of the — 
given limiting values of # and y in the general solution. 

2. Let the limiting values of x be given, those of y remaining 
indeterminate. 

Since a is only a function of #1, yi, we have, in the formula of 


Art. 13, p. 18, 


a, = [v% an { yi + vy (2 } da: |dan + { (Pi) +( vida } oY, 
ao = Voda + (Pi)odyo 3 
or, since the limiting values, a, a, are fixed, and, therefore, 
dx,=0, dao =0, 
a= {(Por+]" nde fan, a= (Pde. 


The equation 
Oi 6— 0 


is, therefore, equivalent to 


(Roe li ve 0, (Piae 


vy dy” 
VA (1 + <) 


ro (a _ y)3 


But 





Substituting the values of (P1)1, (Pi)o, v1, in the above equations, 
we easily find that the second is equivalent to 


ey 
(4 =Q0, or y—-a+b=0; 


and the first to 
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dy 





or, substituting for 2 its value derived from (H), 


V (- aN ae ee z , oda a dx ay (K) 


a-Y 2 dy ay (@ —- (a—y)? 


If we put for dz its value, 


Wy V(). 
we have 


d. d a 1 ee 
NS Gh Gran 3 Y Gara 


Substituting this value in (K), and recollecting that 


Your a+ b= 0, 
we have 
a teet tt) G2 ane eee yay 
a-yi dy 
This equation may be satisfied by making either 
b6—a'+ Ui 0, 
or 
da _ 
dy, 
The first of these gives 
Yi = Yo = & — b. 


Substituting this value of y; in the general solution (1), we find 


41+ 6’ =bcos!1 = Qind. 
Similarly, 


xo + b =beostl = Qirb. 
Hence 


V1 — Xo ° UX) = 1X0 
Ba eet sus Oe ar 
2(t-t)ar 1—2 
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The form of the function a being given, its value is found from 
the equation 


a=f(%, 91) =f (%1, 4- 4). 


If we suppose the second factor of equation (L) to vanish, it 
is easy to see that we shall have for the determination of the arbi- 
trary constants the equations 


29 + B = Qi'nd, 


+5 = peos/ (4 = + ¥ {b(a-y1) - (@-m)}*, 


y, being given by the equation 


da Me 
dy % 





It is unnecessary to dwell further upon this example, which 
will occur again in the applications of the Calculus of Variations 
to Mechanics. 


Prop. V. 


38. If y be a function of x which satisfies the equation 
D|" vax =0, 
xo 


to determine what further conditions are requisite, in order that 
the corresponding value of the given integral should be a real 
maximum or minimum, and to distinguish between maxima and 
minima. 


The solution of this problem, which is one of the most difficult 
in the whole science, may be justly said to be due to Jacobi. 
For although Legendre, and, subsequently, Lagrange, have exa- 
mined and partially solved it, the methods which they have 
given are encumbered with difficulties, which render them, in 
practice, comparatively useless. Both these writers have, it is 
true, succeeded in pointing out the criterion by which a maximum 


is distinguished from a minimum value, as well as in establishing ~ 


one of the conditions essential to the existence of any such value. 


OF ONE INDEPENDENT VARIABLE. at 


But the condition thus established, although necessary, is easily 
seen to be insufficient; and the methods by which they have en- 
deavoured to remedy this deficiency depend upon differential 
equations, or (in the latter case) inequalities, which they have 
given no means of integrating. ‘This important defect in the 
theory of maxima and minima has been fully supplied by the 
method of M. Jacobi, which we shall now proceed to state.* 

39. We have already seen that the form of the function y, 
which corresponds to a maximum or minimum value of a given 
integral, is determined by a differential equation of an order 
double of that of the highest differential coefficient which V con- 
tains. The value of y so determined is, therefore, of the form 


a ee Cly C2, +++. Gon }e 


If, then, this value of y be substituted in the given integral, it is 
evident that the value of that integral will depend partly upon 
the form of the function f, and partly upon the values of the seve- 
ral constants, ¢1, 2, .... zn, which are introduced in the expres- 
sion for y. This consideration naturally suggests the division of 
the question, with which we are at present concerned, into two, 
namely, 

1. Whether the general form of the function y, as determined 


by the equation 


Den ey. <0, 
dz 


be such as to give a real maximum or minimum value to |Vdz, 
for given values of the constants which enter into the solution of 
that equation. 

2. Whether the values so assigned to these constants in any 
particular case be such as to render the value of the given integral 
greater or less than that of any other which might be deduced 
from it by an indefinitely small change in any of these constants. 


* For the original Memoir of M. Jacobi, the reader is referred to Crelle, B. 17, S. 68, 
or to Liouville, Journal de Math., tom. iii. p. 44. The author of the present work has 
also been largely indebted to a very able Memoir by M. Delaunay (Liouville, tom. vi. 
p- 209), containing a development of M. Jacobi’s discoveries. Such a development was 
the more to be desired, on account of the very succinct nature of M. Jacobi’s memoir. 


rs ? 
ce 
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These two questions are evidently perfectly distinct, and 
therefore admit of being considered separately from each other. 
Thus, for example, if we can show that the value of the integral 
{Vdx, corresponding to 


y =f (a, Cll hes ro hss oie Con), 


cannot be augmented either by an indefinitely small change in 
the form of the function f, the values of ¢1, ¢, .... en remaining 
unchanged, or by a similar change in any one or more of these 
constants, the form of the function remaining unchanged, it is 
evident that the value so assigned to the integral is a real maxi- 
mum. Now we have already seen (Prop. II.) that if the limiting 
values of | 
di ihe 
I, Yp oy os oa 





be given, the values of the constants ¢), ¢,....¢2» will be found 
as functions of these limiting values; and it is easy to see, con- 
versely, that if the values of ¢1, ¢2,....¢an be given, the limiting 
values wv, y, &c., must have been given also. 

Hence it is evident that the foregoing subdivision of the ques- 
tion may be stated as follows: 

1. Whether the form of the function y, as deduced from the 
equation 

Gig th 

be such as to render the given integral a maximum or minimum 
for given values of 


) a 2 dy ay 
X05 Ys (i ‘ ofie ae ea U1, Yi; (=) eeeee iy) 


2. Whether the particular values of these quantities, derived — 
from the equation 


be such as to render the corresponding value of the given integral 
greater or less than any other which might be deduced from it by 
an indefinitely small change in any one or more of them. 

It is with the former of these questions only that the Calculus 
of Variations is, properly speaking, concerned. ‘The second be- 
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longs to the ordinary problem of maxima and minima of functions 
of more than one variable, and is completely solved by the rules 
which the Differential Calculus furnishes for such cases. We shall, 
therefore, confine our attention to the former question. 

The essential condition of the existence of a maximum or 
minimum value of a given derived function is, as has been stated 
at the commencement of the present Chapter, that the value of y, 
which causes the jirst variation to vanish, should render the sign 
of the second independent of the form of éy or ~, provided that 
that form be not inconsistent with any of the conditions of the 
question. Now in the case which we are here considering, in 
which the limiting values of y and its first nm —1 differential co- 
efficients, are supposed to be fixed, it is plain that no form of oy 
is admissible which does not satisfy the conditions 


n-1 
oYo ee 0, i) = 0, &e. € 24 = 0, 
0 0 





dz dg! 
me (doyN d™ oy\ 
ayn = 0, (Fr), = 0 be (Tar), =o 


It is, therefore, essential to the existence of a maximum or mini- 
mum, that the sign of the second variation of the given integral 
should be the same for every form of dy which does satisfy these 
‘conditions, in addition to those noticed in Art. 9. 

It is, moreover, necessary that no such form of éy should ren- 
der the quantity under the integral sign in the second variation 
infinite, for any value of x within the limits of integration. 

Lastly, it is, in general, necessary that no form of éy which 
satisfies the foregoing conditions should cause the second variation 
to vanish. For if any such form of dy cause the second variation 
to vanish, without, at the same time, annulling the third, it is 
plain (as in the Differential Calculus) that there will be neither 
maximum nor minimum. 

40. It will contribute to the clearness of the subsequent dis- 
cussion, which is necessarily somewhat tedious, to premise that 
the object of the method which we are now about to state is to 
prove that the second variation of the given integral may be re- 
duced (by the method of integration by parts) to the form 


oe J 
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dé ds d"dsy\? 
i, Qn (Ady + ArT + de TH 4 he. + dy —) de, 
in which aV 
Qn = Tiga? 
d.— 
( ae) 


and A, Aj, Ae, .... An are functions of w. 

From this transformation it will immediately appear— 

1. That the sign of the second variation depends upon the 
sion of Q,, the other factor being essentially positive, and that, 
therefore, one of the required conditions is 


Q, > or = 9, 


for all values of x from a to a. For, if Qn change its sign within 
the limits of integration, it is possible, as we shall hereafter show, 
to render the sign of the second variation either positive or nega- 
tive. In such a case there would be neither maximum nor mini- 
mum.* 

2. That if this condition be fulfilled, the value of the integral 
will be a maximum or minimum (according as Q, is negative or 
positive), provided that the quantity 


Qn ( by + 4, SY fe es ee ee oN, 


do not become infinite for any value of x within the limits of 
integration, and provided also that no admissible value of dy satisfy 
the equation 





dé 
Ady + Ay =~ + &e. = 0. 


3. We shall further show that, in order to determine whether 
or not this condition be satisfied, it is only necessary to have the 
complete integral of the equation 


B =0; 
and that, therefore, in every case in which we are enabled to 
solve the problem of Prop. II., we shall also have the means of — 
deciding whether or not the solution so found give a real maxi- 
mum or minimum. 


* This condition has been noticed both by Legendre and Lagrange. 
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We shall commence with the following Lemmas, which are 
necessary to this investigation : 


Lemna I. 


41. If § be the coefficient of dy under the sign of integration 
in the variation of a given integral, the variation 63 may be put 
under the form 





2 n 

eel. ny oy dn, eed 

63 = Andy + _ sf tees OE, + &e. + aie CIR 
dx dau? ‘ dx” 


Putting for f its value, 


dP, PP» 
Ng ae ae ae 
and taking the variation, we have 
2 
3B = 8N- 3.5! +8. S23 - be. 
28/7. 
=oV-—— ae Boks — &¢. 
dx 
Consider any term of this series, e. g., 
A" SPn 
da™ 


<a 


Forming the variation of P,, according to the usual rules, we 
have 


n 
Beeeers 5, 2P= By, 5, 2Pe PY, 
d dy du a q™ dmy da™ 
“dx "dam 
But since 
Pn ne a 
7 pe my’ 
adam 
_ we have 

ieee aeaV 





dy dmy F di’y” 
adam’ a dx" dam 


M 


d. 
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Hence, if we assume, for the sake of brevity, 





qm amy ; gdm 
ape sa dx = — “us 8Y, 
the general term of the series for 
nod eA 
dau™ 


may be written 

a™ ( EVs ae b 
dxu™ dy™ dy™) ° iam) ( ) 
Now if m be equal to m’, this term has already the required form. 
If m be not equal to m’, it is plain that in the expansion of 


d”s§P m/ 
d, av 





there will be found a term 


He ( Wy eae 9 
dx™ dy™ dyn) <). ( ) 
And, as the terms in the original series for d( are alternately po- 
sitive and negative, the terms (1) and (2) will have the same or 
contrary signs, according as m—m’ is even or odd. 
Hence it appears that the entire series for 63, with the excep- 
tion of those terms which have already the required form, may be 
arranged in groups of the form 








du ; d™u 
an. K ; d a 
dxm = dam 
where 
av 


But, by a theorem of the Differential Calculus,* a group such as 
the foregoing may always be represented by a series of the form 


mn’ m’+1 
qm C , au qm +1 C5 d ue 
“Mm dam’ fe Rene ig dym*l 


dam ne dam +] + &e. ; 


* Kor a proof of this theorem, vid. note upon p. 82. 
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m being supposed less than m. Hence the proposition is evident, 
as it is plain that no term can occur of an order higher than 








fy EE 
atAg eo 
da” 
It is easily seen that 
a?V 
A, = 
CD 


the upper sign corresponding to the case in which n is even, and 
the lower to that in which n is odd. 
For the coefficient of 
(Eevy peti 
ada” 4 


cP a? Ve 


© ay * ayy 





in 6/3 is evidently 


The coefficient of the same term in the series just given is A,. 
Hence, as these coefficients must be identical, we have 


ay 


Lemna II. 


42. If uw be a function of w which satisfies the differential 
equation 


ten ma 
Au ES 0 et aa G 
ape pe S; SR ee 


(4, Aj, &c., being functions of x), the expression 


( d. Ay es d".A, i) 
Ub Ay + eee i OC he ra == U 


is integrable independently of y, and the integral may be ex- 
pressed as follows: 


7 
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re ani, B, Oe 
| Ude = BS + w+ &e , aa 
die dx ; da 


where ¢ = . , and B,, B,, &e., are functions of « depending upon 
Ay, Ao, &. The value of the last of these, By, is 
B, = A,u?.* 


Lemna III. 


43. Let 
¥ =f (2, Cl) C2, - 06s €2n) 
be the integral of the equation 


B=0, 


dy dy dy 
doy’. deals tee 


and let 


be the differential coefficients of y with regard to the several ar- 
bitrary constants which it contains. Then if 


CG, C2, eee Cart 


be a new system of arbitrary constants, the complete integral of 
the equation 


of = 0 
will be 
o. + Cy shal Se + Con ay 


OY Cans ” dew 





For, if in the hh 


Y ay te, Cl, C2 6) ® Be Con), 
we suppose the several constants, ¢), ¢2 .... zn, to receive the in- 
definitely small increments de), de, .... den, the corresponding 
increment of y will be 


d: d di 
dey ai a dcz aie &e. + a dc2y. 


* The proof of this theorem of M. Jacobi will be found in the note on p. 84. As it 
properly belongs to the Integral Calculus, I have, in the text, contented myself with 
enunciating it. 

+ These constants are, of course, indefinitely small. 


tise: 
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But as the new value of y is derived from the former one by an 
indefinitely small change in the values of the arbitrary constants 
which it contains, it is plain that this value will still continue to 
satisfy the equation 

[aged by 


If, therefore, we make 


ted dy 


Yy Te: de, + ao dey + &e. + Tas dezn; 
it is evident that this value of dy will satisfy the equation 
a5. = 0. 
But since dc), de, ....dcz, are arbitrary increments, we may re- 
place them by the arbitrary constants Ci, C2,.... Cen. Hence 


it appears that the expression 





dy dy dy 
oy = alee =F Slap tC HE Con dees 


will satisfy the equation 


oo = 0, 
But as 3 contains, in general, 
dy d?"y 
Y; dn ene da’ 
it is plain that 63 will contain 
doy dey 
The equation 
op = 0 


will therefore be of the order 2n in dy. Hence the value given 
above for dy contains a number of arbitrary constants equal to the 
order of the equation. It is, therefore, the complete integral. 


Lemma IV. 


44, If 3 be the coefficient of dy under the sign of integration 
in 6U, the second variation will be given by the equation 


YU = i: SBdyde. 


"0 
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For in the case which we are now considering, that, namely, in 
which the limiting values of 





are given, the first variation becomes 
OU = | Bdydz. 


Taking the variation of both sides of this equation, and recollect- 
ing that 7 


oy = 


we have 
YU = li Spoyde. 
Xo 


45. These Lemmas being premised, we shall next proceed to 
consider the mode of effecting the transformation indicated in 
Art. 40; and, to render the reasoning more easily intelligible, we 
shall commence with the simplest cases. 


(ae) Let 
d 
v= f(% wi) 


In this case (Art. 11) 


as ae 
fe) =N- dz’ 
and therefore (Lemma I.) 
d.A, 
6 = Ady + = 


Let ¢, ¢2 be the arbitrary constants contained in the integral of 
the equation 

= 0, 
and assume 


n= Le 


Then (Lemma III.) the equation 
co) 
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is satisfied by making 


oy = U, 


~ and therefore (Lemma II.) udp is a perfect differential, whose 


integral is of the form 


d (éy 
re (2) 
Assume 
oy = Udy, 
| and substitute this value in the second variation, 
le SB3y de. 
XQ 
This gives 
oU = E uo dy da. (a) 
JX 
But since 


oy dey 
fudPBdx = Eee (2 )=Bi a, 


if we integrate the right hand member of equation (a) by parts, 
we have 


go (2) tn (B22), ay fn (2) 


Now since the limiting values of y are fixed, we must have 


oy = 0, Oyo = 0 
and, therefore, 
Uoyl = 0, 00 Yo = 0 


If, therefore, it be possible to determine the arbitrary constants 
which enter into the value of w in such a way that neither uw) nor 
u, may vanish, we have, necessarily, 


OY — 0, Yo a 0 


YU = - f: B, ee) fe 


Moreover, we have seen (Lemmas I. II.) that 


and, therefore, 


7 
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ayVv 


Bi =wdA,=-v eee 
(0.8) 
also, 
déy du 
4 ai oe ur 


Making these substitutions in the value of 6?U, we find 


1 @V ldu doy \2 
2 = See — ——— _ —— 
a i ( dy\? (; da oy dx ) ae (b) 
d , aka 
is) 


46. From this expression it immediately appears that the 
given integral U will not admit of either maximum or minimum 
if 

ad? V 


dy 
d. 
( in) 
change its sign between the limits of integration. For since we 


are at liberty to assume for dy {=a(#)} any function which va- 
nishes at the limits of integration, and satisfies the conditions 


P(x) <@, os < @, 


for all values of # lying between the limiting values, it is evident 
that we may, consistently with these conditions, suppose 


————, (= Q)) 





for all values of « which make Q; negative. This supposition 
would render 6?U positive. But if we suppose dy to satisfy the — 
same conditions for all values of « which render Q; positive, it is 
plain that we shall have 6?U negative. As, therefore, the second 
variation, 6?U, may, in this case, be made either positive or nega- 
tive, the given integral will not admit of either maximum or 
minimum. 

Again, it is necessary to the existence of either maximum or 
minimum, that the quantity under the integral sign in 6?U should 


OF ONE INDEPENDENT VARIABLE. 89 


not become infinite for any value of # lying between the limiting 
values. Whether or not this condition be fulfilled, will be seen 
immediately when the complete integral of the equation 


B=9 
is known. For in that case the values of the several quantities, 


du 
Q:, u, dx’ 
are found by simple differentiation in terms of x. Let the values 
so found be substituted in the expression 


(a a \u dx I~ Ga 
‘dx 


BV (1 du =). 


and it will at once appear whether or not it be possible to deter- 
mine the arbitrary constants which enter into u, so as to render 


_ this expression finite for all values of 2 lying between a, and a. 





_ Lastly, it is, in general, necessary to the existence of either 
maximum or minimum that no admissible value of dy satisfy the 
equation 


1 du doy 
a da! “de ~% 
or 
Tad Be 


Hence it is easily seen that the integral will not, in general, admit 
of either maximum or minimun, if it be possible to determine u 
so as to satisfy the conditions 


wu, = 0, TedW 


This is also evident from the equation 
eU =("" sBeyde; 


for we have seen (Lemma III.) that the supposition 


oy = U 
satisfies the equation 


83 = 0, 


* It is plain from the form of u that the arbitrary constant may be neglected, 


N 
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and therefore reduces the second variation to zero. If, therefore, 
wu be an admissible value for dy, i. e. if it be possible to determine 
the arbitrary constants which enter into uw, so as to cause its limit- 
ing values to vanish, there will be, in general, neither maximum 
nor minimum, 

47. If Q, remain finite for all values"of x between a, and x, 
it is evident, from the form to which the second variation has 
been reduced, that the quantity under the sign of integration can 
be rendered infinite only by one of the suppositions, 


We have before seen (Art. 46) that the given integral will not, 
in general, admit of either maximum or minimum, if it be pos- 
sible so to determine Cj and Cy as to satisfy the equations 


Uy SES 0, Uy = 0. 


Again, it appears from the latter of the two foregoing suppo- 
sitions, that it is further necessary that it be possible to determine 
these constants in such a way that w may not vanish for any value 
of « between x and z,. These cases admit of important geome- 
trical interpretations. 

Let AB (fig. 2) be a curve whose equation is 


Y = f(x, Cls C2), 
the integral of the equation 


Pp = 0; 


and let A, B be the points corresponding to the limiting values 
of y and 2. 

Then, in the first of the above-mentioned cases it is evidently 
possible to draw between A and B a second curve, satisfying the 
same general equation, and indefinitely near the first. For it has 
been already shown that the curve whose equation is 


y =f (@, G4, ce) + %, 


satisfies the general equation 


B = 0. 


=r 
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And since 
uw =9, um =9, 
it is plain that this curve passes through the points A, B. 
In the second case, it is possible to draw through A and some 
intermediate point C a curve satisfying the general differential 
equation, and indefinitely near to the first. Jor if we make 


it is plain that we shall have 
uo = 0. 


Now if w vanish for some intermediate value of 2, it is easily 
seen, as in the former case, that there must be some intermediate 
point Cat which the curve 


y =f (x, 1, 2) +4u 
will intersect the curve 4B. Hence it is evidently possible to 
draw the curve as above described. 
We have, therefore, the following rule: 
Let AB be the curve whose differential equation is 


B= 9, 

and which passes through the given points 4, B. Draw through 
A a curve satisfying the same general equation, and indefinitely 
near to 4B. This curve will, in general, meet the curve AB at 
some other point C. ‘Then it appears from the foregoing discus- 
sion that the given integral will not, in general, admit of a maxi- 
mum or minimum unless C fall beyond B. | 

48. As an example of the foregoing theory, let us consider 
the case discussed in Ex. 1. 


Here we have 
a) 
ia ua 
4 V (1 K dix? 


whence 


9 
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Now as the radical in Vis supposed to be taken positively through- 
out the integration, it is plain that Q, will continue always posi- 
tive. ‘This is the first condition requisite to the existence of a 
minimum value of the integral. 

Let us now consider whether the other conditions be satisfied. 
The complete integral of the equation : 


B=0 


being, in this case, of the form 


Y= CL + t, 


we have 
dy. oy 
de, i; deg 3 
and, therefore, 
du 
u= Cx + C2, mpi is 


Substituting these values in equation (b), p. 88, we have 


1 x1 Ci ey 
8 f Seen ne et ee ee 
é ¥(1+ oa. (as ey dx i 


Now if we assume values for C, and C2, such that Cjw + C2 may 
not vanish for any value of w between 2 and 2, it is plain that 
the quantity under the sign of integration cannot become infinite. 
Lastly, it is easily seen that no admissible value of dy will 
cause the second variation to vanish. For we have before seen 
(p. 89) that the only value of dy which satisfies this condition is 


oy = U, 


and that, in order to render this an admissible value, we should 


have 
u=0, w=90. 


These equations become, in the present case, 
Cin, + Cs a 0, Cx + Cy = 0, 


which are manifestly impossible for any finite values of Cj, Cy. 
Hence it is evident that the value of y found in Ex. 1 renders the 
given integral a minimum. 
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The conclusion here arrived at may be extended beyond the 
individual case. For we have seen, p. 52 (a), that, in general, if 


v= 7 (2), 


the complete integral of the equation 
i un 


Y = Ce + C2; 


will be 


we, have, therefore, as before, 
uU= Cx Gis C4. 


Hence it will readily appear, as in the preceding article, that such 
values may be assigned to C, and C2 as to render the quantity 
under the sign of integration in é?U finite for all values of a be- 
tween a and x; and further, that no admissible value of dy will 
cause 6?U to vanish. 

Again, the value of Q: being 


pol Ml 
TCE 
‘dx 


and therefore constant, cannot change its sign. Hence, and from 
p- 52, we infer— 
(1.) That every integral of the form 


ry a 
(which is not in itself integrable) admits of amaximum or mini- 


mum value when the limiting values of y and a are fixed. 
(2.) That this value is found by making 


dy 

—~=¢ 

dz 15 
and is, therefore, 


(x — x) f (4). 


(3.) That, as in all other cases, the maximum and minimum 


e.. 


94 . MAXIMA AND MINIMA OF INDETERMINATE FUNCTIONS 


values are distinguished from each other by the sign of Q), or (in 
this case) by that of 


af (ci) , 
dc,” 


49, Let 


In this case (Art. 11) 








als adP, d PP. 
ais da” dx?’ 
and therefore (Lemma I.) 
dA! 4g 
36 = 43/4 —— ee 
da dx* 


Denoting by ci, ¢, ¢3, c4 the arbitrary constants which enter into 
the integral of the equation 


B = 9, 


and assuming 


U= Cia. obi ad, 
it appears, as before, that the equation 
6p = 0 
is satisfied by making 
oy =U; 


and that, therefore, 





dx 


( Ag eee Ge) 
U\ ACY ct seem ae shee 


is integrable. 
Assuming, as before, 
Oy = Udy, 


* As other examples of this theory will be given in the following chapter, I do not 
think it necessary here to multiply them further. 
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and integrating by parts, we have 


d Boo 
v1 x LY : i heal acy ( d y ° dx? ) 
in opeyda af Uucpoyda = -(" 2 as By 2 oer Gites dz ; (c) 


the parts outside the sign of integration vanishing, as before, at 
the limits. 


Nowif C1, C2, C 3, C’s be anew system of arbitrary constants, 
and if we make 


eee oY , dy , dy , dy 
U Si at © 8 as, ‘Tee 
it is easily seen that the supposition 
Ae 
oY = a 
will satisfy the equation 
Psy 
B dsy A sete da? =O (d) 
‘dx du a 
For, since 5 
aoy 
de’ ae d e Bs “dr 
fudPBda = 1) am ae : 


it is plain that every value of éy which satisfies the equation 
63 = 0 
will also satisfy equation (d). But the supposition 


, Uu 
oy = ae 
ives 
; oy =U, 
and therefore 88 =0 (Lemma III.) 


Hence it appears that this supposition satisfies equation (qd), 
and therefore renders the expression 


d. d. ese oy 
) Bp fy dey da? 
dx Wn dx 
integrable. 
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Proceeding as before, assume 





and integrate by parts the second member of equation (c). 
Then, since, by the principle of Lemma IL., 


u asy 
d aN ap. ee eres 
(< )(, doy | "a ) ae - Ee 


dx ‘ iS dx 





we shall have, ultimately, 


i oPdyde = = Ey (ee J i dx. 


The conclusions derived from this transformation are analogous 
to those obtained in the preceding case: 

(1.) It is essential to the existence of a maximum or minimum 
value that J, should not change sign within the limits of inte- 
gration. But since 


, ‘ t 272 7 
(“ : u) fe ; x) ( . uw) at 
va) i = \ 2A = a a 
FE dh je Bs Ae Ul Az Ag (a : dn? 


it is plain that the sign of / is the same as that of 
ay 
=r 


Hence, in the case of a maximum, we must have 


Q < 0, 








= (Q»). 


and in that of a minimum, 
Q» > 0, 
for all values of x between ap and 2. 


(2.) It is, moreover, necessary that the quantity under the sign 


of integration, 
de’y 
(Ge), 
tN da 


th 
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} should not become infinite for any value of 2 within the limiting 


values. 
But since 


| eke, sy uw 
| dx ilk ‘de du’ 


if we assume, for the sake of brevity, 





dx dv ‘a dv® dr ul 
dx dx? dx? dx ~ 


Substituting this value, we find 


& u-|" Qe (Ady Ss A, ay oN’ dx, 


where 
du d?u ‘4 du’ du 


dx dx? dx dx 





we 


uU du —-uU de 

dx dx 

du’ , au 

s dx? a dx? 

4. = du , du 
“Te ae dx 


Hence we have, in the case of a maximum, 


(1.) Q < 0 for all values of 2 between ao and 2. 


2 
(2.) Q ( 48 + Ay a uy not infinite. 


ae 


(3.) The equation 


ddy dy _ 
Ady + Ay rE ar qa 


impossible for any admissible value of dy. 
) 
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For a minimum the conditions are: 
(1.) Q > 0 for all values of x between x and 2. 


- as before. 


Now if the general solution of the equation 


p-0 
be known, the quantities uw, uw’ are known also in terms of x and 
arbitrary constants. If then from these values we form the values 
of A and Aj, it will immediately appear whether or not these con- 
ditions be satisfied. : 

50. Conclusions similar to those of the preceding article may 
be drawn as to the geometrical interpretation of the foregoing 
conditions. 

Thus if the equation 

doy  d*dy 
Ady + A; —+ +—4+ =0 
°y du” da 
be satisfied by any admissible value of dy, it is easy to see that if 
AB (fig. 3) be a curve whose equation is | 


B= 0, 
and which has, at the points A, B, the given limiting values of 


x, Ys 2 
it 1s possible to draw a second curve indefinitely near to the first, 
satisfying the same differential equation, and touching the curve 
AB at the points A, B. 
For it will readily appear, as in the preceding case, that the 
general solution of 


oy = U. 


If, then, this be an admissible value of 8y, we must have 


du du 
n=0 a6 (2-0 (00 


dx 


wh 
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Now the equation of a curve indefinitely near to the curve AB, 
and satisfying the same differential equation, will evidently be of 
the form 

y=yt4, 
y being the ordinate of the curve 4B. And it is plain that if u 
satisfy the four equations (c), this second curve will touch the 
curve 4B in the points 4, B. 

And it may be readily shown, as in the foregoing case, that 
the given integral will not admit of either maximum or mini- 
mum, if a second curve can be drawn, as above described, between 
A and any intermediate point C. 

51. As an example of the foregoing theory, let 


d?y m 
y= (3) 
and let it be required to determine y, such as to make 


ii Vax 


EAN) 


, ae She pe: di 
a maximum or minimum, the limiting values of , y, and = be- 
ing given. 
In this case we have 


d*y m-1 
R08 2) = 0, P,=m(T4) ; 


The equation 


B= 0 


d? Py» 
Fame 


becomes, therefore, 


or, integrating twice, and substituting for P2 its value, 


Hence it is easy to see that the complete integral will be 


ada 
y = (eu + c2)™! + 3a + C4. (a) 
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From this we find 


1 ee m-2 j ; mn 
,= : =_= ~\—_— = > — " m- . 
Q.=m.m <4) m.m (az + 6) 
Let us suppose m to be an integer. Now it is evident that ifm — 
be even, the factor 


m-2 


(ax + bm 


is always positive. Ifm be odd, this factor is positive or nega- 
tive according as we agree to take the positive or negative sign of 
the radical 


1 
+ (ax + by, 


In either case Qe cannot change its sign. The remaining factor, 
m.m —1, is evidently always positive, while m is any integer dif- 
ferent from unity. But, as the effect of giving a negative sign to 


1 


(az + 6)™1 


would merely be to render a) and therefore V, negative, it is 
plain that, if we understand by a minimum that value which is 
nearest to zero, the value here found will in all cases be a mini- 
mum value. 

Let us next consider whether the other conditions stated in 
the previous Article be fulfilled. 


Putting, for the sake of brevity, 
2m —1 


m—-1 





=n, 


and differentiating equation (a), with respect to the arbitrary 
constants which it contains, we find 


dy shee ae) : 
ap N(C1% + C2)" 4, spa n(cy% + ¢2)"1, 
d 
a = x, “oy = iL 


dc3 dc4 
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Hence 
U= (CL + C2)" (Cha + Co) + Czv t+ C4; 


and, similarly, 
Uw =n (Cx + C2)" (Cw + C2) + Csu+ Cr. 
Now it is easy to see that if we make 
C,=0, CG=0, Ci=0, Ce2=0, 


the second variation will become 


ov-fto (2a 


Hence it is evident that the quantity under the sign of inte- 
gration in 6?U may always be made finite, provided that Q2 does 
not become infinite within the limits of integration. But we 
have already seen that 


m-2 


Q.=m.m—-1.(ax + bmi 
Now since m is supposed to be an integer, it is plain that 


m—2 


m—1 
cannot be negative, and therefore that Q. cannot become infinite 
for any finite value of x. 

It remains then to consider whether the second variation can 
be made to vanish by any admissible form of dy. Now we have 
seen that the most general value of dy, which causes the second 
variation to vanish, is 


oy = u. 


In order, therefore, that this may be an admissible value of dy, it 
is plain that it must be possible to determine the constants which 
u contains, in such a way as to satisfy the equations 


d d 
wee, uno, (#)-0 (#)-0  & 
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Let us suppose 
dy 
m=0, w=0, (4) =0 


dx 


These conditions reduce the complete integral to 


y = (au + 6)" — nab™! a — 6", (c) ; 


putting 7a, b, for c1, c. Hence 
u=n (aut by"! (Cie + C2) + Cre + Cu, 


a nCy (an +b)" 4+n.n—1 (Cre + Ce) (aw + By a+ Cs. 


The four conditions (b) give, therefore, 
nb"1C,+ Cy=0; 
nC,b" 4+ .n-1 Cb"2 a+ C3= 0; 
n (aay + 6)" (Cia + Ce) + Cra + Cy= 0; 
nC;(ax, + 6)" + n.n-1( Cia + C2) (am, + by"? a+ C3 =0. 
Eliminating the several quantities, 
CO 
Ogein Of naGe 


between these equations and the equations 


Qa, b, 


71= (ax, 25 b)” — nab™} ei] — bn 
(d) 


dy fs: n-l n-1 
(4) = na(aax, + b) nab", 


formed by the substitution of the given limiting values, 


d 
1, Yi; (2) 


in (c) and its first differential, we shall finally arrive at an equation 
containing these limiting values only. If this equation be satisfied 
either by these limiting values, or by any other system of values of 
dy 
x; ¥y ’ dx’ 
which is found within the limits of integration, the given integral 
will not, in general, admit of either maximum or minimum. 
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02. The question may, however, be treated in somewhat a 
simpler manner, by the geometrical considerations of p. 98. For 
we have there seen that, if it be possible to make the second 
variation vanish, a curve may be drawn between the extreme 
points 4, B, indefinitely near to the first, satisfying the same ge- 
neral equation, and having the same limiting values of the diffe- 
rential coefficient. Now it is evident that if the extreme points 
be such as to satisfy this condition, we must have 


dy a) db _ 

(2), (ae yaa => 
(22), (faa 
in) dadb)/)da 


dy (% db 
(3) 3), a7 o> 


(22), (EB) 2-9 

dada/\ dzdb/, da — 

Substituting the values of these differential coefficients derived 
from (c), it is easily seen that the first two are identical, as they 


ought to be. 
_ The third and fourth become, by the same process, 





db 
{(aay + by") — 61) wy + {(aa, + 5) - 6"! — (n- 1) ab"? 2} ae 0, 
(aa, +b)" — "14 (n— 1) (aa + 6)? aay 


+ (n—1)a {(aa, +b)" - 6"? } = =(), 


me - db 
Eliminating x between these equations, and reducing, we have 


{ (aa, + 6)! — b"-1)2 = (n— 1)? a? 2? (aa, + 6)"? on. (c) 


Eliminating a and } between the equations (c) and (d), we find, 
as before, an equation between 


dy 
Vy) Yi; 4). 
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If this equation be satisfied either by these quantities or by any 
system of values of 
dy 

L,Y; dx’ 
which is found within the limits of integration, we infer, as be- 
fore, that the given integral does not admit of either maximum or 
minimum. 

For example, suppose 





ne 2 ee 


equation (e) becomes, in this case, 
{ (aay as b)? - 67}? = A4ata,? (ax, 5 b) b, 
or, by reduction, 
atayt = 0; 

or, since #) cannot vanish, 

a= 0, 
an impossible equation, since it would reduce equation (c) to 

ie 0. 


It is, therefore, in the present case, impossible to draw a curve in 
the manner stated at the commencement of this article. 

Hence, and from p. 100, we infer that the value of the given 
integral is in this case a real minimum. 

53. The mode of applying the theory of M. Jacobi to fune- 
tions involving differential coefficients of an order higher than 
the second, being strictly analogous to that which has been stated 
in the preceding pages, it may be sufficient here to give a brief 
sketch of this extension. 

(1.) The second variation being, in general, of the form 


‘ ( d.Ay ui d.An e) 
a Ady + seer &e. + aro dx, 


assume, as before, 





d d 
U= CO, 24 Cees &e. + Con oy 
de, deg dean 


dy = Uoy, 
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and integrate the expression by parts. It will thus be reduced to 
the form 











RE os atl 2 it Sb 
oU a B,— ane &e. + <i To 
(2.) Assume 
wa Oe — 5 + sf Binet 
deg Bi, 
ms 
dsy an a OY 
dts 0 dz : 


and integrate again by parts. The second variation will thus be 
reduced a second order. 
(3.) Assuming, for the sake of brevity, 





da 
let v' be a quantity formed from v in the same way in which 1 


was formed from u, namely, by a change in the arbitrary constants 
which it contains, and make 


0) 
By "oy. 
dx au ° 7 


Integrate by parts as before, and proceed with similar assumptions 
and integrations, until the second variation is reduced to the form 


x (2) q)\ 2 
pa@ya 
x0 dx 
the upper sign being taken if x be even, and the lower, if n be 
odd 
(4.) It is evident, from Lemmas I. and II., that this quantity 


has the same sign as Q,. For it appears, from the concluding 
remark of Lemma I, that 


B,, ne An’. 
P 
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Similarly, if D, be the coefficient of 
d1 OY 
da 


in the quantity which remains after the next integration, 


qe aN 
p.-B.(—#) (Haye 
dx Anu dx 
B peek 
2, = Ay ( «) ° 0 6 0 
dz 


But from Lemma I. we have 


ie et Ls. 


Hence in all cases the form to which the second variation has 
been reduced is 


ee 
" Qune( | «) pee 
xo ax dx 
It appears, therefore, as in the preceding cases, that for a maxi- 
mum we must have 


and, finally, 











Qn < 0, 
and for a minimum, 
Qn > 0, 
for all values of x from 29 to 2. 
(5.) Itis easily seen that the form to which we have reduced 
o?U is identical with that indicated in Art. 40. For 








’ oy 
oy san u? 
a) 
dx dzx\u/’ 
My he =e Oral ae =) 
dx dx\v dz ism } 
ds’y 
a Ke. 


&e. &. &e. 
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If these several differentiations be actually performed, it is evident 
that the form of 8?U will be as stated in Art. 40. 

_(6.) If A, B be the given extreme points of the curve satisfy- 
ing the several conditions of the question, the given integral will 
not, in general, admit of either maximum or minimum, if between 
A and B there be found two points, C, D, such that a second curve 
may be drawn through them indefinitely near to the first, satisfy- 
ing the same differential equation, and having at the points C, D 
the same values of 


dy d?y d™\y 
dx’ du?’ °° dam 





(7.) As the determination of the curve which satisfies all the 
conditions of the question depends upon the solution of the system 
of equations formed by the substitution of the given limiting 
values of x, y, &e., in 


B=0, 


it is plain that there will be, in general, more than one such 
curve. Now if two of these curves become coincident, i. e., if 
the equations by which they are determined have one or more 
pairs of equal roots, it appears from (6) that the given integral 
does not admit of either maximum or minimum. 


Prop. VI. 


53. To determine the functions y, z, which will render 
vy. : ore 
Vd“ a maximum or minimum, where 
Xo 
d an dz dz 
v=f(a, yy <2 de et 6 sats Zs Se oad, TSR eEL OMT RRA caress, ° 
dx da™ da da™ 


The equation 
Dill 
becomes, in this case (Chap. II. Prop. V.), 


dP, ay eit : 
Vida, = V dX Gy (P, ——— + be. oy = (, = me - + &e.) Ov/o 
dx /\ dx as 
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+ (P2 - &.)1 24) — (P; — &.46 (=) 











d. 
+ &c. (A) 
d™8y tt) 
(P, dat ) ion & dar} 
a’P. 
n Pw-S — a aa —; -& = nye pS sy dyda 
dP’ _ aP: 
+(Pi- angie: st he.) Ze 
+ (P2 - &e.)1 (=) — (P'2- &.)o ee 
+ &e. 
qm) oz qm-1 PY 
: ies : ee 
vy ; dP Pirie 2 d' Pe 
+ ie (wv ~S 44 SE ates ) Sed 
= (0. 


If the functions y, z be independent of each other, their va- 
riations, dy, dz, will also be independent; and, therefore, by the 
same reasoning as that employed in Prop. I., we must have the 
general equations, 


TW Ey Ee oe ee 








aie d?*P’ dv Pf” ©) 
N’ 1 2 m m is = 
Per ee en da™ i 


and the equation at the limits, 


1B es dP 
dx _ V dxo + (P, — an an ke.) oy = (2, = ae 7a ke.) Byo 


Reo eS CPE Be (), 


+ &e. - GG 
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(P = ) ba - (Pi- FZ fe.) B20 
+ (P2 - &e.); (=) — (P2- &e.)o (=), 
+ &e. = 0. 


The mode of treating these equations is perfectly analogous to 
that used in Prop. II., and it appears conclusively, from the rea- 
soning there adopted, that the number of equations is not, in 
general, affected by any auxiliary equations which may be intro- 
duced. For every such equation will either remove a term from 
(C), by annulling the variation which enters into that term, or it 
will consolidate two terms into one; thus in all cases diminishing 
by one the number of equations to which (C) is equivalent, and, 
at the same time, increasing the number by one, namely, itself. 
In proving, therefore, that (B) and (C) furnish a sufficient num- 
ber of equations for the complete solution of the problem, it will 
be sufficient to show it for a single case, namely, that in which 
the limiting values of x only are fixed. Now it is easy to see 
that the equation 


is of the order 2n in y, and m+n in z; and the equation . 


es 
N'-—— + &e. +(- 





of the order m+ in y, and 2m in z. These equations are, there- 
fore, of the form 


dy de"y dz =) ih 


Hv 2 pe ° Va errata ee Wisc coe ee 
? ( 199 oe da ~ dx damn 


dy Gay dz Did 
py (, Y, =— dz Be dymw ae, dx 2 eh ss ex 


If, according to the ordinary method, we differentiate the first 
of these 2m times, and the second m+n times, we shall thus have 
3m +n-+ 2 equations, between which, if we eliminate 

dz eagle 
de °° dgsmn’ 
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we shall have a resulting equation in y of the order 2(m+n), 
whose solution, therefore, will contain 2(m+n) arbitrary con- 


stants. Now it is evident that the equations at the limits are 
precisely 2(m +n) in number, namely, the 2n equations, 


(P, - 2 + &.) = 0, (P, - 2 + &e c.) = =(), 
dx 0 
(P2 = &e.)o = 0, (P2 = &e.); = 0, 
&e. &e. 


(Pn)o ae 0, (Pr) = 0 


and the 2m equations, 


(p, - $2 &.) = 0, Ce xe = 0, 
0 dx 1 


d 
(P2- &c.)o = 0, (P2- &.); =0, 
(P'n)o as 0, (Pe)i = 0. 


The problem is, therefore, in general, perfectly determinate. 
Similar exceptions to those noticed in the case of a single depen- 
dent variable will of course occur. ‘Thus, for example, if V = 0, 
and neither of the limiting values of y be given, the problem is 
indeterminate, and the explanation is precisely the same as before. 

54, If VY do not contain the independent variable, we may 
find a single equation of the order 2(m +) —1 without any par- 
ticular determination of the form of the function V. 

For since = 0, we have 


dV = Ndy + Pid. SY Prd. TY. be, +, Pads a 


+ NMdz+ Pid. = Ba a 8 ee + Pd. oe 


Substituting for V and N’ their values, derived from the equa- 
tions 


WN et ue + &e. = 0, 
du 


NN" eae me. =): 
dx 
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_ and proceeding exactly as in Art. (29), we find 


5 dy (2, d’y dy dP» 
ee bey + P37 qe ae) + ke 


dz fae vas oP 
+P + (Poe Sas <s*) + &. 


A more particular enumeration of the several cases which may 
occur is obviously unnecessary. 
EHxample. 


55. To find the forms of the functions y and z which will 


render 
dy? 9) 
[/ ¢ + A + Te dx 


a maximum or minimum. 


Here . 





V (+5 * Ge) V (1a i) 
P,=0, &e. P’, = 0, &e. 
The equations 


N-S 3, &6. =(Q, ACL Ree: 
dz 
become, therefore, 
dP, ah; 
dz cau di ue 
or, 
dy dz 
P, = dx ¢, P; = da 


Vita 5 oe 


dx? 
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These equations, if solved for thé two differential coefficients, 
will evidently give results of the form 


or, finally, 
Y=MU+P, Z=NL+Y. 


To determine the arbitrary constants: 
(1.) If the limiting values of wz, y, z be given, the conse 
mM, 2, p, g are determined by the four equations, 


Yi = ML +P, LL = NX + Y; 
Yo = MX + Ps = NX + Q.. 
(2.) Let the limiting values of x only be given, those of y and 
z remaining indeterminate. 


Here the terms without the sign of integration give, a as 1s 
easily seen, the equations . 


(Pii=9, (Pip =9, 
(Pi)o = 0, (P'1)o =0 


These are, however, only equivalent to the two equations, 
m = 0, n= 0. 


The remaining constants, p, g, are therefore indeterminate. This 
case is analogous to that of Ex. (3), Art. 28. r 

(3.) Let the limiting values of 2, y, z be connected by the 
equations, 


fi (@1,. 4%, 1) =9, fo (xo, Yo, 20) = 9. 


Taking the complete increments of these equations, as in Art. 
27, (4), we have 


Gi  gidy of =) o 
(2s ” ay dx, Z dz, dix ioe ou 


df 


+ ae 8a = 


(a) 


~ Sto = 


dfo dfo dYyo dfo =) dfo +e 
(2 dyo dit i) dz dao a dyy 2 eyo 
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Assume 
dy, dyo 
Mm, = tg Mo = ===, 
dx, arg 
df df 
N= day No = oe > 
Gi "df 
day dio 


and substitute for 


dy, dyo dz, dz 


dx,’ da day dx 
their values derived from equation (a). We have then 


(1 + mm, + nn) da, + moy, +1621 = 0, 
(1 + mmo + nn) dxo + modyo + NodzZ0 = O. 


Eliminating, by means of these equations, dx, dao, from the 
equations 


Vida, + (Pi)idy + (P'1)1 821 = 0, 
Vodao + (P1)0dyo + (P'o)0820 = 9, 
and equating to zero the coeflicients of the variations 
OY1, O21; SYo, 820; 
we have 
mV, — (Pi)i (1 +mm, + nn) = 0, 
m Vy — (PP); (1+ mm, + nn) = 0, 
moVo — (P1)o (1 + mm + nn) = 9, 
a Vo — (P'1)0 (1 + mimo + nn) = 0. 
Replacing V;, (P,), &c., by their values, and solving the first two 
equations for m, n, we easily find 
mMm=Mm, N=N,. (b) 
Similarly, from the third and fourth equations we find 
m=M,, n= No. (c) 
Q 
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Eliminating x, 71, 21, Lo, Yo, 20, by the equations 


Y= ML, + p, Yo = MXo + P» 


ey =NX+4q; Zo = NX + Q; 
Fi (@1. 41, 21)=9, _ fo (oy Yo; 20) = 9; 


we have the four equations (b) and (c) for the determination of © 
the four unknown quantities, m, 7, p, q. 

56. We may here extend to functions containing two or more 
dependent variables a remark made in Art. 29. 


Let 
dy dz 
Vay, me seh 
du dx 
and let it be required to determine the functions y, 2, so as to 
make 
Ty 
| Vda 
XO 
a maximum or minimum. 
The equations 





Dp aEa Nay wi 2, eee 
da da 
become, as in the foregoing example, 
dP dP) ee 
ie © 4 dz vs 


or, 
P 1—¢, te 1 =¢, 
But since V, and therefore P, P’), are functions of 
dy dz 
da dx 
only, it is plain that these equations are equivalent to 
d d 
ue = mM, Mes = 
dx dx 


nN; 


or, as before, 
Y=M2+p, Z=NL+Q. 


We infer, therefore, as in Art. 29, that if V contain only differen- 
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tial coefficients of the first order, the given integral will receive a 
maximum or minimum value, by making the several dependent 
variables which it contains linear functions of the independent 


variable. If 
d"y dz 
v= f(s dum one: ae ), 


containing but one differential coefficient of each dependent va- 
riable, it is easy to see that the solution will be obtained from the 
system of differential equations, 
d” d™z 
BEN Xone eX Rey. 


da” > dum 


X, X’, &., being given functions of «. 


Prop. VIL. 


57. To determine the functions y and z which will render 


7} 
{ Vda 
Xv 

amaximum or minimum; V having the same form as in the fore- 
going Proposition, and the functions y and z being connected by 
the equation 


LL = 0. 
It has been already shown (Prop. VI., Chap. II.) that, if the 


equation 


= 0 


be integrable with regard to either of the dependent variables 
which it contains, so as to furnish a result of the form 


ae Yh (« Y; ey &.), 


the given integral, and therefore its variation, will have the same 
form with that found in Prop. LI. of the same Chapter. In such 


a case, then, the present problem would differ in no respect from 
* 


7 
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that of Prop. II. But as it is in general impossible to effect this 
integration, we are obliged, for the solution of the present prob- 
lem, to have recourse to the method of Lagrange, which has 
been already partly explainedin Art. 16. The spirit of this me- 
thod, as will be seen by referring to the Article quoted, consists in 
the introduction of a new indeterminate quantity, A, by a suitable 
determination of which we are enabled to reduce the variation of 
the given integral to a form in which but one of the arbitrary va- 
riations, dy or 6z, shall appear under the sign of integration. 

In fact, if we denote by © the ageregate of terms without the 
sign of integration in 0U, the general formula of p. 23 gives 


d(P, + As) 
de 


sU-0+[" 


x0 


a if (a + Aa — BENE fe we.) ozda. 


X 


(Ws Aa — + ee. oydx 


Suppose now that the indeterminate quantity 1s so assumed as 
to satisfy the equation 


Wa rat - SELENE) 4 Be, = 0. 


Then it will appear, by reasoning precisely analogous to that of 
Prop. II., that the equation 


or 


vy f 
o+(s( N+ ha ~ “rE *P) 4 be. )ayde = 0 


cannot be satisfied (without restricting the variation dy) in any 
other way than by making 


6 = 0, 


Noa a ae 


Hence it is evident that we have, in general, for the solution of 
the problem, the three general equations, 
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=, 


_4PitAB) og  _¢ 
ip ’ 


N+a 7 


dP, +28" io 
Been = Sree ae. = 0, 


being the same in number with the unknown quantities y, z, A. 
58. The whole method may be otherwise stated as follows: 
The general value of éV is 

oV = Noy+ Py ae &e. + N’'d2+ Py 


ae iste + &¢., 
dx av 


d 
being the same as when y and z are actually independent. Now 
it is plain that the defect of this expression, in its present form, is 
that éy, dz cannot be treated as independent variations, and, 
therefore, that the rules of the foregoing Proposition cannot be 
applied. It is necessary, therefore, in the first place, to determine 
such a modification of the value of V as will enable us to regard 
these variations as independent of each other. Now the equation 
by which they are connected, namely, 
aoy + Boe. &e. + a'dz + Ges &e. = 0, 

being a linear equation, it follows, from the theory of such equa- 
tions, that the condition which it furnishes is satisfied by multiply- 
ing its left hand member by an indeterminate quantity A, adding 
it to the value of dV, and then treating dy, dz as independent of 
each other. 

This will evidently give, as before, 


Rta Cie eAe) ie 0, 
dx 
NV’ + Xa’ pana AO) + &. = 0, 
da 
which, with the given equation, 
L = 0, 


are sufficient to determine the three functions, y, z, A, im terms of 
w and arbitrary constants. 
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For the determination of these constants we have, as be- 
fore, the several equations which are formed by equating to zero 
the several coefficients of dy;, 62, dy, 620, &e., which occur in 
the terms freed from the integral sign; 1. e., we have as many 
equations as there are independent variations among these terms. 
But as the equation 

dpe) 


is supposed to hold between the functions y and z, however these 
functions may be varied, it is plain that the variations dy), dz), &c., 
oyo, 620, &e., are not necessarily independent of each other, and, 
therefore, that the number of the ancillary equations may not be 
equal to the number of these variations. 

In order, then, to determine how far the question admits of a 
definite solution, we must consider, firstly, what is the number of 
arbitrary constants contained in the values of y, z, A; and, se- 
condly, what is the number of the ancillary equations which the 
conditions of the question furnish for their determination. 

In discussing the general theory of the number of equations 
furnished by the terms outside the sign of integration, it will be 
sufficient to consider one out of the many cases which may arise 
from the various data of the problems to be solved. For it is 
plain, from what has been said, p. 43, that this variety does not, 
in general, affect the number of the ancillary equations. Suppose, 
then, that the limiting values of x are given, those of 


dy dz 


YU Aa &e., &, ee K&e., 


remaining indeterminate. Suppose also that V contains y and its 
differential coefficients, as far as the n™ order, inclusive, and z and 
its coefficients, as far as the m'" order, also inclusive. Suppose, 
lastly, that the equation 


=) 
is of the order 7’ in y, and m’ in z. 
59. We shall consider successively the three cases: 
l. m>m, n>n. 2.m>m, n<n. 3.m<m, n<n, 


(1.) Let m> m' andn>n’. In this case it is evident that the 
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equations for the determination of y, z,X are of the following 
orders : 


2n in y, m+n in 2, min A, (1) 
Meee. LIM 2°. ons Mire. 3. (2) 
ae I ss ag WEEE, (3) 


Differentiating, according to the usual method, equation (1) 
m times, and equation (2) m’ times, and eliminating A, we have 
two equations of the orders 


m+ntniny, 2m+n ing, (1) 
1: Ya ae NANG BaP (2’) 


it being supposed that m—-m'>n-n’. 

Again, differentiating (1‘) m’ times, and (2') 2m+ n’ times, 
and eliminating z, we have a final equation in y of the order 
2(m+m), whose solution, therefore, will contain 2(m +n’) arbi- 
trary constants. As in the process of elimination, d and z have 
been successively determined in terms of the remaining variables, 
no new arbitrary constants will be introduced in the values of 
these quantities. The total number of these constants will there- 
fore be 2(m+7’). 

Let us next consider the number of equations which are fur- 
nished for the determination of these constants, by the terms 
which are free from the sign of integration. The number of 
distinct variations which enter into these terms is evidently 
2(m+n), namely: 


dey dey 

OY; (z i shots) <il's (Te), 
dey d™ oy 

Oyo; (Ze), ne ee (i hy 
3 ddz d™1§z 

py Hind eee Gurl: * 


3 ddz d™ dz 
“09 ans aN eel x 


If, then, these variations were independent of each other, we 
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should have, by equating to zero their several coefficients, 2(m +n) 
equations. But as the equation 


I Ae 


is supposed to hold among all the admissible values of y and ¢, it 
is plain that the variations dy,, &c., are not independent, but are 
connected by the 2(n— 7’) equations 


STO STO. (s) aoe (sS) By i 
1 0 


dx dx 


en =) 0 (=r) _6 
These equations being 2(n — n’) in number, it is evident that the 
number of independent variations contained in the terms which 
are free from the sign of integration is only 2(m+n) - 2(m - 1) = 
2(m +n’), the same as that of the arbitrary constants. The dif- 


ferentiation of dL cannot be pushed beyond the order n—n —1, 
inasmuch as the next step would introduce the new variations, 


d” dy d” dy 
dx” }y \ da” Jo 
(2.) Let m>m' and n<n’. Then, if m+n>m'+’, the three 
equations are of the orders, 


(B) 








2n' in y, m+n in g, nin A, (1) 
WAM cy) ROM een, 5) LT PS (2) 
i aaa TE, ke, O° ee (3) 


Eliminating X, as before, between (1) and (2), we have in y and 
z two equations of the orders 


mtin+niny, m+n‘ in gz, (1’) 
ae Lee ek 9 1 ee ee (2’) 


Eliminating z between these equations, we have a final equation 
in y of the order 2 (m+ 7m’), whose solution will therefore, as be- 
fore, contain 2 (m+ 7’) arbitrary constants. And itis easy to see 
that a similar result would be obtained by supposing 


m+n<m+n. 
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No relations between the variations dyi, dyo, &c., are furnished in 
this case by the equation 


L=0, 
for it is evident that 6, dL will contain 


a” sy dvsy\. . 
dat’ i da” 0 


respectively, while the highest which occur in the terms free 
from the sign of integration are only 


DABy\ (dy 
dyn) i dyn) Ry 





~ It is therefore impossible to eliminate any of the quantities dy, 


oY, &c., by means of the equations 
6f,=0, 6L,=0; 


and, d fortiori, no such elimination can be effected by any of the 


equations 
d3L d3L 
(= ) ml (Fe), = NT cae 


Each of these equations, in fact, introduces a new variation. 
The number of equations which are furnished by the terms free 
from the sign of integration is therefore, in this case, equal to the 
number of the variations, 


dé dd 
OY, OYo, (I &C.5 O2];.0205 (Fp &e., 


which they contain. But of these quantities there are evidently 
2(m+vn’), namely, the 2n' quantities, 


ddy d18y ddy di” 18y 
oY (z ) sy se ( dan ; OYos (2), A ater ( da” ), 


and the 2m quantities, 


5, (a dri8s\ . (dBe am Bz 
“5 ee ae dam |,’ 05 pa alge | 


The number of ancillary equations is therefore again the same as 
that of the arbitrary constants. 
R 
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(3.) Let m’>m and n'>n. The equations in y, z, X are, in 
this case, of the orders 


2n' in y, m+n in Z, n in X, (1) 
m+n D2 he hae m (2) 
AN Ne ais HA ee 0. noe (3) 


Eliminating A, as before, between equations (1) and (2), we have, 
for the determination of y and z, two equations of the orders 


2n'+m in y, 2m’ + n’ in 2, (1’) 
Peers WEA Bo 91 a oxinns te (2’) 


Again, eliminating z, we have a final result in y of the order 
2(m' +n’). The number of arbitrary constants is, therefore, in this 
case, 2(m' +7’). 

With regard to the number of the ancillary equations which 
are furnished by the terms free from the sign of integration, it is, 
in the first place, evident that these terms contain 2(m' + n’) inde- 
pendent variations, sc. 





qv-l i, 


doy dey 
(t.. e ); 
( (Z 7) 


dam 1 





g,, | dee dm 182 

AK 7A) Vil dar ia 

It would seem, therefore, at first sight, that the number of equa- 
tions should be 2 (m‘ +n’), the same as that of the arbitrary con- 


stants. But this case requires a little more consideration. 
If we assume 


dh dL 
Bw rah dry’ Bu q”-ly? &e ? 
* da” da™ 


and 
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; » cebnetilz ae dh & 
Bm = a Pin-1 = ST gmaiy C., 
“dam * dam-l 


it 1s easy to see that the coefficient of 


qv-\ oy 
da fy 


Ai(Bn) ly 





Bal) be 
and that the coefficients of 
qv oy ‘ v’-3 oy 
( dan if ae) ac 
will be 


BEB.:)s - (oe =). Miia ae ABnr- Ee) i (S oe) Le. 


da? 








Hquating these coefficients to zero, we have the several con- 
ditions, 


Au(Bn)1 = 9, 
NGL ae aie) 0: 


d. An’ 1 a. Bw iu 
Ai(3rv- 2)1 — (= i ri (<a) = 0, 
&ec. &e. 


AB n’ 
Ai(Br--n-y)1 — &e. + (- 1)" (FS), = 0. 


(C) 


These equations, which are n'- in number, being derived from 
the coefficients of 


q-1 oy q-2 oy qv-(n’-n) oy 
dam) }\? ee yo FS denn) },? 
are, as is evident, wholly free from any terms derived from V. 
The first of these equations may be satisfied by making either 


\, = 0 or (Bw): = 0. We shall examine these suppositions sepa- 
rately, 
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(1.) Let A, =0, and (Bn,)1 > or < 0. This supposition reduces 
the second of the preceding equations to 


(Bw (S), = 0; 


or, since (Gn); is not supposed to vanish, 


dr 
(a). - 
and it is easily seen that the suppositions, 


dx 
A, = 0, (z), = 0, (S47 > Ones 


reduce the third of these equations to 


d2r 
G) ay? 


and so on for the other equations. 
Hence it is evident that if (Gn), be not supposed to vanish, 
the foregoing equations are equivalent to 


a Pr ant 
MeO: (=), “0! ( =) = 0, &., (sat) =0. (D) 


Now if we proceed in a similar manner to consider the equa- 
tions derived from the coefficients of 


qm-1 8 2 qim- } 2 lin’-(m'-m-1) § 2 
= ), adam? fy dam-(m'-m-1) Ne 


supposing, as before, that 





; al 
Beer oars 


ap 
does not vanish at the superior limit, we shall find 
dx PEAY 
A, = 0, (2), -0.--- (Gee), =o. (E) 


If, then, we suppose that n’ — n > m’— m, itis plain that these equa- 
tions are identical with the first m’-— m equations of group (D). 
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Thus the number of the ancillary equations is diminished by 
m —m; and if the same supposition be applied to the lower 
limit, a similar diminution will take place. In this case, there- 
fore, the number of the equations for the determination of the 
arbitrary constants will be only 2(m’ +n’) — 2(m' —-m)=2(m+n). 
There will be, therefore, 2(m'- m) constants remaining still un- 
determined. 

(2.) Suppose A; > or < 0. In this case the first of equations 
(C) becomes 

(Bn) = 0. 


This supposition, together with A, > or < 0, reduces the second 
of these equations to 





(Bee (2) Hig 


and the third becomes 


dann Da IX 
AX (Bus a me > + ie ) hs (Bw) (2) = 0). 


Without pursuing this discussion any further, it 1s sufficient 
to remark that the reduction in the number of the ancillary equa- 
tions which was found to take place in the preceding case, does 
not occur here, as it is evident that the equations just found, as 
given by the coefficients of 


dey 
OY (2), &e., 
are different from those derived from the coefficients of 
ddz\ . 
O21 (Fe) &e. 


(3.) Again, the first two of the equations (C) may be satisfied 
by making 








Ai = 0, (Bn) = 0. 


This supposition reduces the third equation to 


dr 2d 3m 
(Ze), (Bes “Ger, =o 
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which may be satisfied either by making 


or by making 





If we adopt the former of these suppositions, the first three equa- 
tions (C) will be equivalent to 


dn \ 
Ment (>), 0, (Gaia 


and if the latter, we shall have 





. 2d By, 
Ni OA Benen: (Bua - p ) BU 


Upon referring to the equations derived from the coefficients of 


O21; (= , &e., 
1 


dx 


it is plain that the former of these suppositions annuls the first 
two, those, namely, which are derived from the coeflicients of the 


shige yes d™28z 
(ar), (Gers), 
thus diminishing the number of the ancillary equations by two. 
The latter will only diminish the same number by one. 

Without following this reasoning any further, it sufficiently 
appears from what has been said,—1. That if either of the quan- 
tities, (Bn), (Bm), be taken to be finite, the number of the an- 
cillary equations will be diminished by m'-m; and that if a 
similar supposition be made with respect to either of the quan- 
tities (31)o, (3'm)o, a similar diminution will be effected. 2. That 
if the first equation of each group, those, namely, which are de- 
rived from the coefficients of the variations, 


d181 y a 182 
da™) Jy \ dam fy’ 


variations, 
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be satisfied by making 
(Bn) = 0, (3 m)i = Q, 


the number of the ancillary equations may be diminished by any 
number from 0 to 2 (m’—m), the particular number depending 
upon the selection which we make among the many methods of 
satisfying the remaining equations. 
The result of the entire discussion may be stated as follows: 
(1.) If m>m’, and n>, the order of the final differential 
equation will be the greater of the two quantities, 


2(m+n'), 2(m'+n), 


and there will be a sufficient number of ancillary equations to de- 
termine the arbitrary constants which enter into its solution. 

(2.) The same conclusion holds for the case in which m > m’ 
and n< 7’. 

(3.) If m’>m and n > n, the order of the final equation will 
be, in general, 

2(m' +n); 

and its solution may contain any number of indeterminate con- 
stants not exceeding the lesser of the two quantities, 


2(m'-m), 2(n'—n). 


60. M. Poisson, in his valuable memoir upon the Calculus of 
Variations, states, that the solution of a question such as that 
which has been discussed above will, in general, contain indeter- 
minate constants, inasmuch as the relation between y and < is 
given by a differential equation: “ ‘Toutefois, une partie de ces 
constantes sera, en général, surabondante, et restera indéterminée 
—ce qui provient de ce que l’un des inconnues y et z n'est déter- 
minée implicitement au moyen de l’autre que par l’équation dif- 
férentielle L=0.”* M. Poisson has not given the reasoning by 
which he arrives at this conclusion, which is wholly at variance 
with that which I have endeavoured to establish. I can, there- 
fore, merely conjecture that it was something of the following 


kind: 


* Mem. de I’Instit. tom. xii. p. 258. 


128 MAXIMA AND MINIMA OF INDETERMINATE FUNCTIONS 


Suppose that the equation 
i= O 


were integrable, so as to give the value of z in terms of y, x, and a 
number of arbitrary constants. Let this value be 


/ d 
e=f (mye -.-0 ey...) 


and let the values of 
dz dz 


dx da? 


be derived from it, and substituted in the given quantity V. 
This process will reduce V to the form 


P= B (any Ge oe es -oe)s 


and if we then apply the Calculus of Variations to discover when 
{Vd isa maximum or minimum, it is evident that the solution 
will, in general, contain all the constants which are to be found 
in V, that is to say, all the constants, ¢, c’, &c., which have been 
introduced in the integration of the equation 


L=0. 


&e. 


As, therefore, the method of Lagrange is but a different mode of 
effecting the same object, it may be expected that the final result 
will contain a similar number of undetermined constants. ‘To 
this I reply, that the questions solved by these two methods are 
essentially different. In the first, in which the quantities e, ¢, &e. 
are not supposed to vary, we seek to determine, among all the 
systems of values of y and z which satisfy the particular equation, 


raf (my Food.) 


that system which will render the given integral a maximum or 
minimum. But in the method of Lagrange the required system 
is to be sought, not among those only which satisfy this particular 
equation, but among all those which satisfy the general equation 


Lr), 
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_ If, therefore, that method be perfect, it ought to furnish means 
for determining the required system from among all those which 
satisfy any one of the infinite number of equations which may be 


deduced from 
e=f(« Y, = Aa 


by assigning different values to the constants ¢, c, &c. It ought, 
therefore, to furnish a sufficient number of equations for the de- 
termination of these constants. A single example will sufficiently 
elucidate this reasoning. 

Suppose that it were required to determine the functions y 
and z of such a form as to render 


dy? dz 
IV (+56 +S) dx 
a minimum, y and z being connected by the differential equation 
d 
iced agers ia a Ot (A) 


As this equation is integrable, the problem may be treated by 
either of the methods just alluded to, that is to say, we may either 
integrate the equation (A), and, by means of its integral, 


“+ y? + 22 = a, 


eliminate = from V previous to the application of the Calculus 


of Variations; or we may apply that science immediately to the 


expression 
ioe ae 
VU + Aye “ 7B) dx, 


using, according to the method of Lagrange, the equation (A) as 
an equation of condition. But the problems solved by these two 
methods are not identical. ‘This will appear most clearly if we 
consider their respective geometrical significations. 

In the first method, where equation (A) is integrated previous 
to the application of the Calculus of Variations, the object of the 
problem is to draw a line of minimum length upon a given sphere 


s 
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whose radius is a. The surface upon which the line is to be 

drawn is therefore absolutely fixed, both the centre and radius of 
the sphere being given. But in treating the problem by the 

method of Lagrange, we are at liberty to select, as the surface 

upon which the line is to be drawn, any sphere whose centre is at 

the origin of co-ordinates. And if the solution be complete, this — 
method ought to furnish not only a rule for drawing the line 

upon any particular sphere so selected, but also an equation for 

determining the radius of the sphere upon which the line so 

drawn is less than that similarly drawn upon any of the others; 

and if we actually apply this method we shall find that it does 

give the equation 

a= o. 


To prove this, let it be supposed that the extreme values 
of z are given, or, in other words, let it be required to determine 
the functions y and z of such a form as to render 


Py ap dz 
P/(2 Ae dx? a8 Ta) a 


a minimum, the limiting values, 2, 21, being given, and the fune- 
tions y, z being connected by the equation 


Here we have 


and, therefore, 





N20) RAL 250) 


I 
oS 


jinde j 
Sob rem cc) he verep 
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The equations 


Bete 2) Go, = 0, 
Na ae je&ees OF 
become, therefore, 
dy 
ax’ ad aye 
ee dae I dee |e 
: [ees (haa 
Vv da® dx? 
(B) 
dz 
dh d a 


Zs +—-| _______ |_ 0) 
dx dz mane, ? 
We ea dy? dy _# 
ieee dx? 
the coefficient of X in each equation vanishing of itself. 


dx 
Eliminating — ip between these equations, we have 


dy dz 
d da d dx 


2— | — es [ - OOO 
da ( dy? =) di ( dy” dz” 
Vv re as Vv ne + Ta 
Integrating this equation (which is evidently possible), we find 


fy dz 
* da I oe Gi 
dy? | dz®\ — * (B) 
/ 1l+++— 
dx? dx 
¢ being an arbitrary constant. 
To determine this constant we must have recourse to the 
terms free from the sign of integration. Now since 2, 2 are 
given, and yj, Yo, 21, 2, indeterminate, it 1s evident that the co- 


efficients of dy1, dy, 621, 620, must vanish of themselves. Hence 
we have the equations 


(Pi + AB): ==_0), CP; + AP’): = 
PE PABY 0, PLP AB = 0 
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or 
dy 
da 
Vee) ae 
dx? dx? 1 
(C) - 
dz 
dix 


dy? dz 
V € ace a, ; 
for the superior limit, with two similar equations for the inferior. 
Eliminating ), we find 


ap id2* ? 
Va =f Be =e a) é 
Hence ¢ = 0, and equation (B’) is reduced to 
dy dz 
z@ ee path! ae = (0 3 
or, by integration, 
y = mz. 
The required functions are, therefore, given by the system of 
equations, 
y = Mz, 
e+yr+2=a?. 
If now we recur to the first of equations (B), and eliminate y 
and z by means of the equations just found, we shall have 


or, by integration, 


ttt a“ 
Noite ae 
a a 


Hence, at the superior limit, 


Merri 
Ai - = simt — = 6, (D) 
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Again, if in the first of equations (C) we substitute for 


m( 22 (Ze) 


their values in terms of x, we find 


@) nl 
MO aye =a) - oe 
Eliminating A; between (D) and (E), we have 
1 Vy oy ve} as a 
= ( sata - sin a) = 2s (F) 
and in the same way for the other limit, 
I &o Sal is **) ¢ 
eins SS li i, = 6. (G) 
These equations are satisfied by 
C= 00,20 Q: 


If a be not infinite, we have, by subtracting these equations, 


ia 0 eae 
a SIT) 


vy (a? - ay?) in a (a? — 2") 


an impossible equation, since 





and, therefore, as is easily seen, the left hand member is always 
greater than the other. In fact the differential coefficient of 


FS) — sin} = 
4/ (a? — x?) a 
is always positive while 4/ (a? — x”) is so. 
Hence it is evident that the only value of a which satisfies the 
equations (F) and (G) is 


a= Om. 


This example shows conclusively that by the method of 
Lagrange we are furnished with an equation for the determination 
of the arbitrary constant introduced in the integration of the 
equation of condition; and that, therefore, the solution arrived at 
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by that method does not, in general, contain arbitrary constants. 
With regard to the arbitrary constant m, which this solution does 
contain, it is easily seen that the existence of this constant is an 
accidental peculiarity of the individual question, and in no way 
connected with the fact that the equation of condition is a diffe- 
rential equation. In fact, it will readily appear that if we take, 
as equation of condition, the integral equation, 


e+yt+ 2 = a’, 
and eliminate z from 
1+—++—)da« 

Ie ( dz? dx? ‘ 
previous to the application of the Calculus of Variations, the so- 
lution will still contain the arbitrary constant m. Geometrically 
speaking, the existence of this constant denotes that if it be re- 
quired to draw between two parallel circles upon a sphere a line 
of minimum length, the problem is solved by any common se- 
condary. 

This theory may be extended to the case of three or more 
dependent variables, and the method to be adopted is precisely 
similar, both in the deduction of the general differential equations, 
and in the determination of the arbitrary constants which enter 


into the solution. Examples of the application of this method 
will be found in Chapter IV. 


Prop. VIII. 


61. To determine the form of the function y which will ren- 
der |Vdz a maximum or minimum, and at the same time satisfy 
the condition 

UE eee 
V and V’ being functions of 


da 
L,Y; e , &e. 
The condition that |Vdw shall be a maximum or minimum 
gives, as before, 


Di Vd = 0; 





a 
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and the condition 
(7 da =e, 
gives 
Psa Hee! =: 


Hence, according to the principle of Lagrange previously laid 
down, the solution of this question is to be found by multiplying 
the second of these equations by an indeterminate coefficient X, 
and adding it to the former. ‘This will give 


Vida — Voda + 6.[ Vdx + A(V'iday — Voda + d.{[V'dx) = 0. 


Now it is plain, from the form of this equation, that it can be sa- 


tisfied only by making 


A = const.; 


for if we substitute for d.{Vdx and 6.{V'dz their values, and pro- 
ceed as before, the equation furnished by the terms free from the 
sign of integration will contain only A and constants, and will 
therefore give for X a constant value. It is plain, therefore, that 
the given problem will be solved by that value of the function y 
which renders the integral 


[(V + mP)dax 


an absolute maximum or minimum. This integral, therefore, is 
to be treated precisely in the same way as that employed in dis- 
cussing the maximum or minimum values of {Vdz in Prop. II. 
The value of y, as found by that method, will, of course, contain 
the arbitrary constant m, inasmuch as the equations furnished by 
the method of Prop. IL. are only sufficient to determine the con- 
stants introduced in the integration of the differential equation. 
This constant is to be determined by calculating the value of 
{Vdx from that of y, and equating it to the given constant c. 
Thus, for example, if it were required to determine, among all 
the forms of the function y which render 


dy’ 
IVs a) adv = ¢, 


that one which will make {ydv a maximum, it would be neces- 
sary, in the first place, to determine y, such as to render 
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[{y+m/(1+ ia) pee 


an absolute maximum, and from the value so found, which will 
contain the arbitrary constant m, to determine the value of the 


integral 
dy? 
ae oa 3 7B) dx. 


Eiquating then this value to the given constant c, we shall find 
the value of m. The solution is thus complete. 

This theory may be extended with equal facility to the case 
in which the values of two or more integrals are given. For it 
will readily appear, by reasoning similar to that of the present 
Prop., that if 


[Vide, [V"de, &e., 


be the integrals whose values are given, the expression which is 
to be rendered an absolute maximum is 


((V + mV’ + mV" + &c.) dz. 


Problems of this nature were formerly denominated isoperi- 
metrical, from a remarkable class which they contain, that, namely, 
in which it is proposed to determine, among all curves of given 
length, that one which renders a given integral a maximum or 
minimum. As this name, however, is of too limited a significa- 
tion to include the entire class, it will be more correct to give 
them the name of relative maxima and minima. 

Examples of this class will be found in Chapter IV. It is 
evidently unnecessary to dwell further upon the theory of such 
cases, which, after the first step, differs in no respect from that of 
absolute maxima and minima.* 


* Vid. note upon p. 136. 
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CHAPTER IV. 


APPLICATION OF THE CALCULUS OF VARIATIONS TO GEOMETRY. 


I.— Theory of Curves. 


62. The geometrical applications of the Calculus of Variations 
are confined exclusively to the theory of maxima and minima; 
and, if that science be defined with especial reference to this 
theory, may be considered as co-extensive with the science itself, 
at least as far as it is concerned with integrals of the first two 
orders. For as, in the Differential Calculus, it is possible to give 
a geometrical statement of any problem of maxima and minima 
which does not involve more than two independent variables, so 
in the Calculus of Variations it is possible to give a geometrical 
statement of any problem of maxima or minima not involving in- 
tegrals of an order higher than the second. In the Differential 
Calculus it is known that any such problem may be stated as 
follows :—‘* To find a point in a given curve or surface at which 
the ordinate of that curve or surface is a maximum or minimum.” 
Here the curve or surface is given. But in the Calculus of Va- 
riations the principal question is to determine, not a point on a 
curve or surface, but the curve or surface itself. Geometrically 
stated, the problem is this:—‘‘ To determine a curve or surface 
which may have the property of rendering the value of a given 
integral a maximum or minimum.” In fact, if the words “ na- 
ture of the curve or surface” be substituted in any of the pre- 
ceding chapters for “form of the function,” we shall have the 
geometrical statement of the problem.* This statement is evi- 
dently confined to integrals of the first and second orders, for 
geometry does not admit of more than two independent variables. 
But in devoting a chapter to the ‘Application of the Calculus 
of Variations to Geometry,” we shall give to the words a some- 


* This was the form in which the problem of maxima and minima was first stated 
by John and James BernouilliimVid. Acta Erud. 1696-7. 
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what more restricted signification, considering those problems 
only* in which the definite integral represents a purely geometrical 
quantity, viz., either a length, an area, or a solid, and reserving 
to a future chapter those problems in which, although the thing 
to be determined is a curve or surface, and therefore geometrical, 
the quantity expressed by the definite integral 1s one which pro- — 
perly belongs to Mechanics, such as a time, a force, or a velocity. 
We shall commence with the following very general problem, 
which will be found useful both in the geometrical and in the 
mechanical applications of our science. 





Prope. I. 


63. Let ds be the element of a plane curve, and pw a given 
function of its co-ordinates, and let it be required to determine 
the nature of the curve, such as to render {uds a maximum or 
minimum. 

Adopting the method of Lagrange as being the more symme- 
trical, we shall take s as the independent variable, treating the 
co-ordinates 2 and y as functions of s connected by the equation 


ar Oe 
TF + ds = 1, 
The equations (A), p. 117, will become in this case 
da 
dn d.X TG, : 
da as eed ; 
‘ (A) 
y 
du Nas 0 
dy ds 


Multiplying these equations by 2 and ef respectively, and add- | 


ing them, it is easy to see that we shall have 


ad _ di 

ds ds’ 
Whence 

AN=p+ a. 


* General propositions, which are useful in both kinds of application, are, as will be 
seen, excepted from this restriction, 
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The existence of the arbitrary constant a is an ambiguity ne- 


- cessarily introduced by the selection of s for the independent 


variable. For it is easy to see that the equations arrived at by 
the method here employed will be the same whether the original 
integral be |uds or {(u+¢)ds. Geometrically speaking, therefore, 
we shall, by this method, arrive at the same conclusion, whether 
the length of the curve be or be not given. It is easy to see, how- 
ever, that the question which we are now considering is to be 
distinguished from the isoperimetrical problem by making a =0. 
For if we suppose the independent variable to be changed from s 
to 0, it is plain that the equation 


[{ae+ (ee 22 ddx a! BY) a5=0 


may be written, putting «+a for A, 


(3 dow | dy déy\ 
a ee eee ee a 
| ) 5+ (4 + @) = ( 
dé 
or, since 
dx dow YY déy ds dés 


do°d0° d0°d@ + dO’ do 


ds dés dés 
[ (8055 + «ap 0G) 0, 


which is evidently identical with the equation 


ds 
8. ju 0 + nae | 10 = 0. 
Unless, then, a=0, it is plain that the problem solved by this 
method is of the isoperimetrical class, namely, to find among all 


curves of given length that one which renders eS dO or {uds a 


Md0 
maximum or minimum. 

Putting then a=0, we have \ = pn, and substituting this value 
in each of equations (A), we find 


- 
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eed 


SS ee 


or, putting for dy its ‘value, =—<—— ee 
My 81°" ds ’da ds dy ds’ 


dy (du dy du dc«\ Ga 
ds\de' ds dy ds} 





Let p be the radius of curvature. Bree the first of ho 


= —_—_ == oOo —- _— — es & 


p dads dy ds’ 


nee 


dy d’a daz d’y\ wy du dy daw 
M\ ds’ ds? ds ds 


This equation gives the geometrical definition of the curve. It 


of its right hand member. It would, in fact, have been | " 


_1/dy du 
Sn +o (Beas "Wy cos B } 
Now both these solutions are included in 


1 _1/dp du 2 
a ee cosa + ay cos) 
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Hence it appears that the two curves contained in the equation 


p° f(a nD) 


are connected by this relation, that if the one renders {uds a maxi- 
mum or minimum, the other will have the same property with 


ds 
regard to [< 
4 be 


64. If the limiting values of a and y be given, the arbitrary 
constants contained in the solution of (C) will be determined by 
the substitution of these values. But if the limiting points of the 
curve be determined by its intersection with two given curves, it 
may be shown generally that one class of curves included in this 
problem will intersect their bounding curves at right angles. For 
the terms outside the sign of integration will furnish two equa- 


m ((B)a-(B)and 2 
Ho {(=), any + (H Ey } = 0. 


These equations are satisfied either by making 


(= 0, Mo = 0, 
or by making 


(1) 


or by a combination of the first and fourth, or of the second and 
third, of these suppositions. 
Neglecting the suppositions (which are seldom admissible) 


wi =9, po = 9, 


let it be supposed that the equations of the limiting curves are 


dy, = mda, dyo = mod. 
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As the conditions of the problem require that the curve, however 
varied, should terminate in these bounding curves, we have 


oy) = mou, dYo = My Xo. 
Equations (EZ) become, therefore, 


which evidently contain the theorem in question. 

65. To determine whether the solution at which we have ar- 
rived gives a maximum or a minimum, it will be most convenient 
to put the given integral under the form 


dy*\ , 
fu + a) a 
This will give 


2 dy* 
RV Puy (1+36) PF 


aye q Wy {4,4 (G) 


The result, therefore, will be (p. 80) a maximum or minimum, 
according as this quantity is negative or positive, i. e. according 


ape 
as wand / (1 + 7) have opposite or similar signs. But as the 


former supposition would render the sign of the entire integral 
negative, it is plain that in that case a maximum value would de- 
note the value furthest removed from — o, and therefore nearest 
to zero of all those immediately adjoining it. The value arrived 
at is, therefore, in all cases, so far as its magnitude alone is con- 
cerned, a minimum. 

It has been shown (p. 88) that itis essential to the existence 
of a maximum or minimum value, that the coefficient 


PV 


ee 


dy \* 
(4.3) 


CALCULUS OF VARIATIONS TO GEOMETRY. 143 


should not change its sign within the limits of integration. Now 
when the length of a curve is expressed by the integral 


cst diy? 

eve 4 ip) 
it is, of course, supposed that the radical is taken positively 
throughout. Hence, and from equation (G), it appears that the 
condition just alluded to requires that » should preserve the same 
sien for all values of 2 between a and 2. With respect to the 
other conditions of Art. 46, it is plain that these must be consi- 
dered separately in each individual case. For it is, as has been 
there shown, essential to this investigation that the complete in- 
tegral of the differential equation furnished by the Calculus of 
Variations be known. But we have already seen that this inte- 
eration cannot be effected while the form of the function yp re- 
mains undetermined. 


Example 1. 


66. To draw the shortest line between two given points or 
between two given curves. 


In this case 
= 1; oh a 0 es = Q. 


du’ dy 
Equation (C) gives, therefore, 
I 
es ()) 
P 
or 
Px Gg) e 0 
det o dgty ies 


These equations, being integrated, give 


dx dy 

cas 2 7 te Ge (1) 
and, therefore, 

b ge ~ A = 0 
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A second integration gives 
bx - ay =e, (2) 


the equation of a right line. 
To determine the constants we have, if the extreme points be 
given, the equations 


bx, -—ay,=¢, ba-—ayy=e, 
and 
a+ 6 =1. 


The last of these equations is obtained by squaring, and adding 
the equations (1). If the line is to be drawn between two given 
curves, whose equations are 


y=f(%), y= £2); 
the condition that the required line must cut these curves at right 
angles gives the two equations, 


a 


5 =~ f(a) = - Pm). 


These, with the five equations, 
yn =F(@1), Yo = F(a); 
ba —ay,=c, bx,-—ay =e, 
; Hebe el bg = Dh 
are sufficient to determine the seven quantities, 


41,Y1, 0, Yo a, b, C. 


If the given curves, 
y=f(), y= (2), 


be so related that every line which is perpendicular to one is also 
perpendicular to the other, these equations are not independent, 
and therefore one of the constants remains-indeterminate. In this 
case it is obvious that the curves have the same evolute, and that 
the intercepted portion of the line is the same for every point. 


CALCULUS OF VARIATIONS TO GEOMETRY. 145 


Example 2. 


67. To find a curve such that the surface generated by its re- 
volution about a given line may be a minimum. 


Taking the given line as axis of w, the surface generated will 
be represented by 2r\yds. The integral which is to be made a 
minimum is therefore fyds, giving 


_» G_o WH 
Y; dx os 0, dy =I. 

Equation (C) becomes, therefore, 

1 i! 

— =-—-cos{s, 

f Y Pp 
or 

p=-y sec =— y coseca. (a) 


But y coseca expresses evidently the intercept of the normal be- 
tween the curve and the axis of x. The required curve is there- 
fore such that the radius of curvature is equal to the normal, and 
in an opposite direction. This is a well-known property of the 
eatenary, which is therefore the curve required. Its equation 
may readily be deduced as follows: 

The equation 


1 1 
—-=--cosf3, 
p y P 
expressed in rectangular co-ordinates, gives 
eye (dey bidet 
st oll b 
(S3) " @) y? ds?’ ) 
Of Or 
Multiplying this equation re a afar substituting for ids :) 
Ee 
: dy dy 
its value, (2. ia) , we have 


hence 
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As the radius of curvature and the normal are opposed in direc- 
tion, it is plain that the curve is convex towards the axis of a, 


taken positively 





throughout, the upper sign is the one to be used, giving 


d?y dy? ay dy? 


Integrating this, and adding an arbitrary constant, we have 


dy 


=sia: 
das ; 


and hence 
y? =(s +a)? + 6. 


Squaring the former of these equations, and substituting for 


dy? dx? 
FEL ibe. qe? We find 
# a =" — (3 + 4a)? =O; 
ds 
hence 
ts bds 


V {P+ rary 
Integrating this, we have 
a+e=bl[s+a+ + {624 (s+a)*}]; 
or, eliminating s+a, 
a+c=bily+ ¥(y?- 6°)}; 


or, which is a more convenient form, 


AVE). 6 


This solution contains, as will be seen, but two arbitrary con- 
stants. ‘Two others, however, enter into the complete values of 
a, y, and d in terms of s. One of these was excluded, by the ne- 
cessity of distinguishing between the cases in which the length of 
the curve is given and those in which it is not given. The second 
disappears in the elimination of s. This latter result might have 
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been foreseen, for as s itself does not enter either into mu or into 
the equation of condition, | 
dat | dy? 
dst: de ” 
itis plain that the data of the question, and therefore the result, 
will not be altered by the substitution of s+ const. for s. Hence 
it might have been expected that one of the arbitrary con- 
-stants in the final result should enter merely in connexion with s, 
and should therefore disappear in the elimination of that quan- 
tity. Taking into consideration the two constants which have 
been removed by the particular methods just alluded to, the 
complete solution will contain altogether four, thus agreeing with 
the general principle stated in p. 122. 
To determine the arbitrary constants in this solution, let it be 
supposed, in the first place, that the extreme points are given. 
Let it be supposed, for the sake of simplicity, that the extreme 
values of y are equal, and let the axis of y pass through the 
middle point of the line joining the extreme points of the curve. 


We shall have then 
Y=Y%1, w= 1. 


But as the equation of the curve may readily be put under the 
form 


we have, for the determination of the constants m and 0, the 


equations 
| a 
y=4b tes «Wes ea ’ 


bay ea 
Vk b o |. 
l= me &>+—e 
y . m 


These equations give, in the first place, m=+1. This reduces 
either of the equations to 


ar Lh 
yaad \eh +e ey 


148 APPLICATION OF THE 


in which 4 must evidently be taken positively. It will readily 
appear that this equation is not soluble for all systems of values of 
y, and x), e. g. for the system 2, =a, y,=0, a being any finite 
quantity, we have the impossible equation, 


2a 


6) Hovlaeay 


To find the limits within which the problem is possible, suppose 
the value of y; to be given, i. e. let it be required to join two 
given equal circles, whose planes are perpendicular to the line 
joining their centres, by a surface of revolution whose superficies 
shall be a minimum. We shall now proceed to show that if the 
distance between these circles exceed a certain determinable quan- 
tity, the problem does not admit ofa solution. In other words, we 
shall prove that, for a given value of y;, 2 admits of a maximum. 
We have from equation (c), making =a, y=y1, m=1, 


py £4 yitita 
w= {Hs 4/(H -1)}. 
Putting w= my, and y, = nb, this becomes 


mn =I{n+ V(n?-1)}, 


in which m is to be a maximum. Differentiating, and making 
dm =0, we find 


n 1 
Vea IRC: iby l{in+/(n?-1)}, n=" Gn 


The first of these gives n= 1'8 nearly. Hence _ = = - y (n2-1) 
1 


= 14968 nearly. If, therefore, two lines be drawn through the 
origin, making with the axis of w angles whose tangent is 1-4968, 
1.e. angles of 72° 20’ nearly, the problem does not admit of a 
real solution when the extreme points of the curve lhe between 
these lines and the axis of a. 

68. We shall next proceed to consider whether the solution 
which we have found satisfies the other conditions necessary to 
the existence of a real minimum. 
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The general solution being of the form 


we have, putting a, 6 for c, es, 


dy dy 1/,- 1 -= x = J -= 
BB 5 (te + 56") 3 (be - Ze") 


dy dy 5a (et - =e). 


deg db 2 
Hence in p. 86, 


x 


a a 


du Ce Cx AAT cae 
— = be cary (ua +56"); 


or, putting for d its value as found above, 


u= Cy (< a: cs) + (C2 - Ci *) ( ~ e)) 


sii (C: ~ Cy 9) (a + e*), 
ae a a 


Now it is plain that no finite value of # will satisfy the equation, 


(d) 


hence (Art. 47) the second variation will remain finite, if it be 
possible to determine C, and C2 in such a way that w may not 
vanish within the limits of integration. Putting 

u=(, 
we have 
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The existence of a minimum value of the given integral depends, 


therefore, upon the possibility of assuming a value for — such 


C2 


that no value of a within the limits of integration shall satisfy 

the foregoing equation. And this will be always possible unless 

the right-hand member of equation (e) assume successively 

within the limits of integration all possible values between + o. 
Assume 


Then it is plain that when 2 = 0 we have 
A=). 


For increasing positive values of w, X increases negatively, and 
when a value w’ is reached, which satisfies the equation 


x x bY a] x A igh 
—(et-e*)—(et+e4)=0 
nis (f) 


AX =- cH. 


we find 


For increasing negative values of x, X increases positively until a 
value is reached equal and opposite to w’, where we find 


ve=+ om. 


Hence if there be found, within the limits of integration, a value 
of « which satisfies equation (f), it is impossible to satisfy the 
conditions imposed by the theory of Jacobi. 

The limits within which a minimum value of the given inte- 
gral is possible, are therefore found by solving this equation. 
But, on referring to p. 148, we readily find that the same equa- 
tion determines the limits within which it is possible to satisfy 
the several conditions furnished by the equation 


SURO: 


and the given limiting values of y and a. 
The reason of this will be seen if we refer to the concluding 
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remark of Art. 52. For, as has been there shown, the limits, within 
which it is possible to fulfil the conditions imposed by the theory 
of Jacobi, are found by considering at what point two of the roots 
of the equation by which the maximum or minimum curve is de- 
termined become equal. Now, as in general two roots of an 
equation become equal in passing from the real to the imaginary 
state, the cause of the identity of the above-mentioned equations 
1s obvious. 


Example 3. 


69. To find a curve of given length, such that, if it be made 
to revolve about a given line, the superficial area of the generated 
surface may be a minimum. 

It is plain, from what has been said p. 139, diet the solution of 
this problem is derived from that of the preceding, simply by the 
substitution of y + ¢ for y, ¢ being a new arbitrary constant. 


This gives 
Sea a eS 


The curve is, therefore, still a catenary. With respect to the arbi- 
trary constants, the equations for their determination are those 
found in the preceding example joined to the condition derived 
from the given value of the length of the curve. 





Example 4. 


70. Let ys be a homogeneous function of the co-ordinates x and 
y. Find the curve which will render 


Juds 
a minimum. 

The complete integration of equation (C) is of course impos- 
sible without a more particular determination of the form of the 
function 4; but we may deduce from the general equation the fol- 
lowing geometrical property belonging to all curves of this class. 

Let a curve ACA’ (Fig. 4) be described, whose equation is 


fe = const., 
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and let MPM’ be the minimum curve. Let O be the origin, and 
draw OL parallel to the tangent at C, and PV normal to the 
curve MPM’. Then ifm be the degree of the function p, we 
shall have 


PN = - mp. 


Let 2, y be the co-ordinates of the point P, a, y, of C, and wv, y 
of VN. Then 


é 


Bebe gente 
COS a = ary cos [3 = BaF 


Substituting these values in equation (c), we have 


du du ae | Oe 
11 (faa) 1 (“tet @ 
po ae NY M 


Now since OWN is parallel to the tangent at C, if we denote by py 
the value of u after the substitution of a, y, for x, y, we have 


, dy Ay 


But as « is a homogeneous function, itis plain that 


Cee 


Moreover, by the theorem of homogeneous functions, 


du 


& Lo 
de 4 dy Ll. 


Making these substitutions in equation (a), it becomes 


1 m 


A P , or PN = - mp. 


TT ee 
baie 
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Prop. II. 
{ 71. To find the curve in which 
{(uds + p’dx) 


is 2 Maximum or minimum, p, « being given functions of the co- 
ordinates 2, y. 

Adopting the same method as in the foregoing Proposition, 
we shall put the given integral under the form 


: (uw) 


Fquations (A), p. 117, become in this case 
d dx Yasnios du du “ da du 
ede dee Oe da 
ad dy _ du gaat da acs 
ds “ds dy ds es 
4 Multiplying these equations, as before, Brae 7s? 4 BIEN 
and adding them, we find 
dy | de du du | dw (s Aad is ar 


ds ads ds ee de ds" dy ds 


or, since | 
Cie ei eto ih SY 
* ds due ds dy ds 
4 AH dap 


bid ds 


the constant being neglected for the reason stated in Prop. I. 
Substituting this value, and proceeding as before, we find 


(A) 


If the extreme points of the curve be not given, 1. e. if it be 
required to draw it between two given curves, it 1s easy to see 
that the equations by which the limiting points are determined 


are 
x * 
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da dy\ _ 
mr + po (F), Tan (2) “i 

: dx dy es 
hho + Mo (F HT nono) = 0; 


the equations of the limiting curves being, as before, 
dy, =m, dx,, dyy = m dao. 


Let wi, wo be the angles at which the curve intersects its two 
limiting curves, respectively, and 6,, @ the angles which the 
tangents to the limiting curves at these points make with the 
axis of z. ‘Then it is plain that the foregoing equations may be 


written 
1 COSw1 + 1 cosh; = 0, 
(B) 


10 COSWy + Mo COSA) = 0. 


Eaample 1. 


72. To draw between two given points or curves a curve of 
given length, such that the area included between the are and its 
chord may be a maximum. 


The area included between the are and chord is evidently ex- 
pressed by 


| ‘yd —-i (yi + Yo) (1 — Xo). 
A) ‘ 


Hence it is evident, from the general method of solving isoperi- 
metrical problems, that the integral which is to be made a maxi- 
mum is 


{ (yda — ads).* 


Here, therefore, we have w=—a, w= y; and the equation found 
in this Proposition becomes 


or rad. of curv. = const. The required curve is therefore a circle. 


“ For an explanation of the negative sign, vid. Art. 76. 
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The complete integral of the equation 


p=a 
is, as is well known, 

(7 — 6)? + (y-cP =a’, 
an equation containing three arbitrary constants. If the extreme 
points of the curve be given, these constants are determined by 
the equations 

(a; — 6)? + (y: -— c)? = a’, 

(% ~— 6)? + (yy - cP =e, 
combined with the equation (derived from the given length of the 
are joining these points) 


(a, — %)? + (y1 — yo)? = 4a’ sin? - 


o being the given arc. 

If the extreme points be not given, but merely situated on 
given curves, itis evident that the equations derived from the part 
of the variation which depends upon a change in the limits will be 


{m1 ~ “(F)- L(y + yo) 642 — {o(Z) +4@ — Xo) }dy=0, 


d. d 
{40-a( 5), -Hor+ 90) } Bm {a B) 46a -.) } ayo = 0. 


Let the equations of the limiting curves be, as before, 


dy: = mda, dy = moda; 
and since 
oy = My ot, Oyo = Mo OL, 


these equations become 


d 
$ (yi — Yo) — 3 (#1 — %) = {($), pu 


da d 
3 (Yo — Yi) — 3 Mo(#o - M1) = at (Fz), Mo (2) } 


To interpret these equations, let P;, Po (Fig. 5) be the extreme 
points of the curve, and O the middle point of the line joining 
them. Let also P, 7), Po To, be the tangents to the limiting 


156 APPLICATION OF THE 


curves at the points P;, Py. Let fall the perpendiculars Opi, Opp. 
We have then 


$ (Yo —Y1) - $m, (ao = x1) 





ie V (1 + m,?) : 

S (yi — Yo) — $M (Xi — Lo) 
Coe Yi — Yo g No X} 0). 
Po V (1 +m") 


Let C be the centre of the circle, and let fall the perpendiculars, 
Cr, Cro. Then it is plain that 


(a) + (%) 
thes (oe 
Sin Cesare \dsfr_ ds fh 


V (1 + ™,”) 


de) 4, (42 

oC Pee ds fmol a 0 

sl 0T>o = ay anya (I rT my?) : 
Hquations (a) become, therefore, 


Op, = CP, sin CP\7 = Cm, 
Opo = CPysin CP om = Cro. 


These equations denote either—1. That the points O and C coin- 
cide; or, 2. That the tangents P, 71, Po 7, are parallel to OC. 
In the first case the segment will evidently be a semicircle. In 
the second, the tangents P; 7, Po To are perpendicular to the line 
P, Po, joming the extreme points; and the length of this line is, 
therefore, itself a minimum. 

If the area which is to be made a maximum be the entire of 
the space included between the curve, the extreme ordinates, and 
the axis of #, it is plain that the expression which is to be made 
a maximum is simply 


[ (ydx — ads), 
v0 


the term } (yo + y) (@, - #) being omitted. The general solution 
is therefore the same as before, with the exception of the condi- 
tions to be observed at the limits. 
If the extreme points of the curve be given, the arbitrary con- 
stants are determined, as in the foregoing case, by the substitution 
of the given quantities, vo yo, #1 y1, in the general solution. 
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If the extreme points of the curve be situated upon two given 
curves, the equations (B) of Art. 71 become 


a COSW, = y, cosh), 

. &COSW9 = Yo COSA. 
If the limiting values of x only be given, i.e., if the bounding 
curves become right lines perpendicular to the axis of 2, we should 
have 

cosf; = 0, cosM = 0, 
and therefore the first of the above equations would give either 
acosw,=Q0, or ¥, = @: 


Rejecting the latter of these suppositions, which would render the 
area infinite, we have 

acosw, = 0, 
and, similarly, 

A COS Wy = 0. 

But it is easily seen that these equations are impossible. The 
given area does not therefore admit of a finite maximum. This 
case has been already noticed as an exception to the general theory 
of maxima and minima.* 

73. As amore general case, let it be required to draw between 
two given curves a curve of given length, such that the area in- 
cluded between it and a curve of given species passing through its 
extreme points may be a maximum. 

It is evident that the equation of the curve of given species 
which forms one boundary of the space in question will be of the 


oa y = F(x, £9, £1). 


The area included between it and the curve which it is our object 
to determine, will therefore be 


{ (y — F(a, x9, %)}da; 
and the entire expression which is to be made a maximum, 
{L{y - PO, a, %1)}de — ads]; 
or, denoting the integral [I’(a, xo, x)da by [1 (a, 2, 21), ( being 
a given function), 


|(yde = ads) ay PF (21, V0, 2) + FP, (aq, U0, 41). 


* Vid. Chap. ILI. pp. 48, 63. 
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Since, then, the quantity under the sign of integration is the 
same as before, it is plain that the differential equation of the 
curve is not altered. It is, therefore, still a circle. With regard 
to the terms which appear outside the sign of integration, we 
shall have, in the first place, 


nin -a{(F) an + (FE) dar}, 


= Yo dxXo + &e. 


arising from {(yd# - ads). It remains, then, to consider those 
arising from the other part of the expression, namely, 


Cal 
- Fy, (21, Xo, 21) + F’; (xo, Xo, a) =- | F(a, Loy Ry). 
xo 


Putting 
u=[ F'(@, £2, @,) da, 
we have | 
du iadFf 
tan we E* (@o3 Xo, 71) +[" ae, rif 
du idF 
dz, oom aah" (a,, 0; &,) + +(" PS: da, dx. 


But since both the given curve and the required curve pass 
through the same points, % Yo, % yi, 1t is evident that 

Yo = I (&o, X0, L), 

yi = (a, x0, %)). 


Hence 
= = +f ws dx 
dxo * Yo XO da Xv 
du OT, " df’ 
dan, ta xy AX, Mi 


The complete change in wu is therefore 

du du “df 1df 

in a A Ox, = (- Yo + [° rR te) Bry 4 (1 +{" =) O23 

. adding this, with its proper sign, to the terms previously found, 
and equating separately to zero the terms connected with each 
limit, we have 
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/dy* dx “1 di 
a1 a, ), Yet {4 deh - |" 5, da} Bu ~ 0, 


o( ZY an + {« (=) + [de Be, = 0, 


Or, if the equations of the bounding curves be, as before, 


dyy = moda, dy, = mda, 


dy dx | dle an 

a{ mo a) . eile nan ie 
dy dx eae Wl 

afm m (3) (Z)} + | ag w= 0. 


If these equations be transformed, as in the general proposition, 
by the introduction of the angles wo w;, 9) 6), they will become 


a coswo ~ e086 EE eae) 
A) dx XO 
acosw, + 0086) |" a de = 0. 
vo vy 
Example 2. 


74. Of all isoperimetrical curves described upon the given base 
AB, to determine a curve ACB (Fig. 6), such that the area of a 
second curve AC’B, which is derived from the first by the condi- 
tion that each of its ordinates, C’D, shall be a given function of 
the corresponding ordinate, CD, may be a maximum.* 

If the given function be denoted by Y, the area which is to be 
made a maximum will evidently be expressed by 


fr Yda. 
Hence in the general equation of Prop. II. we shall have 


w=-a, w= ¥, 





* This is the first case of the celebrated isoperimetrical problem of James Bernouilli. 
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and, therefore, 


or, putting for p its value in terms of x and y, and integrating 


fay: 
Tf (an eyaid Nema : 
VV (1455) * 

dx? 


Hence we easily find 


(— + °) dy 
dx = a 


V7 {1-(2s-)} 


a% : 
ee + ¢ 
rte ieee dy, 
{i- (> : °) } 
which gives the equation of the curve when the form of the func- 
tion Y is known. 
If Y = y, the curves ACB, AC’B become identical, and the 


problem is the same with that discussed in Example 1 of the pre- 
sent Proposition. 


and, therefore, 


EKaample 3. 


75. To find a curve of given length, such that the volume of 
the solid generated by its revolution round a given line may be a 
maximum. 


The volume of the generated solid being represented by 
a{ydx, it is evident that the integral which is to be rendered a 


maximum is 
dx 
Qt nies 
\(a ae ) as, 


a being an arbitrary constant. 
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Here, therefore, 





4 EC Ua eee ee 
ae u dy Lak dy a 
Equation (A) becomes, therefore, 
lat 
pe 


The curve is, therefore, such that the radius of curvature is in- 
versely proportional to the ordinate. We may obtain a first 


. ° . _@ ° 1 ° 
integral of this equation by substituting for — its value, 
P 


dx , or dy a 
(l+p)! = (1+p*} 


i Sl dy eee ee 
[ where Dis ) This will give 





pdp  —_ 2ydy. 


(l+py @ 








or, integrating, and adding an arbitrary constant, 
1 ia OF 
V(l+p*?) @ 


The further integration of this equation is evidently impos- 
sible. 


Haample 4. 


76. To find a curve such that the surface generated by its re- 
volution round a given line may be given, and that the volume 
of the generated solid may be a maximum. 


It is easy to see that the integral which is, in this case, to be 
rendered an absolute maximum, is 


[(yede + ayds), 


a being an arbitrary constant. We have, therefore, 
du du SE Te 

= — —_ = ; = > —- = 9 _ 

Oe sar Y dy oa dy J 


as 
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Equation (A) becomes, therefore, “ 
122) C08 
--=-+ P 
De aa 


Let n be the normal, and since n = y sec[3, this equation becomes 


1 Ae? 
--=-4-, 
Pe eae 
or 
1 ores. 2 
—-+-=--— 
p in a 


Now since the principal radii of curvature at each point of the 
surface of revolution are p and n, this equation expresses the 
property that the sum of the curvatures is the same at each point 
in the surface. We shall see afterwards that this property belongs 
to a more general case. 

It is easily shown that to render the result a real maximum, 
a must be negative. For ifthe original integral be put under the 
form 


[Vda ={{y? + ay (1+ p?)} de, 
we have 
TV, Seed ae 
dp’ (1+ py 


Now, in order that the integral may be a maximum, this quantity 
must be negative, and, therefore, since y and y (1 + p”) are both 
positive, a must be taken negatively. Putting, then, — a for a, we 
have 


aoe 1 


aa ae 
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and multiplying by ydy, this becomes 


dy ypdp_ _ 2ydy 


Integrating this, and adding an arbitrary constant, 


V(l+p?) a 
This equation cannot, in general, be integrated further. But sup- 
pose the surface to be a closed one, 1. e., suppose either that the 
curve by which it is generated terminates at both ends in the axis 
of revolution, or that it is a closed curve, lying entirely at one side 
of the axis of x, thus giving an annular surface. 

In the latter case it is evident that p must go through all 
values between + for positive values of y. Now if we put 0 for 
the angle which the tangent at any point makes with the axis of 
x, the equation 


y YP ¥o 


y we 
Vv (+p?) - a 


may be put under the form 
y’ — ay cos0 + ¢=0. 


Now since oth values of y, corresponding to the same value of 6, 
are positive, it is plain that ¢ must be essentially positive. But 
since the curve is closed, and of finite curvature, the angle @ must 
pass through all values between 0 and 27. Hence there must 
be at least two points on the curve, for which 


cos § = 0, 
and, therefore, 

y +e=0, 
an impossible equation, inasmuch as ¢ is essentially positive. The 
equation 

hog 2 YES 

Vv (1 +p") a 

cannot, therefore, represent a closed curve, lying entirely at one 
side of the axis of x. We must, therefore, adopt the former sup- 
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position, namely, that the curve terminates at both ends in the 
axis of revolution. Then it is plain that the solution of this equa- 
tion must be such as to admit of the value y=0. But since 
/ (1 +p’) can never vanish, this condition becomes possible only 
when we suppose ¢=(Q. This supposition reduces the equation to 


yv (1 +p) =4, 
from which we obtain 


ydy 


ot = Te Py’ 
and, by integration, 
(v+c)?+y¥ =a’, 


the equation of a circle whose centre is in the axis of revolution. 
The sphere is therefore the only closed surface of revolution which 
possesses the property of including a maximum solid under a 
given surface. This reasoning is equally applicable, if it be only 
supposed that one extremity of the generating curve terminates 
in the axis of revolution. If then it be required to erect upon a 
given circle a closed seement of a surface of revolution, such that 
under a given superficial area it may include a maximum volume, 
the surface which solves the question is still spherical. In both 
these cases it is evident that the radius of the sphere is determined 
from the given value of the superficial area. - 

Let this area be S, and R the required radius. Then, in the 
first case, where the surface is completely closed, 


Dove Ss 
Aa 

In the second case let » be the radius of the circle on which 
the segment is to be erected, and it is readily found that 


If the circle upon which the segment is to be erected be not 
given, but merely a section of a given surface of revolution, in 
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7 


other words, if one extremity of the generating curve be situated 
upon a given curve, the first of equations (B), p. 154, becomes 


ay, COS w1 = yy? cos A, 


giving either y; = 0, or a cos w1 = yi cos M4. 

The first of these denotes that the generating curve terminates 
at both ends in the axis of revolution, thus rendering the surface 
a complete sphere, and, as is easily seen, rendering the volume 
an absolute maximum. To interpret the second, let BA (Fig. 7) 
be the axis of revolution, P,A the limiting curve, P, the point 
at which the generating circle intersects it, C the centre of this 
circle, and P\ NV, P, Y, the normal and ordinate of the limiting 
curve at the point P;.. Then since w; = CP\N and 0; = YP\N, 
we have 

CP, a cos@, cos YP\N 


—-— = ee 


YP, .y cosw, cos CP,N 





It is evident, therefore, that the normal PN is in this point per- 
pendicular to the axis of revolution. In other words, P; Y is a 
maximum or minimum ordinate. If P, Y be a minimum, it is 
easy to see that the volume of the segment will be an absolute 
maximum. If P, Y be a maximum, the volume will be a relative 
minimum, i.e. a minimum compared with similarly described 
spherical segments, although not so when compared with those of 
other surfaces of revolution. 


Prop. III. 


77. Of all isoperimetrical curves described upon a given base, 
AB (Fig. 8), to determine 4 CB, such that the area of the curve, 
AC’B, whose ordinate, C’D, is at each point a given function of 
the arc AC, may be a maximum.* . 


Let the given function be represented by S. Then it is evi- 
dent that the area of the curve, AC’B, will be represented by the 
integral 


| S oe: ds. 
ds 


* This is the second case of James Bernouilli’s isoperimetrical problem. 
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Hence, according to the general theory of isoperimetrical prob- 
lems, the integral which is to be made a maximum is 


da 
\(s + m ds, 


the functions x, y being, as before, connected by the equation 


ER cha fe 
ds = ds =]. (A) 


We have, therefore, 
V= SS" 4m, N=0, N’=0, Pi=5, Pee 


5 dx ; dy 
a =0, a =O, B= 2— i =2—.. 


ds’ 
Substituting these values in the equations 
Nea d(P\+ XP) ae 
ds ‘ 
Ni da’ - CEE) 0 
ds ; 


and integrating, we find 


dx 
S + 2r ae = a, 
(B) 


Hence, and from equation (A), we have 
2h = oy (0? + (a-S)?*}. 
Substituting this value in the equations (B), and integrating, we 
find 
e@+e= | ie d. 
"| YV(P+ @- spy” 
b 
ae ap d= | oa 
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Eliminating s between these equations, we have the equation of 
the required curve. 

This solution contains, as is evident, four arbitrary constants. 
Of these two are determined by the condition that the required 
curve shall pass through the given points A, B, one by the given 
length of the arc ACB, and the fourth by the condition that the 
independent variable s shall be reckoned from some determinate 
point, as, for example, A. The solution of the problem is there- 
fore complete. 

The reader will find no difficulty in applying the foregoing 
formule to the case in which 


S=s, 


and deducing the equation of the catenary. 


Prop. IV. 


78. Let p be the radius of curvature of a plane curve, and let 
=¢(p). Required to determine the curve which will render 
{uds a maximum or minimum, 


Adopting, as before, the method of Lagrange, we shall have 


[{ aus i ee ASH a LEY ae “6. 


But since 
2 w= o(p), 

and 

1 @a\2 /(d®y\? 

5 (BB) 

du dx déx dy dy 
a a (Ea ds" ds?’ ds a) 

putting 


Hence it is evident that the equations furnished by the terms un- 
der the sign of integration are 
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We pat te div 
aue ds? wr ae 
ds” ASE ARs 
a? d Ss 
ove y Ls 
d?. jp? 7.2 d a 
S dg 0 
diane: we a 
Integrating these equations, we find 
ax 
get outta 
Unity ds? da 
ds Geer 
d*y 
Bre, ese & 
BP ds dy he 
ds le ee 
or 
(eg ese a 
BRD GS ae ae AL Ss 


By Py d. a @) 
3 Gy Py dip? y 
He: oe tate oa ne 


Multiplying the first of these equations by 2 and the second by 


da = 
are and subtracting, we have 


o(%. By da ee pee & Ra dx fH) da 


ds 


ds’ ds? ds ds? ds ds* 


ds ds? ds ds 


Integrating again, and adding an arbitrary constant, we find 


(2.5 ds‘ ds? | ~ aes 
or since 


pup? = ay — bate. (C) 


Previously to proceeding further, we shall consider the mode 
of determining the constants a, 8, ¢. 
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Let the extreme points of the curve be given, so that 
om = 0,7 67, = 0, d%o=0; dy =0. 
Then the terms which remain outside the sign of integration are 


da dea d?y déy 
pipr" ds?’ ds. ds?" ds’ 


da du A dy déy 
Hopo® ds’ ds | ds?’ ds Jy 


Eliminating either of the variations, e. . () , from the first 
l 


of these, by means of the equation 


(a), (ar), * (a), Ge), = 


it becomes 
dy Oe an d*y 
wipr® dg" ds __ ds i), (Fs) 
dy ds ]’ 
(zt), 
or 
dex 
a) 


? 1 
map’ “Tay” 
ds 1 


° d e ° ° 
Since, then, (2) cannot become infinite, this term can only be 
1 


made to vanish by putting p'1p:2=0. Similarly we shall have 
fopor = 9. This will give 

ay, — ba, + c= 0, 

(D) 

ayy — bao +e =0; 
or if the origin be taken at the point xo, and the line joining 
the given points be made the axis of «, 
6=0, c=0. 


‘he equation (C) becomes, therefore, 





Mp» = ay. (EK) 
Z 
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Since p, and therefore yp’, is a function of p, this equation gives 
the value of p in terms y. Hence we infer, The plane curve which 
renders \p(p)ds, taken between two fixed points, amaximum or mini- 
mum, is such that all points of equal curvature are equally distant 
from the line which joins these extremities. And since equations 
(D) hold equally whether these points be or be not given, it is 
easily seen that this theorem is equally true if for fixed points we 
substitute two fixed curves. 

To find the equation of the curves in finite terms, suppose (I) 
to be solved so as to give 


Cee 
p 


Ack Be 
Substituting for — its value, 
p 





and integrating, we have 


1 


Vispe oe Yi+e; 


and, therefore, 
te em ss e)dy 
“ALE CYT aaa 





Hence the equation of the curve is 


(Yi + e)dy 
eke rerecer | " 


the constants e and f being determined from the conditions that y 
shall vanish for x= 0 and for # = 2, and the remaining constant, 
a, depending upon the given length of the curve. 

If the curve be bounded not by given points, but by given 
curves, whose equations are 


dy, = mdx,, dyo = modao, 


the terms depending upon the variations 62, 6y1, which are evi- 
dently 
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ax d?y | 
pes ye aces 
(la alae 2) Ot, + (aa ae Get W ) 8 
ds Tate ds aR 1 fly 


become 


’ dy | 
3 yt kal 
{ (cee ae ae + 2), m (aie a 2) tae 
ds ds’, d ‘" ds/1 ty 


8 
which are reduced by equations (B) to 


(a + Mm) b) OX}. 
Hence we have 
a+ Mm, 5=0. 


But if the line joining the extreme points be made the axis of wz, 
we have before seen that b=0. Hence, as it is plain that a can- 
not vanish, we must have m, = o, and similarly m= o. The 
line joining the extremities of the curve is therefore perpendicu- 
lar to the tangents to the limiting curves at the points where it 
intersects them. Hence we infer 

The plane curve which renders | $(p)ds, taken between its points 
of intersection with two given curves, a maximum or minimum, will 
intersect these curves in two points such that the rectilinear distance 
between them will be itself a maximum or minimum. 

79. Before giving examples of this proposition, as applied to par- 
ticular cases, it will be necessary to recall an observation made at 
the commencement of Chap. III., as to the meaning of the words 
maximum and minimum. 'These words, as was there stated, do 
not signify values which are absolutely the greatest, or absolutely 
the least, but values which are greater or less than any others 
which can be formed by an indefinitely small change in any of the 
varying elements. In a problem, therefore, the statement of 
which involves curvature, 1t is to be remembered that the curve 
which the Calculus of Variations gives for its solution must be 
compared only with curves which can be deduced from it without 
an abrupt change in the curvature. If, then, we had found, by 
that method, a curve without a cusp between its extreme points 
as the solution of such a problem, it would be no exception to the 
truth of the solution that a curve might be found which rendered 
the given function greater or less than such a maximum or mini- 
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mum, if that curve contained between its extreme points one or 
more cusps. Similarly, if the curve found by the method of Va- 
riations contain any number of cusps, it must be compared only 
with curves having the same number. It is the more necessary 
to keep this in mind, because an abrupt change in curvature does 
not necessarily involve an abrupt change in geometrical position, 
i. e. the several points of the curve may still be indefinitely near 
those of the curve with which it is compared, and it might, there- 
fore, be thought that such a comparison was legitimate. ‘This we 
have seen not to be true. An example of this principle will be 
found in the following problem. 


Example. 


80. To find a curve of given length, such that the area 
bounded by the curve itself, its two extreme radu of curvature, 
and the arc of the evolute between them, may be a minimum. 


Denoting, as before, by p the radius of curvature, and by ds 
the element of the curve, it is evident that the element of the area 
is pds. The solution of this problem will, therefore, be obtained 
from the foregoing proposition by making 


w=ptm wal, 
Making these substitutions in equation (I), it becomes 
p? = ay. (a) 


The equation in finite terms may be deduced from the general 
equation (F) as follows: 
The equation 





p* = ay 
gives 
1 
Voorn 
Vv ay 


and, therefore, 


Yy=24/% 


Equation (F) becomes 
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Putting a= 40, e=sina, and ‘ +e=sin0, we have 


« + f = 26{sin@ (sin® — sina)d0 
= 6 (@-sin0 cos@ + 2sina cos@). (b) 


Now since y = 0 when w = 0 and when x= 2, 
f= 6(a+sina cosa) 


“+f =b(w-a-sina cosa). 
Whence 
v1 
a7 — 2(a+sina cosa) 


b= 


This determines the constants 4 and f in terms ofa. This re- 
maining constant is determined by means of the given length of 
the curve as follows : 

Differentiating equations (b), we have 


dy = 2b(sin@ — sina) cos 6d6, 

dx = 2b(sin 8 — sina) sin 0dé. 
Hence we find 

ds = 2b (sin@ — sina) dé. 
Integrating this expression between the limits 
d=a, O=7-4, 
and denoting the given length of the curve by 2s,, we have 
s, = 2b{cosa+ (a—47) sing} ; 

or, putting for 4 its value in terms of a, 


cosa + (a— $7) sina 


2 
yp 
: . Pea + iat cosa) 





Hence the constant a is determined. 
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The equation of the curve is found by eliminating @ between 
the equations 


Ae 


ne 5 (sin@ — sina)’, 


ae §—-a+2sina cos@ — sin 9 cos@ — sina cosa. 


If the origin be transferred to the middle point of the line joining 
the extreme points of the curve, which is done by substituting 


w+$a,, or «+6(3a7-a-sina cosa) 
for w, the second equation becomes 


20+ (2sina - sin) cos# - $7, 


5 + cos (sina + Ji) 
= (sina) {1-(sina + V4) }- 


A remarkable geometrical property belonging to curves of this 
class may be derived from the first integral of the equation 


or 


p” = 4by. 


a, 1 it 
If, as before, we substitute for — its value, 
p 


(1 + p?)! 


and integrate, we shall have 


1 y 
EVE Ais 


aoe 1 1 : 
+ dividing by y, and putting for —————— and ——- their 
or dividing by y, and pu is ol POEL and vis thei 
respective values, ——— and -, 
normal p 
Le eae e 
—=-4+-. 
nop y 
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81. If the length of the curve between the extreme points be 
not given, i.e. if it be required to determine, among all curves 
which can be described between two given points, that curve for 
which the above-mentioned area is a minimum, the superfluous 
constant, a, will be determined by expressing the area as a func- 
tion of that constant, and equating its differential to zero. 


Now 
2 
ee / by (1 +p de we Py 


P 
V5¥ 
A { 1- | Wis Y oJ} 
Putting, as before, 


V be = sin, and e = sina, 
we have 
leds = 40? | (sin@ - sina)*d0 
= 2b7{6 (1+ 2sin’a) — sin@ cos0 + 4sina cos}. 


[SO Ft 
—, 1t18 


2 


Now since the maximum value of y corresponds to 8 = 


easy to see that the value of the area in question is 


822, fF (sin 9 — sina)? dO 


=4)? {(5 - « (1 + 2sin’a) - dsina cosa } : 
or, putting for 6 its value in terms of a, and for “5 — B, 
2 (1 + 2 cos’B) — dsinB cos [3 
~~ (B = sinB cos)? 


Hquating to zero the differential of the logarithm of this expres- 
sion, we have 


sin (sin — cosh) _ sin’3 
+23 cos*3 - dsinf cos B - sinf3 cos/3” 


area = V1". 
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Neglecting the value (3 = 0 (which would make 6 = a, and ren- 
der the area also infinite), and clearing of fractions, we find 


cos(3 (Bsin 3 cos + B” — 2sin?p) = 0. 
This may be satisfied either by making 
cos =0, or Bsinf cos3 + 3? — 2sin’Z = 0. 


But it may readily be shown that the latter of these equations is 


impossible,* the left hand member being always positive. Hence 


we must have 
COs (9 = sila: 
The equation 


1 y 
Vd+tp) Vir? 
becomes, therefore, 


wees 0/7! 
V(l+p*) VY 8 


at Ap a ee 


ov (by- yy 


the equation ofa cycloid. And as at each of the limiting points. 


p =0, it is plain that the curve is a complete cycloid. 


* This may be shown as follows: 
Multiply the left hand member of the equation by 4, and put 28=@. This member 


may then be written 
u = 6+ 6 sin 8+ 4c0s 0 — 4. 


If for sin @ and cos @ we put 


@3 @5 
Se ees 
Y tae oe ae 
and 
@2 ry 
a a ce 
| So toma 


it will at once appear that x is positive for small values of 8. As, therefore, « vanishes 
for 9= 0, if it vanish for any other value, 9 = @), it must attain a maximum for some inter- 
mediate value. Hence we have for some intermediate value, 

du 

— = 20+ cos — 38sin 9? = 0. 

Os. me 
This also vanishes for 9 = 0, and is positive for small values of 0; if, then, it be supposed 
to vanish for any other value, we must have, by the same reasoning, 

d2 

a 2(1 — cos @) — Osin@ = 0, 
for some intermediate value. But this would give } @—tan30@ = 0, which is manifestly 


impossible for any other value than @ = 0. 
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Before concluding this example, it may be well to refer to a 
remark made with respect to the cases of this proposition gene- 
rally, namely, that although a curve may be found, differing infi- 
nitely little in position from that which the Calculus of Variations 
gives as the solution of the problem, and rendering the given in- 
tegral less than it is found to be in this latter curve, that solution 
may, nevertheless, be a real minimum. ‘To exemplify this in the 
present case, let ACB (Fig. 9) be the cycloid described as above 


stated. ‘The area which is required to be a minimum will then 
2 
be ae Now if Bd be taken indefinitely small, and cycloids be 
7 


described upon Ad, 6B, the mixed curve so formed will be indefi- 
nitely near to ACB in position, 1. e., its several points will be in- 


definitely near to the corresponding points of the other. But the 
Al? + Bb? 


—, which is 





corresponding area for this latter curve is 


A B ; nue 
evidently less than ——. ‘This latter is nevertheless a real mini- 
T 


mum in the proper sense of that term, inasmuch as the mixed 
curve, ADB, has a cusp at 6, and therefore cannot be deduced 
from ACB by a legitimate variation, requiring at the point ba 
change of curvature not indefinitely small. In fact the variations, 
oy and dp, are, at this point, of different orders of magnitude. 


Prop. Y. 


82. To find the nature of the curve which will render |uds a 
maximum or minimum, ds being the element of a curve traced on 
a given surface, and u a given function of the co-ordinates of any of 
its points. 


Adopting, as before, the method of Lagrange, we shall con- 
sider 2, y, 2 as functions of s, connected by the equations 


ne edi " dz 
st ee ed 52) int 


(A) 
u =, 


(the equation of the given surface). Proceeding as before, let A 
2A 
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be the factor for the first of these equations, and X’ that for the 
second. Then it is plain that the complete variation will be 


d du d a d, d 
[{(Ze + \'— 7a) 88+ (e+ NSE) ay + (Fo nN’ 7a) 
dx déx dy ee ge a 
Nea ds" ds’ Te) } a 


Integrating the last three terms hs parts, and equating to zero 
the coefficients of dz, dy, dz, we have the three equations, 


du du ad 
se ee = 
oh (B) 


dy dy ds ds 


du d . dz 
oe Nee eae 


Multiplying the first of these equations by = the second by a 


and the third by oa adding them, and observing the conditions, 


du dx du dy | du dz du 


de’ ds" dy’ ds‘ dz'ds_ ds’ 


dx dx dy dy dz @z_ 
ds ° ds? * Os’ de ATE ds ds? a 
we find 


If the length of the curve be not given, it will appear, from con- 
siderations similar to those of Prop. I., that we must take a = 0, 
and therefore \ = x. ‘The three equations become, therefore, 


du 


2 
Gtk Gee dee eae (C) 
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Let a, 3, y be the angles made with the co-ordinate planes by 
the plane of the normal section which touches the curve at any 
point. Then since this plane is perpendicular to the surface, 


du 


cosa 
dx 


du du 
+ cos 3 iia cos y = = 0; 
and since it passes through the tangent to the curve, 


dx dy dz 
cosa > + cos B + + cosy 7 = 0. 
Hence if we multiply the equations (C) by cosa, cos, cosy, re- 
spectively, and add them, we shall evidently have 


op du du 
cosas + cos [3 ii + 608 y 7 


dx d?y d?z 
_ — ase ——}= 0, D 
lL (cos a 73 + C08 B Fe t C8 Y TF) (D) 
But if a’, 3’, y' be the angles which p, the radius of absolute cur- 
vature of the curve, makes with the axes of co-ordinates, it 1s 
known that 


ates d?x 
cosa =p —-= 
P as’ 


j d?1 
cos 3’ = p 9 

; dz 
COS Y =p ds 


Equation (D) may therefore be written, 


du du du 
cosa a + ee Teens ars 
= : (cosa cosa’ + cos 3 cos [3 + cos y cosy). (E) 


Let w be the angle between the osculating plane to the curve 
and the plane of the normal section. We have then 


cosa cosa’ + cos[3 cos[3’ + cosy cosy = sinw. 
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We have also, by Meunier’s theorem, 
’2 
sin’?w = 1 —- La 
pP 
p being the radius of curvature of the normal section. Hence 
equation (E) may be written in any one of the three forms, 





Ty geod du du du \? 
<p San ag (cosa + cos 8 5+ cosy 
sInw _ 1 du du 
, - = (cosa + cos B+ cos y | (F) 


sae * ( cos oe mca + COs ue 
a Ra eae co F co 1 


If the given integral had been |, it is evident (as in the case of 
0 


a plane curve) that the first of these equations would remain 
wholly unaltered. Hence we infer, as before, 
If the curve (traced on a given surface), whose equation is 


dy 
P “f(a Ys &) -), 


possess the property of rendering |uds a maximum or minimum, 
the curve whose equation is 


dy 
pes -f(e, Ys & Z| 


° ° 1 . ° e } 
will have the property of rendering \< a maximum or minimum. 
ll 


A remarkable example of this theorem will occur in the applica- 
tions to Mechanics. With respect to the terms without the sign 
of integration, it 1s easy to see that they furnish the equations 


n (e+ ()an (Ba) 
n (Ble (B)am-(B lash 
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(1.) If the extreme points of the curve be fixed, these equa- 
tions are satisfied of themselves, inasmuch as 


Ov = 0, oY = 0, O21 _ Q, O29 = Q, Oyo 0, O20 = 0. 


(2.) If the limiting points be not given, but merely restricted 
to the given curves (drawn upon the given surface), whose equa- 


tions are 
da, = mdz, dap = mdz, 
dy, =mdz, dyo = nodzo, 
it is evident that we must have 
O21 = 74621, O29 = 020, 
oY = 21021, OYy = N00Z0, 


and that, therefore, the two equations (G) become 


d. ly 

oh { m1 (=), nit ( HY 4 (Z)}- 0, 
dx d ‘dz 

.. { pa (Fe), yw (2). as (Z), ate 


Hence, if we neglect the suppositions, ;=0, uo=0, we infer, 
Tf a curve be traced upon a given surface such as to render \uds a 
maximum or minimum, tt will cut its bounding curves at right 
angles. 

83. The equations of the curve, which render {uds a maxi- 
mum or minimum, may also be expressed as follows: 

Let the equation of the given surface be 


dz = pdx + qdy. 
Then, since the cosines of the angles made by the osculating plane 


with the co-ordinate planes are 


dz dy dy Hey 
ds' ds ds’ ds 











dy de du ary 
P\ds'd® ds ‘de 
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it is evident that 


sIn w = 


yy @x dx dy dz Dy dy d2z dx @ze dz dx 
ds ds? ds ‘ds? Be ds’ dst ds’ ds? } 


VL+p +P) 


Substituting this in the second of equations (F), and eliminating 
; Hd RELLY, 
either 7 We = by means of the equation 


ds'ds? ds ds? 


dx dx we dy Td aN Pz 
ds ds? ds ‘ds? ds'ds® ”’ 


the required curve may be represented by either of the equations 


a OM cis dC oga 4-008 ee 1 h)t 
dy 





ds? as 7 div dz) ds” 
Cy) az VL pig) du du\ dx 
Fa der aig i cosa a + 00s E+ cosy 7) 7 


combined with the equation of the given surface. 

84. If from the same point, O (Fig. 10), on a surface, there be 
drawn to two indefinitely near points, 7, 7”, of a given curve, two 
curves, OT, OT", each possessing the property of rendering [yds 
a maximum or minimum; and if we denote by do the are TT, 
and by @ the angle OZ" 7, the difference between the values of 
the integral for these curves is ultimately 


pt, cos Odo, 


mm, being the value of « for either of the indefinitely near points, 
1 Most bs 

For since each of these curves renders {uds a maximum, and 
thus causes the variation under the sign of integration to vanish, 
and since, moreover, one of the limiting points is fixed, it is evi- 
dent that the complete variation which the integral receives in 
passing from OT' to OT" is 


dz\ ly \e dz\. 
Al { (=), Ov] + (2) jy + (Ze f . 
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But we have before seen that = w, and since the values of x1, 1, 2 
are varied by passing from one point of the curve AB to the con- 
secutive point, it is plain that 


d d dz 
Oz] = (3h) oy = (2) ae, 021 = (F ), do. 


Making these substitutions, the complete variation becomes 


md (as) (a) * (asco), * Caz) ae) 


and since 


_ {da (da ‘dy\ (dy dz\ {dz 
a = (=), (Z), 4 ea) (2) 4 (F), (Z), 


the truth of the proposition is evident. 

85. If u be a homogeneous function of «, y, z, we may deduce 
a theorem analogous to that established (p. 152) for plane curves. 

Let the intersection of the normal plane to the curve with the 
tangent plane to the surface be called the normal to the curve. 
This line is evidently perpendicular to the plane of the normal 
section before alluded to, and therefore makes with the axes the 
angles a, (3, y. Let a surface be described whose equation is 


fees 
and let a plane be drawn through the origin conjugate* (with re- 
gard to this surface) to the line drawn from the origin to the 
point on the curve. Produce the normal to the curve till it meet 
this plane, and let the line so produced be called n. We have 
then evidently 


L—- 2 y-y z-2 
cosa = ——, cos="—“, cosy= 
ue p n’ Y Ta 





Tae Whee 


xyz being the point in which n cuts the conjugate plane. 


* That is, parallel to the tangent plane to the surface 


hM=e, 
at the point in which the line to which it is conjugate cuts that surface, It is easily seen 
that, as pz is a homogeneous function, this plane is unique. 
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Equation (I*) may therefore be written 


nsinw 1 du du du du du dy 
p ~2{(efry Bee dz |? Ge! Gg he 





But since 2'y/z’ is a point in the conjugate plane, we have, as in 
p. 152, 


d 
Ls bY ae ee 
Fae 2 Os 


m denoting the degree of the function. Hence 
nN SIN w = Mp. 


Hence, preserving the foregoing definitions, we have the following 
theorem : 

If p be a homogeneous function of the co-ordinates of a point 
upon a given surface, the curve which renders |uds.a maximum or 
minimum is such, that if the normal at any point be projected upon 
the osculating plane, tts projection 1s equal to m times the radius of 
curvature. 

A similar substitution will reduce the first of the coo re 
equations (I) to 
1 m 

Hither of these theorems will furnish means for obtaining the 
osculating plane and the radius of curvature at any point, if the 
direction of the tangent be known. 


Example. 


86. To find the shortest line which can be drawn between two 
points upon a given surface. 


This is the simplest case of the preceding proposition, from 
which it may be deduced by making w=1. This gives 


CALCULUS OF VARIATIONS TO GEOMETRY. 185 


du _ de _¢ du 


de” dy dz 
and therefore we have, from equations (F), 
p=p, w=0. 


Hence the radius of curvature is the same as that of the normal 
section which touches it; or, in other words, the osculating plane 
is at every point perpendicular to the surface. 

As a complete discussion of the properties of shortest or, as 
they are generally termed, geodetic lines, would be too extensive 
to finda place in a treatise like the present, we shall content our- 
selves with giving one or two of the most important. 

(1.) The equations of a geodetic line, the are being the inde- 
pendent variable, are readily deduced from the gencral equa- 
tions (H), by making 


w=, LLeuleg) —— = 0), = 0. 


We have, in this way, 
du d?x du dz 
dz’ ds dx’ ds? 
du d’y du dz ' 
de FAk dy ds’ 


or, if the equatton Bf the given surface be 


dz = pdx + qdy, 


d?x dz 

aa * P ag =" (@) 
dy dz 

ds? H 1 a2 me 


(2.) The equations of a geodetic line referred to w as the in- 
dependent variable, may readily be deduced from those just 
given; but it is, perhaps, simpler to derive them at once from the 
consideration that the osculating plane is at all points perpen- 


_ dicular to the surface. 
2B 
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If the equation of the surface be 
dz = pdx + qdy, 
this consideration gives 
p (dyd?z — dzd*y) + q¢ (dzd*x — dad*z) = dud?y — dyd*x. 
Putting d?z =0, and substituting for dz and d?z their values given 
by the equations 
dz = pdx + qdy, 
d?z = rdu* + 2sdady + tdy? + qd*y, 
we find the equation 
(1 + p? +9) = + (1- rE) (r+ 2h 1) =0, (b) 
which, with the equation 


dz — pdx — gdy = 0, 


represents the geodetic line. 


(3.) If from the same point, O, on a surface, geodetic lines be 
drawn to two indefinitely near points, 7, 7”, of a curve, and if 
we assume do = the indefinitely small arc 7'Z7", and 0= TT"O, 
we shall have for the ultimate value of the increment OT” — OT, 


OT ie OT = do. cos@. 


This is evidently a particular case of the general proposition 
stated in p. 182. And it appears, from the conclusion there ar- 
rived at, that this property, which is well known to belong to 
right lines, is a property of geodetic lines generally, and peculiar 
to them. In the application, therefore, of the method of infini- 
tesimals to curves drawn upon a given surface, it 1s easy to see 
that geodetic lines may, in cases in which their length only is con- 
cerned, be, in general, treated as right lines. 

(4.) It will immediately appear, from the general principles 
laid down in pp. 90, 91, that a geodetic line is not necessarily a 
line of minimum length between any two of its points. For we 
have there seen that the curve, whose differential equation is 


B= 0, 


CALCULUS OF VARIATIONS TO GEOMETRY. 187 


will not, in general, possess the property of rendering 


x“ 
ate Y, z) da 
a maximum or minimum, if the limits of integration be such as to 
render it possible to draw a second curve indefinitely near to the 
first, satisfying the same differential equation, and passing through 
the extreme points A, B, or through any two points lying be- 
tween A and B. Hence we have the following rule for deter- 
mining at what point a geodetic line ceases to be a shortest line. 
Let A (Fig. 2) be one extremity of the geodetic line. Draw 
through A asecond geodetic line, making with the first an inde- 
finitely small angle. This curve will, in general, intersect the 
first at some other point, C. If, then, we commence to measure 
the length of the geodetic line from A, it will, in general, cease to 
be a shortest line when we pass C. 
(5.) To find the equation of a geodetic line upon the surface 
of an ellipsoid. 
Let the equation of the ellipsoid be 


a 9? i oe 
a  @ 


The general equations (a), p. 185, become 


x Ca dz 
ds? atz’ ds” 


(c) 
dy ey dz 
, ds? bz” ds?” 
Assume 


ele ae eek dy? i dz? 
9 @ de " Bde” @ dz 


Then if we differentiate this latter equation, and substitute for 
Eye! their values, derived £ find 
2’ ds their values, derived from (c), we fin 
meee (ct ae ea dy ree dz\ dz ¢ du @z 
at ds: 64 ds ct\ds}ds? .2 ds ds* 
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Again, ie aa the equation of the surface twice, and sub- 


w dy 


F =) 7 as before, 


stituting pre 


ce d2z 
(= -— —U——, 
z ds 


Dividing these equations one by the other, we find 


ldv_ 1ldu. 
ods u ds’ 
or, by integration, 
uv = const. 


Replacing wu and v by their values, we find, for the equation of a 
geodetic line, 


Tih pee OUR AAL dee? l dy? ee 
(arta) a gas Bods +a ge) = eonst @ 


Let p be the perpendicular from the centre upon the tangent 
plane, and d the semidiameter drawn parallel to the tangent to 
the geodetic line. Then since 


LA dx? 1 1 dy fa dz” 

ad? a? ds*, |B?) ds? | cian 

the equation of the geodetic line is equivalent to 
pd = const. = 


If p be the radius of curvature of the geodetic line at any point, it 
is known that 


* This may readily be proved as follows : 
We have, in general, 


rf dx \? d2y \2 d2z \2 
teed Grpmy th eds 
p ds* ds? ds? 


dx 
or, substituting for — —~ = and © on " their values derived from the equations of the geodetic 


Loe er) (= te chy 
ep? \at- bt dst} 22° 





line, 
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Bails : m? 
Substituting for d its value a we have 


= 


m 
(CME cree 


1h 


Hence along the same geodetic line the radius of curvature varies in- 
versely as the cube of the perpendicular on the tangent plane. 
These two theorems are due to M. Joachimstal. 


Prop. VI. 


87. To draw, between two points or curves situated upon a 
given surface, a curve such that the definite integral 


J(uds + p/da) 


may be a maximum or minimum, p, mw’ being functions of 2, y, 2. 


Taking, as before, the arc as the independent variable, and 
putting, therefore, the given integral under the form 


ax 
\() + bu 3) ds, 


it is easy to see that the method of Lagrange will give the equa- 


tions 
dx dx dX ,,du du dxeduw dw _ 
DG dc ds aside de 
d?y dy dx du du dx dw 
‘ dst * ds ds dy dy ds dy 0, Ge) 
X Gee de dX \,du dp dae du © 0 
de *ds'ds ‘de dz ds'dze 





but we have seen above that 

c2 dz j 
iat Ae as 
hence 
ch/Pz\2 vp! 
z\ds?] ut dt 

Substituting this in the value of p, we have 

p* d* 


: = or Fam 
rie) ik Po 
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fag _ 


Multiplying these equations respectively by a! de ie adding 


them, and recollecting that 


du’ _ dw dx dw dy du dz 
ds dx ‘ds dy'ds dz ds’ 


it readily appears that we have, as in Prop. V., 


Hence, as before, if the length of the curve be given, A= + a, 
and if it be not given, X=. Taking the former of these two 
cases, multiply, as in Prop. V., the three equations (A) by cosa, 
cos (3, cos y, respectively, and add them. We have then, putting 
+a for A, as in that proposition, 


dx dy d*z 
(u + @) [cosa ist cos [3 at °°8Y 7) 





7 du du du 
= COSa a” + cos 3 a + cosy 7 
dy dx du’ du du! 
— COSa = + ( cos aa cos 3 ae + COS y -} 
Substituting for 
dx d*y d?z 
cosa 5 + cos 3 qe t SS a8 
; sin w du’ 
its value, ——, and for —, 
p ds 
du di du dy du dz 
dx “ds dy ds ° dz’ ds’ 
this equation becomes 
sin w - du du du 
(u +a) ee cosas” + oF Pe cos ‘y 7 


du dy du da dz 
4: (0 Boy - cosa St) + SE (cos y - cosa). 
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But since a, (3, y are the angles which the perpendicular to the 
du dy dz 
ds’ ds’. ds 
the cosines of the angles which the tangent to the curve makes 
with the same axes, it is known that, if we denote by a, 2’, y, 
the angles made by the perpendicular to the plane of these lines 
(which is evidently the normal to the surface), we shall have 


plane of the normal section makes with the axes, and — 


d. 
cosa = cos B = — cosy a 
cos[3’ = cos a COs a ue 
etal das ds’ 
cosy’ = cosa St — ¢ os B= 


The equation, at which we have arrived, may therefore, as before, 
be written in any one of the three forms, 


1 d du du 2 
agp (cota G+ e088 + cosy 7 + Cos y cos pS at 





s1n w 1 du du du du ; 
it = (cosa FE + cos TE + cosy E+ cos SH — cc os (3 7), 
‘®) 


re ay! du \ 
det 087g sa dz} 








tan w 1 du 
— = aon leer one 
p ata da dy 


The solution of the case in which the length of the curve is 
not given is immediately deduced from this by simply putting 
a=(. If the limiting points of the curve be given, it is evident 
that the terms free from the sign of integration disappear as be- 
fore. Ifthe limiting points be not given, but merely restricted to 
the curves whose equations are 


dyy = Moda, dy, = mda, 
dz,= mda, dz, = nx}, 
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we shall have, by reasoning similar to that employed in Prop. IL, 


da dy dz Pak 
(440 + @) (Gre + mo), + Ho= 0, 


dx dy dz , 
(uy + @) (Fame + 2, Te), * Hi = 5 
or if ) 0; be the angles at which it cuts its bounding curves, and 
$o 1 the angles which the tangents to these curves at the points 
of intersection make with the axis of a, 


(uo + 2) COS Oy + po COS ho = O,; 
(C) 


(4, +a) cos @, + pw) cos ¢, = 0. 


All the conclusions arrived at in this proposition are adapted 
to the case in which the length of the curve is not given, by 
simply omitting a. 


Example. 


88. Given two points on a surface, and any curve connecting 
them, to draw between these points a curve of given length, 
which shall include, with the given curve, the greatest possible 
area.* 


Since the superficial area of any surface is represented by 
{[V (1 + p? + g?) dady, 
it is plain that, if the equation of the surface be given, it may 
always be put under the form {yda, in which 
w(=Jv¥ (+ p? + @) dy) 
is a given function of and y. The solution of this problem is, 


therefore, derived from the general equations (B), by making 
w=0, w=l¥(L+p? +9’) dy, 


, 


du Qe ay ee , db 
ed ae + q°) =sec y, Pas 


“ The investigation of this curve is (as far as Iam aware) due to M. Delaunay. — 
Liouville, Journal de Math., tom. viii. p. 241. 
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These equations become, therefore, 


1 Pt Nts 

yaa 

p = asin w, (a) 
p = atan w. 


Hence if the direction of the tangent at any point be known, the 
osculating plane and radius of curvature may be found by the fol- 
lowing construction : 


Let P (Fig. 12) be the point on the curve, and let the plane 
of the paper be the normal plane to the curve. Let C’ be the 
centre of curvature of the normal section, and draw C’A perpen- 
dicular to PC’and =a. Join PA, and draw C’C, PC, respectively 
parallel, and perpendicular to PA. ‘Then Cis the centre of cur- 
vature of the required curve, and a plane through PC perpen- 
dicular to the plane of the paper is the osculating plane. The 
reason of this construction is evident from the equations (a).* 

If it be required to draw the curve between two given curves 
in such a way that the area included between the curve so drawn, 
and a curve of given species passing through its extremities, may 
be a maximum, it will appear, by reasoning precisely similar to 
that of p. 157, that the equation of the curve is still the same as 
before. With regard to the terms outside the sign of integration, 
the mode of treating them is also perfectly analogous to that which 
is there employed. For it is evident that the area included be- 
tween the two curves may be expressed by 


vy ; vy 
pdx = Et (ar, V0s5 X;) da, 
vo Pas) 


in which py’ has the same signification as in the first part of this 


* If the given surface be an ellipsoid, the direction of the osculating plane may be 
found from that of the tangent by the following construction : 

Let C (Fig. 13) be the centre of the ellipsoid, CP the perpendicular on the tangent 
plane, and CD the semi-diameter parallel to the tangent to the curve. Draw PO perpen- 


The plane DCO is parallel to the oscu- 





CD? 
dicular to the plane PCD and equal to 
a 
lating plane required. For 
OP @ ‘ 
tan PCO=—— =— = 
CP ap a 


ZC 


= tan w. 
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example, and f(z, x, x) 1s a given function, namely, the value of 
the integral | / (1+ p?+ gq?) dy for the given curve which passes 
through the two extreme points.. Hence, by proceeding exactly 
as in the case of the plane curve, we shall arrive at the equations, 


“(nak 

&COSwo + COS 0, — dx = 0, 
Xo dxo 
711dk 

&COSw, — COS 0, | — dx = 0. 
A) da, 


Prop. VII. 


89. To draw between two given points a curve whose curva- 
ture shall be constant, and such that the length of the are between 


the two points may be a minimum. 


Adopting Lagrange’s method, we shall take the arc of the 
curve as the independent variable, which will give 


Vas 
the dependent variables, w, y, z, being connected by the equations 
dx? dy? dz? _ 


sia, ol poate 


ds? ds? ds? _— 


Pa? (By? zie 

dst} * \as?)} * \as®) > me 
Since, then, none of the variables enter into V, it is evident that 
the equations furnished by the coefficients of dx, dy, dz are 


and 





a?x dx 
94) cies Wind 
aan ds? v AZ a 
ds? 2. dg aaa 
,d’y dy 
OO Ger pees 
A ds? u Aa; any 
ds? dst ee ia (A) 
2 
a. ee EON dz 
8 ds ey 
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These equations, being immediately integrable, give 





aa _ ee _ 
ds qe ee 
2 
PNY 
ds* Wy _, 
ds lie ile 
,a2 
d.N a: 
Weotas e? 
or 
dx dN .,d3x dx 
Pcie tds aan ae o 
2 ax. 3 
LL SOA lee ily Wl (B) 


Eliminating X between the first two of these equations, we have 


dy Wax dx dy\dN (dy @u dx dy al j dx 
ds’ ds? ds ds?) ds ds' ds? ds’ ds3 ds ds 


This equation, which is also integrable, gives 


[dy Bax de dy\_ 
y (Foe gd oy deh 


Similarly, by the elimination of X between the first and third, and 
between the second and third, we have 


(F dz dz 3) 
= cx —az+ f, 


davay. dy d*z 7) 
Dee td OX, \) ee y 
n(F 3 ds Ta) oe eee 


Previous to proceeding further, we may determine the values 
of the constants introduced in these integrations. For this pur- 
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pose we shall suppose the origin of co-ordinates to have been taken 
at one of the given points, which will render 
to = 0). 24/9 =O Zo = 02 
and, since both limits are fixed, we shall have 
62o=0, dyo=0, Seo=0, d2,=0, d&y=0, y= 


It is easy to see, then, that the equations furnished by the terms 
which are without the sign of integration are 


V Px dda dy ddy Pz ddz\ | 
Ld eas ne “ds  ds®’ ds |; 
(D) 
yy (Ce de, dey diy Pe abe 
°\ ds’ ds ds?’ ds ds?’ ds Jy 
These equations are evidently satisfied either by making 
ATE 0 Ao 
or by making 


a’x dda _ ey By dey _ ee d?z doz 
ds?’ ds ° ds?" ds — ds?" ds /; 


Px dd« _ ey Py ddy _ Pe d?z We 0 
ds'’ ds .dst' ds dst dsjo 


The conditions, 
Ao=9, Ai =9, 
will evidently give, in equations (C), 


J =, Qin Fh 4 Os efit cee 


and 


With regard to the other factors, 


Px dd« i dy dey - dz déz 
ds'’ ds dst’ ds ds’ ds 


a dex 
(e PS + &e. ae 
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it is easy to see that it is impossible to make them vanish, pre- 
serving the independence of two of the variations, 


dda 
5 XC. 
For, since these variations are on connected by the equations 


(2.2 dou dbx dy dey | dz aa 0, 


ds ds ds ds” 
dx ddx ,Y oe _& dz déz 
ds ds ds as ds’ ds. ; 


it is evident that in order to make these factors vanish, without 
restricting their generality, we should have 


Ga\ (dx aa\ dx 
ds? Jy "°\ds jv’ ds, *'\ds jy’ 
ey) er IO rece Oe 
ds? 0 ae? ds, 0 ds? 1 eit ah 
Pz) (de @e\ (dz 
& eaters ds? )y~ "\ds ji’ 
Squaring the first system, and adding, we have 


L _(@e) (dy) (#2) __, 
m \ ds? Jo \ds® Jo" \ds® Jo"? ’ 


Again, multiplying these equations respectively by 
de) (dy) (ae 
ds J)’ \ds/o \ds/o’ 
dx\ (dx dy\ (dz fs dz dia i 
ds /y\ ds? Jo \ds Jo \ds? Jo \ds Jo\ds? Jo” 


But it is plain that the first side of this equation is identically zero, 
hence we should have 


~H 


1 
—=y,=0, 
WT) 


an impossible equation, as m is a given quantity. ‘The same rea- 
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soning obviously applies to the second system. These equations, 
then, leading to impossible results, it is evident that we must have 


NG 0, FADS 


F.=0;.- 9 2) eee 
Hence, if we neglect f, f’, f’, and multiply equations (C) by 


and, therefore, 


dz dy dx 
ds’ ds’ ds’ 
respectively, we shall have 


(ay — bx) dz + (ex — az) dy + (bz — cy) dx = 0, 
or 


a(ydz — zdy) + b (eda -— adz) + c(ady — ydx) = 0. 
This equation, which is easily integrated by making 


Y= ul, c= On, 
gives 
ay — bx = m(az — cx), (E) 
the equation of a plane passing through the origin. The required 
curve is therefore, in this case, a plane curve; and since its radius 
of curvature is constant, it is evidently a circle. 

It appears, therefore, that the curve of constant curvature, 
whose length between two given points is a minimum, will be a 
circle if the position of either of the extreme tangents be undeter- 
mined. But, on the other hand, it is evident that the circle can- 
not be the general solution of the case in which the position of 
the extreme tangents is given. For this position might be such 
as to render it impossible to describe a circle which should fulfil 
the requisite conditions.* 

If the position of the tangents at the extreme points be given, 
such that the equation 


of + bf” + af” = 0, (F) 


holds, the curve is still plane. For if the equations (C) be multi- 
plied by 


“ For example, the given tangents might not be in the same plane. 
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Cn OY. eae 


ds’ ds’ ds’ 
respectively, and added, we find 
(ay — ba +f) dz+ (cx —az+f’) dy + (bz -cy+f")dx=0. (G) 


Now if the origin be transferred to any point in the line whose 
equations are 
ay—ba+f=0, cx-az+f=0, 


it is easy to see that, in consequence of the relation 
of + bf + af” = 0, 


the three absolute terms will disappear, and the equation be re- 
duced to 

(ay — bx) dz + (cx — az) dy + (bz — ey) dx = 0, 
the same form as before. In this case, therefore, the curve is still 


a circle. 
If the limiting points be not given, but merely restricted to 


the two surfaces, 
. Ug = 0, yy 0, 


it is plain that the terms which involve 


OX0, Oyo, 620, O24, oy, O21) 
will be 


, dx dy az 
a ie _ Ae) i (Xe _ 4), (akc 2) 
s ii ds ds/ 9 oe as 2 ds O20 





These terms are reduced by equations (B) to 


ad%y + bdYo + COZ; 
aon, + bey, + 00213 


and as the variations dao, &c., 6x1, &., are connected by the 
- equations 
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duty 5 oe ay — “8 Bay = 0, 
7 o + Yo + ) a 


d d d 
haan lak bP be at 
dzy 
the terms involving these variations give the equations 
1 dup 1 du _1 du 
a diay sb dy ¢ day. 
1 dum 1 du, _1 dw ; 
a’ dx, 6b dy, edz 
But since the equations 
Ano =90, AL=O 


give, in general, 
ayy — bat f=0, Cty—a%+f=0, be—-cyot+f =9, 
ay, —bat+f=0, ca -ay+f=0, ba —-ey, +f’ =9, 
we find by subtracting 





By ge Ui ieee 
a b Cie 


From these, combined with the preceding equations, we have 


1 Ay _ 1” dtig ee 
1 — Ay day Yi-—Yyo AYo %—% dey 








(H) 
if duy _ 1 duy 1 duy 











@ — x da mM — yo ay f cal ~ 2 dz 
Hence it is evident that the line joining the extreme points is per- 
pendicular at each of its extremities to the bounding surface. 
The length of this line is consequently a minimum. 

If the minimum curve be required to touch its bounding sur- 
faces, the preceding discussion becomes of course inapplicable, 
and the curve is no longer, in general, a circle. We may, how- 
ever, deduce from the terms without the sign of integration, an 
interesting geometrical theorem as to the position of the oscu- 
lating planes at the extreme points. For the sake of simplicity, 
we shall suppose the extreme points to be given. The problem 
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will then be stated as follows:—To draw between two points, 
each situated on a given surface, a curve of constant curvature, 
which shall touch the given surface at its extreme points, and 
whose length shall be a minimum. 

The extreme points being fixed, we shall have, as before, 


a0, 09 = 0,.62)=0, 62,=0, dy, = 90, 32; =90, 


and the equations furnished by the terms free from the sign of 
integration will still be 


v (3 déx d?y doy dz =) 
0 


ol SE GE a Mae B 
(D) 


, (Pa du Py dy Pz ddz\ _¢ 
Bee eiiel Midst udas) Ga idssy. 


But since the tangents to the curve at each extremity are, by hy- 
pothesis, in the tangent planes to the limiting surfaces, we have 


duy dx dup dy dup i), _0 
diy\ds J)" dy\ds Jy dzy\ds),-’ 
du, / dx du, (dy du, [dz 4 
day (=), sin dy (2) * ae, dz, (=), u 
Hence it is easy to see that the variations 
a) dey (déz 
ds } 9 Raa vie: \ ds ds 
are connected by the equations 
duo dou ak duo dey 7. duty déz = () 
decode Jo. dyy\ ds'/y dz \.d8 Jy 
de) (de), () (8) , (42) (2) 
ds Jo\ ds /o ds },\ ds Jo i. o\ ds 
Eliminating by means of these equations two of the variations, 
ie) (addy) (dBe 
7 hig Bic aie ig tas ey Be 


_ from the first of equations (D), we have 
2D 
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dx d’y dy d*z\ du [dz da da  Pznawy 
ds ds? ds ds? ds ds? ds ds*},dyo 

€: Pz dz dy\ duty _ 0 


ds ds* ds ds? ), dao 


o dz 





A similar equation holds, of course, for the other extremity of the — 
curve. Hence we infer, that if a curve be drawn as required by 
the conditions of this problem, the osculating plane at each extre- 
mity will be normal to the limiting surface.* 

Before quitting the subject of this proposition we may observe, 
that the solution which we have found for the case in which the 
position of the extreme tangents is undetermined, appears at first 
sight an exception to the general theory of p.127. For it might 
be supposed, in accordance with that theory, that as the equations 
furnished by the terms free from the sign of integration have been 
satisfied by making 

Ng = 0,7 APS, 


the solution ought to contain indeterminate constants. The ex- 
ception is, however, only apparent, and results from the fact, that 
in consequence of the peculiar way in which 2’ enters into the 
equations (C), each of the equations 


An =90, AL =), 
is really equivalent to three. This will be shown most clearly by 
squaring and adding the equations (C). For we shall then have 
(as is easily seen) 


A? =m? {(ay — ba +f)? + (ca — az +f’)? + (bz — cy +f")?}. 


Hence if X’ vanish for any given system of values of «, y, 2, it is 
plain that this system must satisfy the three equations, 


ay-ba+f=0, ca-az+f'=0, be-cy+f’=0. 





* The equations (D) may also be satisfied by making No =0, X'1=0. But this sup- 
position would, as we have seen, render the curve a circle, and would, therefore, lead to 
an impossible result. In fact it would be necessary, if we adopted this hypothesis, to de- 
scribe a circle with a given radius passing through two given points, and touching two 
given planes. 
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CHAPTER V. 
ON MULTIPLE INTEGRALS IN GENERAL. 


90. Tue difficulty which attends the application of the Cal- 
culus of Variations to the solution of problems which involve 
integrals of any degree higher than the first, arises mainly from 
the difference between the nature of the limits employed in simple 
integration and that of the limits which it is necessary to adopt in 
almost every question connected with multiple integrals. 

Hitherto no part of the process of integration itself has been 
affected by the peculiar nature of the limits employed, inasmuch 
as the process is supposed to be completed before the consideration 
of limits is entertained. We have seen, therefore, that in the in- 
vestigation of the variation of a simple integral, the terms which 
depend upon the variation of the limits are, as might have been 
anticipated, wholly free from the sign of integration, and may, 
therefore, be treated as ordinary algebraic quantities. Such terms 
add but little to the difficulty of the problem. 

But it is otherwise with multiple integrals. Here each suc- 
cessive integration is supposed to be definite in itself, 1. e. it is 
supposed that, after each integration, and previous to the next, 
the variable, with regard to which that integration has been per- 
formed, is taken within certain assigned limits,—limits which are 
in general functions of all the remaining variables. It is plain, 
then, that the nature of the limits employed in each integration 
will affect every subsequent integration, inasmuch as it will affect 
the form of the function to be integrated. It may, therefore, be 
expected, as it will be found to be the case, that in the variation 
of a multiple integral the terms arising from the variation of the 
limits will not be free from the sign of integration. This adds 
materially to the difficulty of the question. 

91. As a clear conception of the meaning of the symbol of 
multiple integration, |[/..... , is essential to our present purpose, 
we shall proceed to enumerate the several operations which are 
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denoted by that symbol, firstly, in its most general acceptation, 
and, secondly, in the more limited sense in which it becomes the 
subject of the Calculus of Variations. 

To render the subject as definite as possible, we shall consider 


the triple integral, 
us i i f° . Vdedydz, 


Xo JY0 420 

in which V is a function of x, y, z. This symbol denotes the fol- 

lowing operations:—1. The operation of definite integration with 

regard to one variable, z for example, the limits being certain 

functions of # andy. 2. The operation of definite integration 

with regard to y, the limits being certain functions of 3. The 

operation of definite integration with regard to a, the limits being 

certain constants. If these functions and constants are indepen- 

dent of each other, the symbol is understood in its most general 

sense. But with this general sense we have at present no con-. 
cern, inasmuch, as in the existing state of the Calculus of Varia- 

tions, and the problems to which it is applied, questions which 

involve such integrals never occur. We shall, therefore, proceed 
to consider the process of multiple integration in the more limited 

sense in which it occurs in practice. 

92. In the problems to which the Calculus of Variations is 
applied, and generally in most problems connected with multiple 
integrals, the several limits of integration are supposed to be as- 
signed in such a way that the final result may express the limit 
of the sum of the elements Vdwdydz for all systems of values of 
“, y,z, which do not cause a given function, (a, y, z), to change 
sign, 1. e. for all systems of values consistent with the supposition - 


g(a, y, z)>90 or < 0.* 


It is, then, in the first place, essential to consider how this may 
be effected. Now it is known that a definite integral, such as 
Zi 
| Vdz, 
0 
denotes the limit of the sum of the elements Vdz for all values of 
z lying between 2) and z,; if therefore we wish that this integral 








* The case of two limiting functions is easily reduced to this. Vide infra, p. 216. 
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should represent the limit of that sum for all values of z which 
are consistent with a certain supposition, it is evident that we 
must take, as the limits of integration, the evtreme values of z 
which are consistent with that supposition. ‘To apply this to the 
case in point. As functions do not change sign except in passing 
through zero or infinity, it is manifest that the extreme, and 
therefore limiting values of the variable with which we com- 
mence the integration will be found by equating ¢(«, y, z) to 
zero or infinity. Neglecting the latter supposition, which seldom 
occurs in practice, and supposing that the integration has been 
commenced with regard to z, let the values of that variable fur- 
nished by the equation 


o(%, y, 2) =9 
be 2, 2;.* These quantities, which~are, in general, functions of 


y and wz, are evidently the limits to be employed in the first inte- 
gration. Let 


V, = fe Vdz, 
0 


z 
and let values of any of the variables which are consistent with the 
conditions of the question be denominated possible values. Then 
since, in the integration with regard to z, w and y are considered 





* If the equation ¢6=0, when solved for z, give more than two values of that quan- 
tity, let the several values of z which it does give be 


Be Walon 5 


Then if n be even, and if ¢ change sign for each of these values, we shall evidently have, 
as the expression of the integral when taken between the given limits, 
vey! 1 ett zz (n) 
[Pde a Vdz + | Vdz + &e. +| Ve. 
zg! gl g(n-1) 
Each of these integrals is then to be treated as 
2 
| Vdz 
%o 
in the text. 


If x be not even, the last integral in the foregoing series will be 


lo 6) 
| Vdz. 


a(n) 
It is further evident that any value of z which, although satisfying the equation 
d(x, Y z)=0, 


does not cause ¢ (2, y, z) to change sign, is to be neglected in the process here described. 
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constants, it is evident that V; denotes the limit of the sum of the 
elements Vdz, for all possible values of 2 corresponding to fixed 
values of andy. If now this quantity be multiplied by dy, and 


integrated between the extreme values of y, the result, 


‘ie Vi dy, 
Yo 


will, for the same reason, denote the limit of the sum of the ele- 
ments Vidy, for all possible values of y corresponding to a given 
value of w, and therefore of the elements Vdydz for all possible 
systems of values of y and z corresponding to a given value of a. 
Now the extreme, 1. e. the maximum and minimum values of y 
corresponding to a given value of #, are evidently found by diffe- 
rentiating the equation 


g(a, y, 2) = 90, 


under the supposition that # is constant, and putting dy = 0. 
Performing this operation, we find 


dp do 
dy dy ae We dz = 0) ; 
or, since dy = 0, 
dp 
dz = 0. 


Hence the limits with regard to y are found by eliminating z be- 
tween the equations 


_0, @_ 
¢ = 0, cee 


Let the result of this elimination be 
oi(2, y) = 9; 


and it appears, by precisely similar reasoning, that the limiting 
values of w are found by eliminating y between the equations 


But since ¢,; = 0 is the result of the elimination of z between ~=0 
and another equation, we have 
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or, since 


Hence the limiting values of x are found by eliminating y and z 
between the equations : 
EDIE Cpe 
dz dy 
We have, therefore, the following rule: 

1. Integrate with regard to z, taking as limits the values of z 


given by the equation 


g = 0, 


(2,42) = 0. 
2. Integrate with regard to y, taking as limits the values of y de- 
rived from the equations 


by the elimination of z. 3. Integrate with regard to #, taking as 
limits the values of # derived from the equations 


’ dp _ dp _ 
p = 0, Re eo 


by the elimination of y and z. 

93. To exemplify this process, let it be required to find the 
value of 

u = |{| dxdydz, 
in which the integral is to be extended to all systems of values of 
2, y, 2 which render the function 
a ye 22 

| ae a” 
negative. ! 

(1.) Integrating with regard to z between the limits 


we find 


“= 
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(2.) Integrating with regard to y, which is easily effected by 
2 . 
putting y = 0 sin6 / (1 ni ) we find, as the value of the in- 


a2 
determinate integral, the expression 


x y oe 
\V-5- 5) 


2 2 ae a?) 2 Oo 
Pee avA ha ; 


The limiting values of y are found, as above stated, by eliminating 


cae 


7s 0,1. e. between 


z between ¢=0 and 


mu y 


a Be 
hed 
22 
u= nbe[(A -3) dx. 


(3.) Integrating with regard to 2 between the limits found by 
eliminating y and z from the equations 


: 
+= -1=0,and==0; 
C c 


they are, therefore, 


Hence 


= dp _ dp _ 
$10, aaa yt 
or 
a yr 2 y 
at fat ae ee = Q, tema 


i. e. between the limits w =+4a, we find 


7 ae 


3 


Again, let it be required to find 
u = ||| (a? + y?) dxdydz, 


the form of the function @ being the same as before. 
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Here, as in the preceding example, 


u = 2el| (x? + y?) V (1-5 $5) dad, 
Assume, as before, 
: a? 
y = bsin# ifs -5}. 


(2? +y’) V (1-5 eahs y;) dy = 
na \ oy 
{ a2 + o2(4 _ zz jin? \ o(1 -3) cos?0dé@. 
ar Os a 


Hence, as the limiting values of @ are evidently + 


fer /(1-5- ra) dy ~ 
be (1-5). |" 


Hence 


wanbe.| a8(1-Z)de + dabic.| (-3) dn = = abe(a* +b”). 
a a -a 


Then 


Bg 
2 


“13 


vale 
cos?@d@ + a(d uf 2) | sin?@ cos?0dé@. 


94. It has been thought necessary to describe multiple inte- 
gration as a process purely analytical, partly to facilitate the ex- 
tension of the method to integrals of all orders, and partly to 
prevent the supposition that this process necessarily involves 
geometrical considerations. Such considerations will, however, 
greatly aid the conceptions of the student in the discussion of 
double and triple integrals. Thus, for example, if g(a, y, ¢) = 0 
be the equation of a surface enclosing a finite solid, V; will denote 
the limit of the sum of the elements, Vdz, for all points of that 
portion of the solid which is bounded by four planes, two parallel 
to the plane of xz, and two parallel to the plane of yz, at the dis- 
tances y, y+ dy, w, x+da, respectively. V2 denotes the sum of 
the elements Vdxdy for all points of the solid which le between 

2 E 
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two planes parallel to yz, and at the distances x, x + da; and V3, 
or |({Vdadydz, denotes the sum of the elements Vdadydz, for all 
points of the solid. 

Thus in the first of the preceding examples 


21 
| dadydz 
zo 
denotes the solid contents of a prism whose length is finite, and 
parallel to the axis of z, and whose other dimensions are eva- 
nescent ; 

1 [2 

| dedydz, 

JYo vz0 
a section whose length and breadth are finite, and whose thick- 
ness is evanescent; and 


x, [yy (Zz 
| '{ i} dadydz 
XO ~ YO JZ0 

the entire solid. 


This view of the subject being given at full length in Lacroix’s 
Traité de Calc. Int. tom. 11. p. 196, it is unnecessary here to pursue 
it further; but it may be remarked, as the geometrical explanation 
of the limits, that the limiting values of z correspond to the two 
points on the surface for which the values of w and y are the same; 
that the limiting values of y correspond to the two points for 
which # has the same value, and for which the tangent plane is 
perpendicular to wy; and that the limiting values of w correspond 
to the two points for which the tangent plane is perpendicular to 
the axis of w. 

It is obvious that in the process of multiple integration, as 
here described, the order of the integration is indifferent. For 
with whatever variable we commence, the final result will always 
be the same, viz., the limit of the sum of the elements Vdadydz 
for all values of wyz consistent with the supposition @ > or < 0. 
This, which is not true of definite integrals in general, is neces- 
sary to render the rules of the Calculus of Variations applicable to 
such quantities. 
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ON THE CHANGE OF THE INDEPENDENT VARIABLES IN MULTIPLE 
INTEGRALS IN GENERAL. 


95. (1.) If it be required to change the independent variables 
previously to any integration, it is known” that in the case of a 
double integral, if 2, y be changed into 2’, 7’, and if 

dx = Pda’ + Qdy, 
dy = Pdx + Qdy’, 
the quantity to be substituted for dady is (PQ -P’Q)dz'dy ; 
and, in the case of a triple integral, if 
da = Pda + Qdy + Rdz, 
dy = P'dx' + Qdy' + Rdz, 
| z= P'da'+ Ody + R'dz, 
the quantity to be substituted for dadydz is 
(P(QR’ - VR)+ P (VR - QR’) + P’ (QR - YR)} da‘dy dz ; 
and, in general, if the n independent variables, «1, #2, #s, . 
be changed into n other variables, #1, a2, 3,.... tn, and if 
dx, = Xda’; + Xeda'g + &. + Xpd2'n, 
dag = X’\da‘, + X'odz'g + &e. 
dx3 = Ke. 


. Uns 


the quantity to be substituted for dadaxzda3.... day 1s 
Reda dax'edx3 Ce er et AX ny 


where R is the resultant of the n letters, X,, Xo.... Xn. 

It is unnecessary to enter further into this case, which has been 
fully discussed in the article already quoted. 

(2.) Let it be required to change the independent variables 
after the performance of the first integration. Let 


{\(Pi-Po)dydz, {f(Qr- Qo)dedz, |) (Ri - Ro) dady, 
be three double integrals derived by the process of definite inte- 


gration from the triple integrals, 


* Lacroix, tom. ii. pp. 205, 208. 
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dP dQ qa 
||) Saeaya:, \lIz dedyde, \l\ Fdadyde, 


in which the limits are determined by the equation 


ple, 2) =0, 
and let it be required to reduce them by changing the inde- — 
pendent variables to three other integrals, in which these variables 
shall be the same. 
Since @# has a positive value previously to vanishing for w= 2, 
and a negative value previously to vanishing for x = #, it is evi- 


dh . a 
dent that © is negative for v=o, and positive for # = #1; hence 


dz 
it / (se i) be taken positively, we have 
pit pi 
— a haere J Ps 
dp” ‘ dp 
V (iB)/, V (Bl), 
Hence 
(3 Pa 
{| (P, — Po) dydz = a dydz + e dyde. 





do dp 
V (ae) 1 V(3) 0 
Now it is evident that these terms may be consolidated into one, 
SC. 


provided it be understood that this integral is extended only to 
such systems of values of wyz as satisfy the equation 


p (2, Ys z) = 0. 
We have then, in the first place, the equations 


\) (Pi - Po) dydz = 
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and, similarly, 


{| (Qi — Qo) dedu = | Tigh dzdx, (A) 
Mae 


{| (Ry - Ro) dady |e 


To reduce these, we may either take two new independent va- 
riables, a, 6, or reduce the first two integrals with regard to 
and y. We shall adopt the latter, as being (although not symme- 
trical) more convenient in practice. 

Suppose, then, that it were required to transform 


into an integral of the form 
{| Mdady. 


Here we have to change but one variable, namely, z into a. Now 
since, in the integration of 


with regard to 2, and of 
{| Mdyda 


with regard to w, y is considered constant, it is evident that we 


have the equation 
dp dp 9, _ 
Te dx + ae dz = 0. 


: d d : 
Hence it appears that af dx and aa dz are equal in magnitude. 


ie 
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But as the increments da, dz are always, in the process of definite 
integration, taken positively, it is evident that the quantity to be 
substituted for dz is 


Hence 
pe P dp ° P dp 
dec dyudz = ss lad 
J (iB) "(ey 
(5) V (FE 
Similarly, 
PA d we l 
ot 0 
vi vie dadz = ve dady, (B) 
A yp dz 





Ive VB) wdy = Pac ee @) dady. 
5 zi) 


Differentiate the equation 
o(@, y, 2) =9, 
and let the result be denoted by 


dz = pdx + qdy. 
We have then 


Substituting these values in-the equations (B), we find 


pie (. Pp dp 

tae P Tz 

{ (P, = Po) dydz = i dg / (8) 
(se : (5) 


dydz = — dudy, 
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dp rr Q dp 


{| (Qi — Qo) dadz ‘| 7 dadz = — | (2) dxdy, (©) 
y 73 


dz 
{| (Ry = Ro) dady ee TRUE en oi oa) @. el Se) s) eis) 6 |e dady. 


Symmetrical expressions, which are sometimes useful, may be 
deduced from equations (A) by assuming 


ds? = du*dy” + da*dz? + dy*dz?. 


It is easy to see, then, that these equations may be written 


d. 
(Pi = P,) dydz = | Po a a 


{{ (Qi — Qo) dadz -|| Qa, 74s (D) 


d. 
{| (2) - Ro) dady = {| RQ “P ds, 


g dg’ dg’\4 
ois (5 aT yp +55). 


These formulsz may also be deduced geometrically. For if 


where 


o (x,y, 2) = 9 
be the equation of a surface, ds the element of its superficial area, 
and a, (3, y the angles which the normal makes with the axes of 
co-ordinates, it is manifest that, through the whole of the integral 
{| Pidydz, we have 

dydz = cosads; 


and through the whole of the integral || Podydz, 


: dydz = — cosads. 
Hence 
{| (Pi — Po) dydz = {| Pcosads ; 


and, similarly, 
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{[ (Qi -— Qo) dadz = {| Q cos ds, 
{| (Ri -— Ry) dady = || R cosyds, 


which are identical with formule (D), inasmuch as 


dp 
cosa = ie 
= Tage dg? dor 
4/ (St dg’ dp” dg 
da* * Op dz? 
cos[3 = Ke. 
cosy = Ke. 


In these formule the radical is taken positively. 

96. It is frequently necessary, in problems connected with 
multiple integrals, to determine the limits in such a way that the 
result may represent the limit of the sum of the elements 


Vdadydz... 
for all systems of values of the independent variables which ren- 
der the signs of two given functions, 
b (ays) Sys ED Ma opens ee 
different. ‘This case may be reduced to the foregoing by a very 
simple consideration. 
Let it be supposed that the given integral is to be extended 
to all systems of values of w, y, z,... which satisfy the conditions 
(@, 9,22.) <0, wb, 4, 2 | 
Now it is in general supposed that every system of values which 
satisfies the condition 
(i, yee ne) SU; 
will also satisfy the condition 
a (@, Bite ee 2) any 
and, similarly, every system which satisfies the condition 
Wh CEO e as ee 
is supposed also to satisfy the condition 


d (#, 9,2...) =< 0. 
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Hence we see evidently that 
ff... Vdedydz...= (J... Vdwdydz...) -[[l]... Vdedydz .. .], 


in which the integral ( ) is extended to all systems of values 
which render ¢ negative, and the integral [ ] to all systems 
which render ~ negative. The given integral is thus reduced to 
two others, each similar in its nature to that already considered, 
and to be treated according to the same rules. The analytical 
conception of this case is also much facilitated by considering its 
geometrical signification, when the given integral is of the second 
or third order. In the case of a single limiting function, we have 
seen that the integral 


{| Vdady or {| Vdadydz 


ig extended to every point lying within the curve or surface 
p = 9. 


In the present case it is easy to see that the portion of space with 
which we are concerned is that which hes between the two curves 
or surfaces, 


g20, ~=0; 
and that the hypothesis, that every system of values which sa- 
tisfies either of the conditions, 


¢>0 or y <0, 
also satisfies the corresponding condition, 
~>O or ¢ <9, 


is equivalent to the geometrical supposition that the curve or sur- 
face whose equation is 


y=0 

is entirely included within the curve or surface whose equation is 
p = 0. 

97. After what has been said, no difficulty will be found in 


applying to any multiple integrals whatever, the rules which have 


been given with special reference to the case of triple integrals. 
2* 


bi 
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For this purpose it will only be necessary to substitute for the 
double integrals, 


{| (Pi - Po) dydz, {J (Qi —- Qo) dwdz, &e. 

the multiple integrals, 

{lJ ... (Pi - Po) dydedt . . 

fl ..-(Qu — Qo) dadzdt ... 

&c. &e. 
and to make 
ds? = da*dy'd? ...+ da*dz*dt?...+ dy?dz*dé?. ..+ du*dy?dz? ... 
+ &e. 


It is not necessary to dwell further upon this extension, which 
is comparatively useless for our present purpose. 

Formule (C) and (D) are readily adapted to the case of a 
double integral, by removing the independent variable y, and 
putting y for z in the result. It 1s easy to see then that the first 
two of equations (C) and (D) become 


Zt 


1s -Powy=-| PA \*-| aa 
ait QF 
f(Qi - Qo) dx = of ted 
Vig) 1a) 


in which the value of the coefficient = is denven from the diffe- 


rentiation of the equation 
p(x, y) = 0, 
ds = f (da? + dy). 


and 


CHAPTER VI. 


FUNCTIONS OF TWO OR MORE INDEPENDENT VARIABLES. 


Prop. I. 


98. Let uw be an indeterminate function of any number of in- 
dependent variables, «, y, z, &c., and let it be required to find the 
complete increment of the differential coefficient, 


qm+n+p + &e. u 


damdydz? ... 


Adopting, as before, the principles of Art. 6, Chap. I., we 
shall investigate successively the several increments which this 
function receives from a change in each of its varying elements. 
Now it is plain that the quantity which we are now considering 
can be varied only in one of the following ways : 

(1.) By a change in some one of the independent variables, 
w, 7, 2, &e. 

(2.) By a change in the form of the function wu. 

We shall consider these increments separately. 

(1.) Let x receive the increment dz, the remaining variables, 
y, 2, &e., as well as the form of the function wu, remaining un- 
changed. Then it is plain that the corresponding increment of 
the given differential coefficient will be 


m+ lin+p+&e. a, 


ie aie See Pa De oe elf 5 
aa Nh dZe 


Similarly, if y receive the increment dy, while a, z, &c., and the 
form of the function, remain unchanged, the pore honda incre- 
ment will be 

(in+n+l+p+&c. uU 


= aay, | 
du™dy"* dz... 4 


and so on for the remaining variables. 
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(2.) Let the form of the function u vary, the independent va- 
riables, x, y, 2, &c., remaining unchanged. Then since the symbol 
of derivation, 

qdmtn+p + &e. 


da™dy"dz? ... 
satisfies the condition 


F.gt+k.p=F(o+y) 
it appears from the principle of Art. 5 that 


qmtn+p + &e. U qdin+n+ p+ &e. ou 
‘da™dytdz?...  da®™dy*dzPas 


If then we add, according to the principle of Art. 6, the several 
terms found above, we shall have, for the complete increment, 


mt n+p + &e- ay int l+n+p+ &e. ay intn+l+p + &e. oy 


 dardypda...” da™ dyer...” * damage 
(A) 
qimtn+p+ &e OU 


* damdyndee ... 


Prop. II. 


99. To find the complete increment of 


gl ‘ s) du du du d’u- d?u \ 
ee da’ dy’ dz” dx?’ dady’ ) 


a determinate function of the several quantities contained within 
the parentheses, namely: 1. Any number of independent variables, 
X,Y, Z,... 2. One dependent variable, u, which is supposed to be 
an indeterminate function of 2, y, z,... 3. The several partial 
differential coefficients of w with regard to these variables. 

The number of terms which result from the several differen- 
tial coefficients of V with regard to the quantities 


du du d?u = d?u & 
dx’ dy’ a? dedy’ 4 


being necessarily very great, it will be advisable, before proceed- 
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ing further, to establish a distinct notation to express these co- 
efficients. We shall, then, use the symbol 


Aes ao 
to denote the coefficient 
dV 


(intn+ p+ &e. U 


AEST SS Ee 


1% 


and the symbols 
AY Ae Ul, 


to denote the coefficients 


Mia wave. «al 
dz’ dy’ dz’ Piss du’ 
respectively. 
This notation being established, we shall have 


daV= Xd«x + Ydy + Zdz + &. + Udu 


du du o du du 

A eg’ Sake a 1. Vix2 Vin 
+Ved.— + Vyd aa d. at ke.+ d. =; 5 t+ Vay. aan + &e. 
Now let x receive the increment dz, the remaining independent 
variables, y, z, &c., as well as the form of the function u, remain- 
ing unchanged. Then it is plain that the corresponding incre- 
ment which V receives is 


du a?u d*u 
(x4 + 0+ Veggt ase = Tnds + © 
au du 
+ Vie Vey Tad sai fe, de 


This may be represented by 


oo dx 
du , 


denoting by that symbol the complete differential coefficient of 
V with respect to 2. 


* This notation was suggested to me by the Rev. William Roberts. 
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Similarly the increment which results from a change in y will. 


be 


and so on for the other independent variables. 
Now let the form of the function wu vary, while the independent 
variables, x, y, 2, &c., remain ane Then since V is a de- 


ser? op it is evident, asin Art. 7 


terminate function of a, y, z, u, — = : 
(5), that 
Vea Udu+ V3.5 re Ay V3 eee 
dz adn® 
du 
ay V8 ‘ dady = & &e. 
Substituting for 
: du du 
e dx’ PS) © dy’ &e. 


their values as found in Prop. I., and adding the terms which 
arise from a change in the independent variables, we find, as the 
expression of the complete increment, 


dV dV dV 
DV= (= aes (5) ay + (= ) ade + be 

dé dé dé “ 
dz 


It is evident that the increment which V receives in consequence 
solely of a change in the form of w will be given by the equation 
déu ,, deu dou 


miata 2 ora ss 


asu  ,, ddu 
+ V 2—— dott 3 Mc rrmace © 


100. If the integral under consideration be of the second or- 
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der, itis usual to take z as the dependent variable. In this case 
we shall have, putting 


dV 
corre 
dédz ddz ad?dz d?dz ddsz 
OV = Zoz+ bac t Ve dy” fat ik Cran aa a 


In investigating the variation of a multiple integral, to which 
we shall next proceed, we shall, for the sake of simplicity, confine 
our attention to the cases of integrals of the second and third 
orders. ‘The principles on which these cases are discussed are 
indeed, as will be seen, common to integrals of all orders. But 
the number of terms in the result increases so rapidly with each 
new independent variable, that by proceeding further we should 
merely complicate the formulz without any practical utility. 

For a similar reason we shall suppose that V contains no diffe- 
rential coefficients of an order higher than the second. 

It readily appears, from the discussions in the preceding chap- 
ter, that the value of a multiple integral, in the limited sense in 
which we have agreed to employ that term, depends upon two 
different elements, namely, 1. The form of the function ¢, which 
determines the limits. 2. The form of the function to be inte- 
erated, V. A change in either of these will produce a corres- 
ponding change in the integral, and the total variation will be, 
according to the principle laid down in Chap. I., the sum of these 
partial variations. To find this complete variation, then, it will 
be necessary to investigate separately the variations produced by 
changes in the forms of the above-mentioned functions. We shall 
- commence with that which results from a change in the form of 
the limiting function ¢, and for the convenience of reference, we 
shall consider successively the cases of double and triple integrals. 


Prop. II]. 


101. Let V be a function of two independent variables, «, y, 
and let it be proposed to find the variation in the definite integral, 
{{ Vdady, caused by an indefinitely small change in the form of the 
limiting function, ¢ (a, 7). 
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Suppose, as before, that the equation 


(2 y) = 9; 
when solved for y, gives but two values, yo, y1. Suppose also 
that, in consequence of a change in the form of the function ¢, 
these roots become respectively yo + dy and y; + dy:. It is plain, 
then, that the variation which the definite integral will undergo 
at the jirst integration will be 1 


[Vidyde = { Vodyoda. 


To find the variation which arises at the second integration, 
assume 
, (um 
V -| Vdy; 
Yo 
and let the variations in the limiting values of « be dap, da. 
Then it appears, in the same way, that the variation which arises 
at the second integration is 


V' 82 a V'9d205 


where V’,, V’; denote what V’ becomes, when for w we substitute 
successively 2, v,. But since 2, &) are found by eliminating y 
between the equations 


d 
cpt) a iy 
it is manifest that when w= or e=2,, Yo=y1. For it is known 
that if ¢ =0 be considered as an equation (having two roots) in 


which y is the unknown quantity, the roots of that equation will 


be equal if if = (0. But the values 2 = a, « = 2, satisfy the equa- 


tion a = 0, and therefore render equal the roots of the equation 
@=9. Since, then, the limits of integration in Vo, VY’; become 
equal, it is plain that V)=0, V’,;=0, and therefore this part of 
the variation vanishes of itself. 

This reasoning may be extended to integrals of all degrees. 
Thus, for example, in the case of the triple integral, 


{\|[Vdadydz, 
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if we assume 
7 ma 
Pre ae Pde, 


Zo 
it will appear, by precisely the same reasoning, that the variation 
which arises at the integration with regard to y will vanish of it- 
self; and if we assume 


yn (2 
y*={ | Vdydz, 
Yod’Zo 
we shall arrive at a similar conclusion with regard to the variation 
which arises at the integration with regard to z. Hence, with 
regard to that part of the variation which arises from a change in 
the form of the limiting function, we may conclude generally as 

follows: 
If V be a function of any number of independent variables, 
2, Y, 2, §c., the variation in the definite integral, 


Nl ete ards 027, oe 


arising from a change in the form of the limiting function @, will be 
(|... Vidadady... -f[... Vode dudy... 


im which V,, V. denote the values which V receives by the successive 
substitution of 2, and 2 for z. 

It is, perhaps, unnecessary to remind the reader that the re- 
duction of this part of the variation to two terms does not hold for 
all definite multiple integrals, the reasoning by which it was ar- 
rived at being only applicable to the class which we have been 
considering. 


Prop. IV. 


102. Let V be a determinate function of 


i dz dz d?z dz az 
vy; aE BR dy’ a2” didi diy’ 


where ¢ is an indeterminate function of the independent variables 
w, y; and let it be required to find the variation produced in the 
definite integral, {{ Vdxdy, by an indefinitely small change in the 
form of the function z. 

2G 


aa 
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Since the limiting function ¢ is here supposed to remain in- 
variable, it is evident that the operation denoted by the symbol jj 
satisfies the criterion in Art. 5; hence 


6.|{ Vdady = || Vdady. 
Substituting for 6V its value, as given in Prop. IL., we find 


6{{/Vdady = 
(A) 


ddz ddz doz d?dz addz 
[[[ 24 Yap ae V, dy" VPage V9 dod Vp Ge )idy. 


But since, in the peculiar kind of definite integration with which 
we are at present concerned, the order of the integrations is in- 
different, we find, by the method of integration by parts, 











ee dV, 
-([F dzdady, 
Vy pi dudy = \Vydzdx - IG dzdady, 
d? s ddz dV x2 dsz 
Pe | dady = [Ve > — dy - \ — 








dV x2 da? V 22 
= a cia ai = dy — | dzdy t \ ia ozdady, 


dx 


d’déz doz dV, 
| Vay Fa i dady = [Vay a = dy - | qa bede + |l 








hah fobs 
ERT: dzdxdy, | 


(or if we commence by integrating with regard to y), 
doz a | AV ay Cee , 
[Vay = dade dady = | Vay — ee alae oedy + (lag dedady, 


a*dz dédz dV,p Vp 
7 re . 
(Py dip dady = {Vy rm dx = bee Y dzdx {| ap 





dzdady. 











In these expressions the terms which appear with but a single 
sign of integration have, for the sake of brevity, been only 
written once, but as in every such term the operation of definite 
integration 1s supposed to have been previously performed, it will 
readily be understood that if we would write these terms at full 
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length, we must substitute for each the difference between two 
others, one of which refers to the first, and the other to the se- 


cond limiting value of z. 
Thus for [V,dzdy we should write, 


(jVi8edy)1 - V28zdy)o, 
and similarly for the other terms. 
Collecting the several terms given above, and using, for the 
sake of symmetry, the semi-sum of the two values of 


doz 
| Vou Ted Ete 


we find 
a audy = |{ (7, - Fe ~ 3) Be + Py a 


2 Vy Te 
aVe2 dV déz , ddz 
+|{("-Fe Lines Jae Va + Uy bay 


Ve Wy PV2 Vy EV y\ 
+ {I(2- Be cay “da® * dedy ” Tt) ded 











103. Before proceeding further, it may be well to caution the 
reader against the supposition that such expressions as 


ddz 
| Vay d, 
admit of being a second time integrated by parts, so as to give 


(Vary OF dn = V,, ye - [27 Bede. 





For in all terms which appear with but a single sign of inte- 
gration, two operations have been already performed, viz.: 1. The 
operation of simple integration with regard to the variable, y for 
example, whose differential has disappeared. 2. The substitution 
of a function of w for y in the result of the integration. There- 
fore, in the expression 


(Vee ae, 


6z is no longer a function of w and y, but a function of a solely, 
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and therefore a which is a partial differential coefficient taken 


upon the supposition that dz is a function of doth variables, is only 
part of the differential coefficient with regard to w, when éz be- 
comes a function of that variable only. In fact, if we denote the 


complete differential cocflicient by (a it is plain that 
ce _ dbz i déz dy 
da} dx dy dx’ 


dy 


the value of ie 


being derived from the equation 


o (a, y) = 0. 


It is the more necessary to notice this error, inasmuch as it is one 
into which Lacroix has fallen, and by which he has been led to 
give.an erroneous expression for the variation of a double in- 
tegral.* 

104. The expression given above for 6{/Vd«dy consists of two 
essentially different classes of terms, viz.: 1. A number of terms 
partially integrated, i. e. with but one integral sign prefixed. 
2. A number of terms wholly unintegrated, i. e. with the sign of 
double integration prefixed. With regard to the latter class, it 
is evident that they admit of no further reduction, seeing that 
they involve but one indeterminate variation, 6z. But with re- 
gard to the former class, two reductions are necessary, before the 
expression can be applied:—1. The independent variables must 
be changed, so that in all these terms the integration may be per- 
formed with regard to the same variable. 2. The number of the 


variations, 
dsz ddz 
) dm’ dy’ 


must be reduced. For, as the terms under a single sign of inte- 


* Traite de Calcul. Dif. et Int. tom. ii. p. 785. This misconception of the meaning 


of the symbol 


doz 
f Vay dx 


is noticed and guarded against by Poisson, Mem. del’Institut., tom. xii. p. 296. 
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eration are extended only to those values of w and y which satisfy 
the equation 
o (a, y) = 9, 

these variations are no longer independent. This will appear 
more readily when we come to consider how this reduction is to 
be effected. 

We now proceed to the first of these reductions, that, namely, 
which involves the change of the independent variable. 


Prop. V. 


105. To reduce the single integrals contained in the expres- 
sion for 6{{ Vdxdy to others in which the integration shall be per- 
formed with regard to the same variable. 

This is readily effected by means of the formule given in the 
preceding chapter. Adopting the method there given, we shall 
suppose the independent variable in the reduced integrals to be w. 
Now since, in general, Art. 97, 

dp 
dy dy 


— 


[(Pi- Pr) dy =-|P de, 











we have | 
Ve dV Ly. ddz 
[{(%--Ge-85 =) 14 Veo Vu Gy SY 
R. AV LW, 1 dédz dy », 
= [{(v tis ae; dy es at + Voy Sa kdx, 
in which, for the sake of brevity, we have put 
dp 
ni dy 
k TPN 
ap 


Hence we find 


8 Vaedy = | (28 gals "T) PueetOdedady, 1G) 


where 
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e CY nen Vas, aV a YaVeg eee 
= Vp ge | Ve 
d d 
n= Vip Vy E = 3 Vy — Veo 
ota _aVy  PVa PV ay , EV y 


da dy da? * dedy r dy? 
the value of “ being derived from the equation 
¢(2, y) = 9 


Prop. VI. 
106. To reduce the number of the variations, 
dx dy 
occurring under the sign of simple integration, so that those 


which remain after the reduction may be independent of one 
another. 


Denoting, as before, the complete differential coefficient of dz 
with regard to # (taken upon the supposition that « is the only 


independent variable), by (= we have 


dz} dx dy ‘dx’ 
hence, in the terms under a single sign of integration, 


ddz -(=) dy déz 


de \dx) dx dy’ 


Substituting this value in 


je de, 


and integrating by parts the term 


je (Ge) an 
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we have 
fee -((G) (Zeke Ee 


Now it is easy to see that any term of the form 


d@ 
| €- = ) Bp 
which occurs in the formula under consideration, must vanish of 


itself. For it will be remembered that each term in that formula 
is really double; and that, if the terms were written at full length, 


we should have, instead of ee : 


(a). (ae) 


the former of these two quantities denoting the value of cor- 
he 


responding to y=y1, and the latter, the value corresponding to 
y=Yo. Nowifthe limiting values of x, derived from the system 
of equations, 


fie an 
¢ = 9, agit 


be 2, ,, it is plain that a term of the form 
(3) dx, 


if written at full length, will be as follows: 


J(ze)@~ J (ae) ~| (ae) t= Od: — de — (a) + 


where 
(81); denotes the value of 0 for y=y, w= a, 


(01)o Ske sles 0 bo wie la ts 6 0 ee « Y=Y1, =X, 
+ Sy Saari need f= Yj ays 
 . SS reer Vann t=, 


But we have before seen (p. 224) that when x=, or r=, 
Yi = Yo. Hence we have 


(01): = (80)1,  (81)0 = (Bo)o; 
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and therefore, in general, 


(Bua 


In the present case, therefore, 


dbo Ve 
I( er ) an = 0. 
We have, therefore, 


doz ear d& dé dy . ae 
Jone 7 -{(+ ZZ) dee aa 





Substituting this in the expression (C), ae é n, , Q, by 
their values, and adding the variation resulting from a change in 
the form of the limiting function, which has been determined in 
Prop. III., we find, as the complete variation of the given in- 
tegral, 


dy? dy ddz 
= / se baled ale 
D\\Vdedy = |Vkdyde +{( V2 re: a ap + Vip k i dx 











dy dVedy adVedpP dV, Gia 
+|(%- 7 F 2s da ae aa 


ae ay aaa 








2 2 yp 
f(z dV, dVy BV 2 BV ry Pe edey (D) 


the single integrals in this expression being extended to all sys- 
tems of values of # and y which satisfy the equation 


p (#, y) = 9. 
If there be two limiting functions, i. e. if the limits of the given 
integral be assigned, as stated in p. 216, it is evident that the 
foregoing formula will be adapted to that case by putting for each 
of the single integrals which it contains, the difference between 
two others, one of which is extended to all systems of values of # 
and y, which satisfy the equation 


o = 0, 
and the other extended to all systems of values which satisfy the 
equation 

ee =O; 
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Thus we should have, instead of the single term, 


[Vkédyda, 


the terms 
|Vkdydx — | Vi'dyde, 
in which 
diy dy 
, dy Bey iy: Te 


dy? 
and similarly for the other terms. 


Prop. VII. 


107. To find the complete variation of 


[\|Vdadydz, 
where 








vf (e ae du du Le Pu Pu Pu du du “a 
2 de dy dz’ da® dy?’ dz dedy dxdz’ dydz 

The complete variation of a triple, like that of a double inte- 
gral, is found by adding the partial variations which result from 
a change in each of the elements on which its value depends, 
namely:—1l. The form of the limiting function (or functions, if 
there be two). 2. The form of the function w. 

With regard to the former of these, it is evident from p. 225, 
that the variation resulting from this cause will be 


|| Videdady, 
if there be but one limiting function; and 
(| Vkdzdady — || Vk'dzdady, 
if there be two. Here 3 


dp dy 
dz } dz 


TCR) WB) 


2u 
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It remains, then, to consider the variation arising from a change 
in the form of the function uw. If, as before, we denote this par- 
tial variation by the symbol 6, we shall evidently have 


8. {|| Vdedydz = ||{S Vdadyde. 
Substituting for 6 V its value, as given in Prop. II., we have 


6.{{{ Vdadydz = 
dou dou dou a? dsu d?du adu 
eae Bite, is es imme 

[ff coer de Vay + Gg 1 ee * ge 
d?du a?du d* du 
talsy Tay | dade ee 
Reducing this expression, as in the case of the double integral, by 
the method of integration by parts, collecting the different terms, 
and using, for the sake of symmetry, the semi-sum of the two dif- 

ferent expressions which are pi for each of the terms 


) dadydz. . (A) 


a’du deu 
[J Vay BIS duadydz, ij Vanes oe dadyde, (Nl Vis dye om 


we obtain finally, 
8. {|| Vdadydz 


dV ga. Vay eee bee 
mI { ( Ve- Ge 4 GE -4 Se) 























dz dy d 
dou : ddu déu 
£V ng —— 4 
i DEE ee dx 2 Nye dy ja ‘ 
; ava ieayas dV 
+ {(Y- dy ee dz eo dx ex 
+ Vip ath abs EN 2 V, si 
dV. dV. dV. ae 
r ; EP ny eee eae XZ 
+ || {(¥. KE D) dy 2 We ) bu 
vad 
i V0 Vey “ Pye we’ ayde 


ava 20) 5. es 





BV OV PV PV ay Bee EV 


dae" “dy? ' de * dudy " dade * dyde 


E | dudedydz. 
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108. ‘T'wo reductions must be made in this formula before it 
can be used, namely :—1. The reduction of the several double in- 
tegrals which it contains, to others in which the integration shall 
be performed with regard to the same independent variables. 
2. The reduction of the several variations, 


yy, dou, din. dB 
da’? dy’ de” 
occurring under the sign of double integration, to others which 
shall be independent of one another. 
The former of these objects is readily effected, as in the case 
of a double integral, by means of the formule of Art. 95. These 
formulz, which are adapted to the present case by putting 


Vek sd Vagheud Ven 
P-(¥.-T2-3S 9-3 az) ™ 





LOR ee 7a 

dV2 | Vy 4 
dete ody ess 

shes dédu dou — 


seat 1 
aN ee ay tal ay 








R-(V,- 





+Va— 


give 
} A deu ise 


- eae (C) 


d V2 seas ave. 
dz rm 2 da 


_dV yp oe 
Pe peed a ay 


where 








iL 


dic dy dz 
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~p =— pVi2 - LqViy + ¥ View 
0 =- qQVz—- kp Vay + & Vyz, 
=Va- 4 Vas - £QVyz, 


PE dV, dVy_ dVs_ 
de dy dz 


1 eo Wan ee eS devin ay d? V nz : ad? Vyz 
dat" dy dee ” “dady dadz  dydz 


dp 
dz dz dz 


Pes, 92a, = — ee 
dx dy do 
Va) 


109. It now remains only to reduce, as far as possible, the 
number of the variations, 














deéu ddu dan 


Noa da’ dy’ dz 
which are evidently equivalent to 
bu, 3.5, . ee 
Now since 2, y, 2 are connected by the equation 
$ (2,4, 2) = 9, 
if we denote by (=) (F the complete differential co- 


efficients of du with regard to # and y, after substituting for z its 
value in terms of those variables, we shall have 


ddu\ _ dou f deu 

ae) 5 da) 2 ae 
ddu déu dou 
dy} “dy” Taz? 


and, therefore, 


dou (= ; dou 


de  \d«e) © dz’ 
ddu  (deu\ dou 
dy \ dy dz 
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Substituting these values in the expression for 
6. ||| Vdedydz, 
and observing that 


ddu de 
dou dO 
| 9 (= 5 kdedy = - (Zz) kdedy, 


we find, ultimately, 
6 {\[Vdadydz = iI Y - (Ze) (2) } bdudedy 


+ [| Ce - po - 70) S* hdedy 
+ |{| Q8ududydez. 


This expression, as in the case of a single integral, consists of two 
distinct parts, viz.:—1. A number of terms depending on the 
change in the forms of w and its differential coefficients, not for 
all values of the independent variables, but for those values only 
which satisfy the equation 
O(a, y; zy =.0. 

2. A term depending on the change in the general form of the 
function w. 

Adding to this the terms corresponding to the second limiting 


function, and 
(| Vkdzdady — || Vk dzdady, 


which result from a change in the form of the functions @ and y, 
and replacing Y, ®, 0, VY, Q, by their values, we obtain, finally, 
for the complete variation of a triple integral, 


* The reader will find no difficulty in proving, by reasoning perfectly analogous to 
that of p. 231, that any quantity such as 


[®oudy, 
which appears with but a single integral sign, must, in the species of integration with 
which we are at present concerned, vanish of itself. Hence 


\\ ® (= dady = { dudy — {| [ Se) duaay = -{N(<) Oudady. 
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8.,{[Vdaedydz = || Vdzkdudy — || Vezk'dady 

















dVa_, dV2 .dVp ,dVs ave 

+ Va pV a QV y — + 2p + 20 
vn, Vy, Wy _ Wee Wye 
dix dy dz dx dy 


: (D) 
+ V2" + Vays + Viet) dukdady 


+ |[(Vie+p? Veet @ Viz - p Vaz — g Vz + pg Vay) ae kdady 
—|{(Vz- &e.) duk'dady 


dou ,, 
— {[ (Vz2+ &e.) aes Kdady 


da dy dz 


sf V2 : dV diag sd een Pea 
de" dy?” dady " dade ” dydz 











) oudadydz. 
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CHAPTER VII. 


ON MAXIMA AND MINIMA OF FUNCTIONS OF TWO OR MORE INDE- 
PENDENT VARIABLES. 


110. Tue general method of investigation to be pursued in 
this problem is perfectly analogous, in its nature, to that already 
explained in the case of functions of one independent variable. 
Whatever be the number of independent variables in the function 
under consideration, the condition of the existence of a maximum 
or minimum value is the same, namely, that in any species of va- 
riation which the conditions of the question admit of, the linear 
part of the increment should vanish, and the quadratic part pre- 
serve the same sign, negative fora maximum, and positive for a 
minimum. 

If then we denote, as before, by the symbol D, the most ge- 
neral increment of which a function Us susceptible, the existence 
of a maximum or minimum value of that function requires that 
the equation 

DLT = Os 
should be satisfied without any restriction (except those imposed 
by the conditions of the question) upon the increments which are 
assigned to its several varying elements. We shall now proceed 
to apply this theory successively to the cases of double and triple 
integrals. 

In the following discussion we shall first suppose that there 
are two limiting functions, or, in other words, that the conditions 
of the question require the given integral to be extended to all 
systems of values of 2 and y which satisfy the two inequalities, 


¥(@%,y)>9 oy) <9; 


or, in the case of a triple integral, 
Y (a, y; 2) > 0, p (@, UE z) <0. 


We shall then examine the case ofa single limiting function, 1. ¢,, 
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the case in which the original integral is extended to all systems 
of values of w and y which satisfy the single inequality, 


o (a, y) <0, or ¢ (a, y, 2) <9. 


Prop. I. 


111. To determine the function z such as to render 
{| Vdedy i 
a maximum or minimum, where 
dz dz d’z..d°2 ae 
YS 0 ae iy ae daly ap 
Referring to the expression given in the preceding chapter 
for the complete variation of a double integral, we find that the 





equation 
| NBER SG 
is equivalent to 
dy dydV,2 dy’dV.2 dV, d’y 
7S Gs OA Sie s tapes Re ST) y ae ead 
begs da? An de ee Va Gh) 
Beh e ddz 





ees wae i. te.) T= | hae 


| gy Wa Wy PV8 PV ay ae 
3 de dy Y da? dady 4 














+) dedady = 0. 


In seeking to determine the method of i this equa- 
tion, it must be remarked, in the first place, that, as in the corres- 
ponding case of single integrals, it consists of two classes of terms. 
which are essentially distinct from each other, namely:—l. A 
number of partially integrated terms, whose value depends upon 
the forms assigned to the functions dy, éz, not in general, but 
only for those values of, the variables w, y which satisfy the 


equation 

o (2, y) = 0, or (ay) =0. 
2. A number of terms wholly unintegrated, whose values cannot 
be rendered determinate without fixing the general form of the 
function dz. 
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It appears then, by the application of the principle laid down 
in the case of simple integrals, that the equation (A) can be sa- 
tisfied only by equating separately to zero these two classes of 
terms. Assuming, for the sake of brevity, 


——— 


ee dy dV, 
a=V,-V, + 2° ep + &c. 
dy” dy 
B=Ve7, Vay = + Vip 
diengd Vs 
meaty 2g 0 


we have, in the first place, the three equations, 


| ( Vay + abe + p= = ) Hae = 0, 


| ( Vay + ade + BF) kaw = 0, (B) 
f[ Qdzdady = 0. 


Now, it will readily appear on referring to the case of simple in- 
teorals, that these equations cannot be satisfied without either 
limiting the generality of the variations dy, dz, or equating to 
zero the terms under the sign of integration. 

The former of these methods being inadmissible, we have 
from the other the equations 


(Vay + 082+ 8G) = 0, 


0 


(Vay + ade + BF) 6; (C) 


1 
O'= 0, 


the first belonging to the limiting function y, and the second to 
the limiting function g. We shall suppose, for the sake of sim- 
plicity, that the equation 
Q =0, 


which is evidently a partial differential equation of the fourth 
eee 
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order, admits of a solution in which the quantity under the func- 
tional sign is the same for all the arbitrary functions which it 
contains.* The number of these functions will in this case be 
four. In order then to render this solution definite, it is neces- 
sary to have some mode of determining these functions, and we 
shall now proceed to show that the first two equations (C) 
furnish the means requisite for that purpose. This is to be — 
proved, as in the case of single integrals, by an examination of 
the different cases which may result from the nature of the data 
in the particular problem to be solved. Previously, however, to 
entering upon this examination, we shall enunciate the following 
principle, which will be found of great use in the application of 
equation (A), and whose truth is an obvious consequence of the 
first principles of our science. 
Tf in the general_expression for the variation of a multiple inte- 
gral there be found a term of the form 


{{.:. Weuday day... “das, 


and if the conditions of the problem, into which this integral enters, 
be such as to render u a determinate function of 2), £2....Xn, this 
term will vanish of itself ; and if, in the same expression, there be 
found two integrals of the form 


{[... dudaida, ...* dita, 
and 


{\.. ..< c<U Owdajding. dame 


and that the conditions of the problem into which it enters are such 
as to render u a determinate function of #1, t2....%n, and u, these 
two terms may be reduced to one. 

The first part of this principle is self-evident. For, if u be a 
determinate function of a, v2.... itis plain from the meaning of 
the symbol 6 that du=0. The truth of the second part is also 
apparent. For, if 


u=f (a1, %....U), 





* The absence of a perfect analogy between the arbitrary functions which enter into 
the solution of a partial differential equation, and the arbitrary constants which are 
found in that of an ordinary differential equation, render this discussion much less satis- 
factory than that of Chapter III.— Vide note on p. 242. 
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it is plain that we must have (p. 8) 


and, therefore, that the two terms mentioned above are reducible 
to the single term 


Hie? (us. +0) ou dx dx,.... dln. 


112. The truth of this principle being thus rendered appa- 
rent, we shall next proceed to apply it to the several cases which 
may occur in practice. 

(1.) Let the limiting function @ be a given determinate func- 
tion of w andy. In this case, y, as found from the equation 


¢(#,y) =9 
is a determinate function of x, hence 6y=0. The other variations, 
ddz 
OZ, are or 62, oq, 
remaining arbitrary, the first of equations (C) can only be satis- 


fied by equating the coefficients of these variations to zero. 
Hence we must have at each limit of integration, 


Om OU; 


In other words, the first of equations (C) is equivalent to the two 
equations, 


ay= 9, Bo = 0. 
Similarly, from the other limiting function we have the equations 
a) = 0, cy = 0. 


These, with the equations 


(2; y) = 0, (2%, Yy) = \by 


are sufficient to determine the four arbitrary functions which 
enter into the solution of the equation, 


OO. 
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The quantity under the functional sign being supposed the same 
in all these arbitrary functions, it is evident that the solution of 
the equation 


Q =0 


E(x, y, 2 grr), g2(r), pa(v), pa(v)} = 9, 
v being a determinate function of «, y, 2, and which we have 
supposed to be the same in all the functions. Suppose, to fix our 
ideas, that 


will be 


v=au + by + cz. 
We have then the equations 

v= ax + by + cz, 

¢(#,y) = 9%, 

ao = 0, 

F(a, y, 2, piv), p2(r), ¢3(v), p4(%)} = 9, 

Eliminating x, y, z between these equations, we have evidently a 
result of the form 


F1 {2 pile), $2(%)s pa(v), pa(v)} = 0. () 
Proceeding in the same way with the remaining equations, 
a, = 0, Bo = 9, Bi = 0, 
it is plain that the result will be three other equations similar 
to (1), which we shall denote by 


FY, {v, o1(v), p2(v), g3(v), pa(v)} = 9, (2) 
F{v, oi(v), p2(v), p3(v), ga(v)} = 9, (3) 
F's {v, o1(v), g2(v), p3(v), ga(v)} = 9. (4) 


These four equations, (1), (2), (3), (4), determine the four arbi- 
trary functions, $1, $2, $3, @4, In terms of v. Substituting the 
values so found in the equation 


F((2, y; 2, pil), $2(e), pa(v), pa(e)} = 9, 
and replacing v by its value, 
ax + by + cz, 
we have an equation free from arbitrary functions, and of the 


form 
I (@ % @) = 9. 


pa 
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This equation furnishes a complete solution of the problem. If 
the quantity under the functional sign be not the same in all, the 
determination of the functions will, in general, present insur- 
mountable difficulties.* 

(2.) Suppose that the limiting values of z are also given in 
terms of w, or in other words, suppose that the limiting values of 
2, y, 2 are connected by the determinate equations 


FY 2) =9, fy 2) = 0. (D) 


The limiting values of z and y being both in this case determinate 
functions of z, it is plain that 6z=0, dy=0, and that therefore 
the equations furnished by 


doz 
( ray + aoe + Bae) = 0 
are reduced to one, namely, 


Bo = 0: 


Taking, as before, the case in which the quantity under the func- 
tional sign is the same in all, and eliminating 2, y, z between this 
equation and 

v=ax + by + cz 


Se, 2) =, f(a 2) =9, 
F(a, y, 2, pi) p2(%), g3(v), ga(v)} = 9, 
we shall have two equations of the form 
Fy {v, gil), p2(r), 3%), ga(v)} = 9, 
Fe {v, gil), gov), $3(0), $a(0)} = 0. 


Two others of the same kind being given by the equation 


(Vay + ade + BS) -0, 
1 


it is plain that the arbitrary functions contained in the general 
solution are completely determined as before. 





* Vid. Lacroix, Traité de Calcul. Dif. et Int., tom. iii. pp. 228-238. 
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(3.) Similarly, if the limiting value of either* of the differen- 
tial coefficients, 
dz dz 
da’ dy’ 


be given, it is evident that the equation 


ddz 
(Vay + ads + BF), =0 
will disappear of itself, inasmuch as 


yo = 9, 82) = 9, (a), = Q, 
and that we shall have for the determination of the arbitrary 
functions, in addition to the equations (D), another equation, 
formed by differentiating the general solution with regard to 
either w or y, and substituting the given limiting value of the dif- 
ferential coefficient, 


APRN i 
The number of the ancillary equations remains, therefore, the 
same as before. 

(4.) Let the limiting function ¢(#, y) be an unknown fune- 
tion whose form is to be determined by the elimination of z be- 
tween the solution of the equation 

Q = 0, 


and the determinate equation 


z=f(a, y). 


* Tf either of these quantities be given it is plain that the other is also given. For, 
since the equations 


S@Y%2z)=0, f (ey, x) =0. 


are supposed to hold for all the limiting values of 2 and y, we have 


af af de ay (a a 


dx dzdz, dy dz dy 
af » df dz lf df'dz 
eae dz | de z(e+25 } =o 


d AAs A Y d d. 
Eliminating (2 , and substituting the given value of either (= or ( =) » we have 
0 0 0 


the value of the other. 
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No term of the equations (C) disappears in this case, but as the 
limiting values of x, y, and z are connected by a determinate equa- 
tion, it appears, from the second part of the above-stated principle, 
that the terms containing their variations are consolidated into 
one. In fact, if we denote the solution of the equation 


Q=0 by 2=x(2, 9), 
we shall have 
SHY) = X(%Y), 
and therefore, taking the complete variation of each side of this 
equation, 
or by = Th by + By = Day + Be 


eiedsy da ; 
or, denoting a iy by 7,9, 


qoy = qoy + &2, 


oz = (7 - 9) ey. 
In this case, then, the equation 


[Vay + ade + BT) = Q), 
0 


and, therefore, 


is equivalent to 

Vor aso 9) = 0, Bo= 0: 
These, with the equation 

z=f(2, 4); 

furnish two relations between the arbitrary functions which enter 
into the general solution. Two others are furnished in a similar 
manner by the conditions which are supposed to hold at the other 
limit. 

And, in general, it is plain, as in the case of a single integral, 
that when any condition diminishes the number of equations fur- 
nished by (C), by annulling or consolidating any of its terms, it 
will, at the same time, supply a number of additional equations 
sufficient to make good the deficiency. 

113. It appears, therefore, from the foregoing discussion, that 
in the case which we have been considering, that, namely, in 
which there are two limiting functions, the problem is in general 


™ 
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possible and determinate, the number of the ancillary equations 
being the same as that of the arbitrary functions which enter into 
the general solution. There remains, however, one important 
case to be considered, namely, the case of a single limiting func- 
tion, or that in which the given integral is supposed to be ex- 
tended to all values of x and y, which satisfy the condition 


p (x, y) < 0. 


The number of the equations by which the arbitrary functions 
are determined being, in this case, reduced by one-half, it may 
naturally be expected that the problem will, in general, be inde- 
terminate. In certain cases, however, the following consideration 
will render it determinate as before. 

It is an essential condition of the process of definite integra- 
tion that the element of the integral, i.e. any one of the quantities 
of whose sum the given integral is the limit, should not become — 
infinite within the limits of integration. Hence it is plain that 
after determining, as far as possible, the arbitrary functions which 
enter into the integral of the equation 


O=0, 


it will be necessary to reject from the result any solution which 

renders the element of the integral infinite, for any system of 

values of « and y which is found within the limits of integration. 

If this condition leaves any of the arbitrary functions still unde-— 
termined, we infer that the problem is in its nature indetermi- — 
nate. 

114. The above-stated theory is, as might naturally be ex- 
pected, subject to exceptions, similar in their nature to those 
which are to be found in the application of the Calculus of Va- 
riations to integrals of the first order. Of these exceptions, the 
most remarkable is of a nature analogous to that stated in Art. 
28, (1). The existence of that exception results, as will be seen — 
upon referring to the Article quoted, from the fact that in certain 
cases the differential equation is of an order less than 2n, and that — 
therefore its solution does not contain a sufficient number of arbi- 
trary constants to satisfy the conditions furnished by the terms 
which are found without the sign of integration. 
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Similarly, in the case of a double integral, if the partial diffe- 
rential equation, 
Or= 0, 


be of an order less than double that of the highest coefficient 
contained in V, its solution will not in general contain a sufficient 
number of arbitrary functions to satisfy the conditions furnished 
by the terms which appear with but a single sign of integration. 
The conditions necessary to the existence of such an exception 
are, therefore, to be investigated by considering in what case the 
terms of the highest order disappear from the equation 


Q = 0. 
Confining our attention for the present to the case in which V 


contains no differential coefficients of an order higher than the 
second, we shall have 


EA ee NENG 1 A EB NST al a 
Q = Sse we ore a Seeiieh ah ye 
da dy da” lady dy? 











In this expression it is plain that the differential coefficients of the 
highest, 1. e. of the fourth order, are contained exclusively in the 
last three terms. Putting 


dz dz dz dz dz 
P~ aa? 9 ay "da? ° dedy > 
and neglecting all terms except those of the highest order, we 
have 
dV,.2 dV dtz BV diz a@V diz 
“da? dr det” drds da? dy ” drdt da?dy? 


PV PV diz PV die  @V die é 
dedy drds dx'dy ds? dxdy? ° dsdt dady> (F) 
d? Viz = d2V diz 3 PV diz RV dtz 
dy? ~ drdt dx®dy? ° dsdt dedy? a eee dy 











Now if the terms of the highest order disappear from Q, it is 
evident that the coefficients of the several quantities, 


eee 


da*’ dx dy’ du*dy? dady®’ dy® 
ee 


vi! 
? 
6, 
; 


must vanish of themselves. Adding, therefore, the equations (F), 
and equating the coefficients of these quantities separately to zero, 
we have the equations 

av Tin if a Vien Sw ay PV 


0, gat? ay =o) Gee ee 
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=(. 


——_— — 


dr?’ drds~ 
Integrating the first two of these equations, we find 
Vix f(s Ys 2 Ps Gt) + (Ls 95 2 Ps G % O) 
Similarly from the last two, 


V=of (@, Y, 2 2, 9,7) + F (&, Y, 2 Ds Ds 


Identifying these two expressions, it is plain that we must have 
V= Art+ Br+ Dt+ F'+ (3, p, 9, 2, Ys 2)s (G) 
where A, B, D, Fare functions of 2, y, z, p,q. Hence we have 


fase dV do 
drdt ~~’ ds? ds?’ 
Substituting these values in the equation 


a V Sada 


AES drdt os 
we have 
dh 
PEs oe 


and therefore | 
po =- As?+2Cs+C. 


Substituting this value in equation (G), we find, ultimately, 
V=A(rt—s?)+ Br+ 208+ Dt+ LH. (H) 
If, therefore, V be of this form, the equation 
1) 


cannot be of an order higher than the third. 

We shall now proceed to show that in this case the above-— 
mentioned equation cannot rise above the second order, or, in 
other words, that if the terms of the fourth order disappear, those 
of the third order will disappear also. 
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We have, from equation (H), 
Vep=Ati+B, Vy=-2As+20, Vp=Ar+D, 


dA dB dc. ,eP 

V, = (ré — s?) — pce —, 
ict dp vee dp ee dp” 

dA | ob dC dD 

— yt — 2 ——— = ————— 
i”) dg” "dq ine dq ma dq’ 


neglecting the term /, which will evidently give no differential 
coefficients of an order higher than the second. Hence we find 


by differentiation, 


| Ro ee we ae 
az «dt dp dq? dz” de 


By dB bi dB fi dB i dB 
dp dq Paz da’ 
Similarly, 


i 
2 





aV'sy Gee iat Kate gamed 
Fe dp dq 1 Ge dy 


+ Bg +¢ ae + aC + ay 
[ dp dq Lz dy’ 
Hence, if we neglect terms of an order lower than the second, 


eed Veg 

da dy 
oe dC dD dA | dA ; dB dC dA_ dA 
Meedg dp dz Paz 


a 





dg dp dy 1 dz 
= mt — ns (suppose). 


In the same way we find 
dV, y Way ya 
dy ~ ak 
=+(S dB dA =) ri (‘2 dC dA _ =) 


dp dq dy de dp dq du ° dz 
= nr — MS. 











252 ON MAXIMA AND MINIMA OF FUNCTIONS 





But since 
d (dV 2 1 WV ay dV ,p y Very 
Mees da =([ a dy -V.) 4 5 (a dy +2 Ge -¥;) 


d d 
=Z+ oF (mt — ns) + ay (nr — ms), 


it is plain that if the differentiations be actually performed, all 
terms of the third order will disappear from Q. 

115. It is necessary to notice here a remarkable difference 
which exists between the present case and the corresponding ex- 
ception, which was noticed in the case of single integrals. The 
existence of such an exception in the latter case was shewn to 
result from the fact that the integral to which the calculus of 
variations was applied had not been previously reduced to its 
lowest terms. In fact, if V be a linear function of the highest 
differential coefficient which it contains, we have seen (p. 47) 
that 

[Vde = +{ pdx, 


in which ¢’ contains no differential coefficients of an order higher 
than n-1. 

No such reduction, however, is practicable in the present case. 
For, if we assume 


|| Vdady = o + {j p'dady. (1) 


@ being a quantity consisting of single integrals and referring 
solely to the limits of integration, and take the variation of both 
sides according to the foregoing rules, it is evident that the coefti- 
cients of 6z under the sign of double integration must be the 
same in each. Now, if V be of the second order, ¢’ will be of 
the first, and, therefore, in its variation the coefficient of 82 
under the sign of double integration will be a linear function of 
r, 8, t. Hence, it is plain that the assumption (I) will be im- 
possible if Q contain any powers of these quantities higher than 
the first. 

But it is easily seen that if V be of the form (H), Q will in 
general contain a term of the form 


M (rt - s*). 
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The reduction of the given integral to another of the first order 
is, therefore, in general impossible. 

116. As an example of the foregoing theory, let it be required 
to determine the form of the function Z such as to render the 
double integral 


|] (pa + qy - 2)" dady, 
a maximum or minimum. Here we have 
Z=—m(pa + gy - 2)", 
V,=m(pxe + gy - 2)™ 12, 
Vy = m(pa + gy -2)""*y, 
ie OV = O50 ee = 0; 
dV, 


7 =m (px + gy — z)™1+m.m-1 (pat qy -z)™* (ra? + sry), 


Substituting these values in the equation 


Q =0, 
it becomes 





re? + 2sxy + ty? + ay (pe+qy—z) =0. (a) 


To integrate this equation, assume 
U= px + Qy - z. 


Differentiating successively with regard to « and y, we find 
= ra +9 SE cros 5 

dx Hi Fil Te api 

hence 


du —s du 
22 4 Ps ew es —— 
rx + 2sxy + ty? =x ree a 


Substituting this value, as also that of px + gy — z in equation (a), 





, we find 
m 


and putting n for ve 


it 
"de v 


du 
ees S517), 
Ty 
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Integrating in the ordinary way this partial differential equation 
of the first order, we have 
u= ar (4), 
x 


or, replacing w by its value, px + gy — z, 
pet+qy-z2= oF(2) 


This, which is also a partial differential equation of the first 
order, admits of being integrated by the ordinary method, which 
gives, therefore, as the complete integral of equation (a), 


Ae of (2) + aF (2) (b) 


We shall now proceed to determine the arbitrary functions in 
this solution, according to the various data of the problems which 
may occur. 

(1.) Let the forms of the limiting function, ¢, ~, be given, 
e.g. let it be supposed that the limits of integration are so taken 
that the definite integral may represent the limit of the sum of 
the elements, . 

(pa + qy - 2)" dady, 


for all systems of values of « and y which render the signs of the 
functions 
(w-a)? + (y- 6)? - &, 
(a - a)? + (y — 6)? - 2, 
different. 
Here dy = 0, and the first of equations (C) becomes 


Vy- Vom = 05 (c) 


. . d . 
or putting for V,, V, their values, and for a its value derived 
ae 


e 


from either of the equations 
(a — a)? + (y- 6)? - 2 =0, 
(« - a)? + (y- 6)? -c? =0, 
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we find the following equation, which must hold for each limit of 
integration, 





ae 35 w.0-a\ _ 
m( pa + gy - 2) (y+ as 0. 
This equation may be satisfied either by making 


px+qy—-z=0, 
or by making 
“.L- A 


ae Ur 


With regard to the latter of these suppositions, it must be remem- 
bered that equation (c) is supposed to be true independently of «, 
and to require merely that y should have one of the two values, 


b+ ¥ (2 —(a-a)?). 


This supposition, therefore, which would establish a second equa- 
tion between y and 2, is inadmissible. Neglecting this, then, let 
us consider the remaining equation, 





Gr 


pet+qy-z=0. 


Substituting for p and g their values derived from equation (b), 
we find that the equation 


pe+qy-z2=90 
is equivalent to 


This equation of condition would reduce equation (b) to 
ep We 
#() 
which would give, generally, 
pet qy -'z =), 
V=0. 


and therefore 


And it will readily be seen that this conclusion does not depend 
upon the particular form of the limiting function which we have 
selected, but merely upon the fact that it is a function of v and y 
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only. It appears, therefore, that if the form of the limiting fune- 
tion be given, the limiting values of z remaining indeterminate, 
the given definite integral does not admit of a finite maximum or 
minimum. 

(2.) Let the limiting values of z also be given, e. g. let the 
limits of integration be supposed to be so taken, that the definite 
integral may represent the sum of the elements for all values of 2 
and y which render the signs of the functions x+y? —- a? and 
x? + y?— a”? different, and let it be supposed that, for all values of # 
and y which cause the first of these functions to vanish, z has the 
constant value c, and that, for all values which cause the second to 


vanish, it has the constant value ¢. Assuming t= a we have for 
the first system the equations 

z= af (t) + a Fé) 

zZ=¢, y=lta, 

x+y? = Q. 


Eliminating x, y, 2 between these equations, we find 


= yaa! O* (Farm) MO 


Similarly from the equations 
z=af(t)+a h(t), y= ta, 
2=0,° Spare a®, 


we find 


/ 


a 
vara) ‘(Farm 5) 
Solving these equations for x Y. and F(#), we have 


/ 


E(t. 


f= ahora 2" (+2), 


FG) = ea + p)2 2 


— aa" 


Substituting these values in the equation 


z= af(t) + a F (2), 
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and replacing ¢ by its value, we have, finally, 


(aa — da”) 2 = (ca — Ca") f(y? + 42) + (Ca — ca) (y? +a2)?. (a) 


We shall next proceed to consider the case in which there is 
but one limiting function. Suppose, for example, that it were 
required by the conditions of the problem that the given integral 
should be extended to all systems of values of 2 and y, which 
render the function 

e+y—a 
negative. 





Writing for n its value 


be 


—y the general solution (b) will 


gs af (4) + ie r(2) 


Forming from this equation the value of 


V= (pe + gy 2)" 


9 4+ 9y,\™ 3m y m 
fa a 1l-m MS } 
v= (p's r(t)} 
Now, according to the principle of p. 248, every solution must 
be rejected which would render this value infinite for any values 


we find 


3m 
aa be ne- 


gative, 1.e., if m be either between — o and 0, or between 1 and 





of y and 2 within the limits of integration. But if 


+ o, itis plain that unless / (2) be zero for all values of z, we 
shall have V= o» wheny=0,2=0. In this case, therefore, the 


part of the solution involving F (4) being neglected, equation (b) 
becomes ; 


and it is easy to see that the condition, that when w? + y? - a? =0, 
2 shall = c, reduces this to 


az= cy (y? + x). 
2olee 


4 
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If, on the other hand, — be positive, 1. e. if m he between: 


3m 
0 and 1, the quantity 2'™ will not become infinite for any value 
of « within the limits of integration, and we may, therefore, as-_ 


sume for F’ (2) any function which does not become infinite 


within those limits. Such a value being assumed for / (2) the 


other arbitrary function is determined, as before, by the condition 
that when z=c, x?+y?=a?. This would give 


2. fe aD} ser © 


(y? + @*)s 





putting n for i This result is the only one which furnishes a 


real finite solution. 

(3.) As V does not contain any differential coefficients of an 
order higher than the first, the term involving éq will vanish of 
itself from the first of equations (C). Case 3 is therefore here 
inapplicable. 

(4.) Let it be supposed that the forms of the limiting function 
or functions are not directly given, but to be determined by the 
elimination of z between the solution of equation (a) and the 


equations 
=ax+ by +, 
z=ant+ byte. (f) 


([V+a(q-Q}o= 


(V+ V.(p'— p) + Vi(q' - 9)}o = 9, 


of p. 247, becomes, in this case, by the substitution of the values. 
OVS View V5 


(pa + qy—2)™+ m(pw + gy — 2)" {(p'- p) &+(¢- gy} = 
or, neglecting the factor (pa + gy — z)™, 
(L—m) (px + qy-2)+m(pa + qdy-z) = 0. 


Substituting for p, g their values derived from the general solu- 


The equation 


or 
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tion (b), and for p’, ¢ their values derived from the first of equa- 
tions (f), this becomes 


ff 
(2+m) oF(¥) = me. 
Making, as before, z = t, we have 


z= af(t) + a" Fé), 
z=(a+ bt)xe+e, 
(m +2) a F(t) = me. 


Putting, for the sake of brevity, 


u=f(t), v= FO), 


and eliminating z and vx”, we find 
2c 1 


mid u-a—oe 
Substituting this for # in the third of the above equations, it 
becomes 
Qn 
2 as a eee 1-2 pn-l 3 
(u-a — dt) — (m+ 2) eRliv 
Similarly, from the second of equations (f), 


(u a bt)” = “ (m ae p A erly, 


From these equations we find readily the values of w and »v, 
namely, 


n-1 n-1 

é” (a+ bt)—e” (a + Ot) 
ae ea Ga A? 

a 
2 eae 
and hence 7 
n-1 m-1 
= nm-1 


n-1 ? 


wt Huvetia a ba) ae 
+m (m 4+ 2-1) Stu Det i 2] 
alr er | 


Cainer CL 
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It is not difficult to see that this solution may, by transformation 
of co-ordinates, be put under the form 


(e+y)" = A™!z. 


The general solution (b) fails when »=—1, as it will then 
contain but one arbitrary function. But by integrating, with — 
special regard to this case, it is easy to see that the real solution is 


Cy § (2) - ele (4), 


This case corresponds to 
V = (pet qy- zy’, 
and the reader will find no difficulty in applying to it, according 
to the conditions of the problem, the mode of determining the 
arbitrary function given above. If the limiting functions be 


“e+y?-a, “2 +y?-a?, 


and the limiting values of z, ¢, andc’, as in case 2, the result will 
be of the form 





2 4 2 
Az=Byy+a)i(? a ) 


117. As a more general problem of the same kind, we may 
suppose that it were required to determine the function z of such 
a form as to render 


(lf (pe + gy - 2) dady 


a maximum or minimum, f denoting any function whatever. 
In this case, putting w= px + qy —z, we have 


Z=-f(u), Ve=aft, Vy=yf'(W). 


The equation 


becomes, therefore, 


du du of (u) _ 
“ae! dy Fw 
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Integrating this equation in the ordinary way, we find 


ef (i)~9(4), or un pr{s-6(4)}s 


or finally, replacing u by its value, 


pe + qy- e-f1 {5 0(2)}. 


This equation, which admits of being integrated as a partial dif- 
ferential equation of the first order, gives 


z=ap = eal pr (S sas 


in which, after the integration with regard to w is performed, a 
must be eliminated by the equation 


Thus, for example, if the given integral were 


(2 (px + qy - z)dady, 
it is easy to see that the solution would be 


Za Ho (2) + ap (2), (b) 


This result is not contained in the general solution of the prob- 
lem given in p. 254. For, in order to make equation (b) identical 
with the general solution, 


alt)-e4() 


it would be necessary to have n = 3, which would give 


(a) 


v2” 


n+3 
m= = 





a value obviously inadmissible. 
118. As another example, let p be any function of «, y, 2, 
and let it be required to determine z such as to render 
Il oe (pa + qy — 2) dudy 


a Maximum orminimum. Here 
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d 
Z= (pa gy -2) a — th 


Vo= pr, Vy=py- 
The equation 


QO=0 
becomes, therefore, 
du dm du 
* da Tdy de yu 


If the given function « were a homogeneous function of the n’ 
order, this equation would be equivalent to 


(n+ 3) = 0, 


and could therefore be satisfied only by making p=9, unless: 
when n=-— 8, in which case the equation would become iden- 
tical.* 

119. Again, let it be required to assign such a form to the 
function 2 as will render 


[| V (p? + 9) dady 
a Maximum or minimum. Here 


its 2 


ns 


Vv ss «|6CYy = 
V (pi+gy > * eee 


and the equation 
iy=0 
becomes 
g’r — 2pqs + p*t = 0. (a) 


The integral of this equation is, as 1s well known, 
y = afz + Fz. (b) 
(1.) Suppose that the forms of the limiting functions, @, ~, are 
given, e.g. let it be supposed that the integral is extended to all 


systems of values of y and aw which give different signs to the 
functions 


w+y?—a? and a2? +y?-a?. 


* For an explanation of this case, vid. Chapter X. 
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Since dy = 0, the first equation (C) is reduced to 


! dy 
V,- Marae 05 


a d : 
or substituting for V,, V,, and “, their values, 


1 Ld SEE Neel Gait ere ha 
v (p?+ 9?) VW (p?+ @?)’ y 
pe t+ qy = 0. 


Substituting for p and q their values derived from the equation 
y=af (z) +f), 
this condition becomes equivalent to 
ze 0; 
The general solution is therefore in this case reduced to 


y = af (c) 
the function / remaining indeterminate, inasmuch as it is plain 
that the condition, 

dy 
Vy = ae da => 0, 
is satisfied also at the second limit of integration. Here, there- 
fore, the conditions furnished by the nature of the problem are 
not independent. But if the second function were of a form dif- 
fering from that of the first, the equation would again become 
determinate. Thus, for example, if the second limiting function 


(0) 


it would be easy to show, by putting the general solution (c) 
under the form : 


-n(0 


to which it is reducible by the condition F’=0, that the conditions 
of the question are only satisfied by the equation 


a = C, 


264 ON MAXIMA AND MINIMA OF FUNCTIONS 


As, however, this equation renders V = 0, it does not give a finite 
maximum or minimum. 

A similar conclusion would be arrived at if we supposed the 
integral to be extended to all values of # and y which render 


gi (= 2? + y? — a”) 


negative. Tor if we derive from the equation 


AQ 


to which, as before, the general solution is reducible, the values 
of » and g, we shall have 


v(p+g)=o V( + a) 


It appears, then, by the reasoning of pp. 248, 258, that 7%; = 0, and 
therefore that 


A =Z=C. 
(2.) Next suppose that the limiting values of z are also given, 
e. g. let it be granted that when 
e+y—e=0, 2m, 
and that when 


we+y?-a?=0, z=m=. 
Eliminating y and w from the general solution, 


= af(z) + Fz, 


by means of the first two of the above equations we have the 
relations, 
az am 


/ (in? + 2) Wf v(m? + pl) ye) 
Similarly from the second two, 


az am 


V (m2 + 22) - ale ) + #2). 


bho 
oP) 
et 
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Solving these equations for ¢(z) and Y(z), we find 


_ ao (m2 + 2?) -a J (mi +2) _ 


aa (m — mM) z 
amy (m? + 2”) — am’ y/ (m? + 27)’ 


ie) = 


Hence the complete solution of this case is given by the equation 
fam (m? + 2°) —a'm'y (m2 + 2?) ly 
= {ay (m2 +22) — ay (m? + 2°)} ze + aa’ (m—m) z. 


120. Problems of relative maxima and minima are to be re- 
solved on precisely the same principles as those which have been 
already applied to expressions involving single integrals. Thus 
if it were required to assign such a form to the function z as to 
render one integral, 

{| Vdxdy, 
a maximum or minimum, and another, 


{| V'dady, 


equal to a given constant, we should obtain the solution by assign- 
ing such a form to the function as to render 


([Vdady + m{|Vdady 


a maximum or minimum, determining, as before, the arbitrary 
constant, m, by the given value of the second of the above in- 
tesrals. The remainder of the investigation is precisely similar 
to the case of absolute maxima or minima. 

The principle upon which it is shown that the indeterminate 
coefficient, by which the second integral is multiplied, must be a 
constant, is also perfectly analogous to that of Art.61. It results 
in every case from the fact that, as the equation which is to be 
satisfied is of the form 


See Videdy ...=¢, 


the indeterminate coefficient by which this equation is multiplied 

is found without the sign of integration. For, since the final re- 

sult of the process of definite integration is a constant quantity, 

i. e. one which does not involve any of the variables, z, y,... 
2M 


% 
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which are found in the function to be integrated, it is plain that 
an equation of the form 


[f... Wdady... +A... W dade 


cannot be satisfied by any other than a constant value of X. 

The same thing will also appear by considering the definite 
integral as the swm of a number of elements. The equation of | 
condition will then be 


Vi daydy, ...+ Viedazdyz...+ V’3dazdy3 ...+ &c. = const. 


V4, V2, &., being the values of V’ corresponding to the several 
systems of values, 


Hi; Yap ate, Lovee pda 


Multiplying this equation by an indeterminate coefficient, A, we 
shall have 


ACV daydy, ...+ Viedadyz2...+ V'gdazdy3...+ &c.—c) = 0. 


Hence it is plain that the factor A, which is evidently identical 
with m in 

([... Vdady...+mil....Vdady, 
is the same for all the quantities, 


V4 9 V's 4 V's > &e . 9 


i. e. for all systems of values of w, y, .. . It is therefore constant. 

121. Another species of relative maxima and minima is that 
in which the integral or integrals which are to have a given value 
relate only “to those values of the independent variable which 
satisfy the limiting equation, 


¢ (@, y) = 9, 

and are therefore of an order which is necessarily inferior by one 
to that of the integral which is to be made a maximum or mini- 
mum. 

There is no essential difference between the mode of treating 
_ this and any other case of relative maxima and minima. The 
variation of the integral whose value is given is to be mul- 
tiplied by an indeterminate constant, and added to the terms out- 
side the highest sign of integration in the variation of the original 
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integral. ‘The problem is then to be treated as in the ordinary 
ease, and the arbitrary constant determined by means of the in- 
tegral whose value is given. 

122. Asan example of relative maxima and minima, let it be 
required to find, among all the functions which render the defi- 
nite integral, 


[Vv (p? + 9°) da, 


equal to a given quantity, that one which shall render 


J (@- pe - qy) de 


4 maximum or minimum. Here 


Vez-pe-qytny (p?+ 9); 
and, therefore, 


ee ey 
Veay ey (pig) 
Deriving from these the values of = and 7 substituting them 
in the equation 
Uae iy 
Z - Fadi armen 0, 


: ; a 
and putting, for the sake of brevity, m= -— =? we have 


grr — 2pgs + p't=m(p? +P) (a) 

This equation, which is easily integrable by the ordinary method, 
ives 1 

3 (a + Ya(z)} + (y + Yo(2)") = =. (b) 


Among the different cases which may present themselves for 
the determination of the arbitrary function, we shall select that 
in which there are supposed to be two limiting functions deter- 
mined by the elimination of z between equation (b) and the two 
equations | 

ae ap be aA, 
(c) 
(a+z)?+(y+z)?=B?, 
respectively. Substituting the values of V, V,, V, in the equa- 
tion 
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; Vit Ve(p' =p) + Vel qie@ 
it becomes 
n( pp +97) 
2-2 —oy + — ee (d) 
P qy Vv (p? + @) 
But from the first of equations (c), 
gel Nel ee 
PO ina 
hence 
; Oe ak 
sia at ic 
Again, equation (b) gives 
ee x% + Wi(Z) 
{2+ wi(z)}Wile) + (y+ Yo(z)} Pelz) 
y + ale) 


to (a+ Zi) + (y+ hO 2) 
Making these substitutions in equation (d), it becomes 
A? = 3{a + h(z)}a + Bly + Polz)}y 
wibr(z) + ypo(z) = 2 — 3 
From this and the equation 
(a + Ya(z)}? + [y+ po(z)}* = 


it is easy to see that we have between y and et the relation 


or 


eae 


(Ya(2)}? + (a()}2 = a + 94? 28 


Adopting the same method with the second of equations (c), 
and supposing, for the sake of simplicity, that A = B, we find 


filz) + Yo(z) =22. 
Determining from these equations the values of yi(<) and y2(z), 
and substituting them in equation (b), we find, ultimately, 


{4a + 2+ (m? - 92?)}?+ {4y+z—- (mm? — 92*)}? = = 


where 
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_ The constant m is of course determined by means of the given 


value of the integral 
Sv Cp? + g?) dady. 


Prop. II. 


123. If z be a function of w and y, satisfying the equation 
D.\\Vdedy = 0, 
to determine what other conditions are necessary, in order that 


the corresponding value of the integral may be a maximum or 
minimum. 


The general theory of maxima and minima requires, as in the 
case of a single integral, that the second variation should preserve 
the same sign, whatever form (consistent with the conditions of 
the question) may be assigned to the variation dz. Distinguish- 
ing, as in Prop. V., Chap. III., between the problem which con- 
cerns the variation of the limiting values of z and its differential 
coefficients, and that which concerns the variation in the general 
form of the function, and confining our attention to the latter 
question, we shall suppose the limiting values of 


dz 

dy 

to be given. This condition will annul any terms which are 
found outside the sign of double integration. Now the second 
variation of the given integral will evidently be 


2 27 
32(f Vandy - Na ar? bat SE 3 2 are 


z Wee r 
eet at Tz) ° 


dt? 





eee 
i ct a 1, 881 +2 tds ape 7, 84 


oA  8r8e4 2 aes Tae + we 7, + i = 5 6882 (A) 


a2V v 
ony] oy dtp ae + ae rie + 





ea 
Sn2 
ee 


: P30? + pees 7, 881 +2 ae +2 o 8482 


‘oe ad 


82") de ? 








<< 
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The general principle upon which this method is founded is, that 
in consequence of the indeterminate nature of the variations which 
are found in (A), such values may be assigned to these quantities 
(by giving a proper form to 6z) as to render (A) either positive 
or negative, unless one of the two following conditions be fulfilled, 
namely :—1. That the sign of the element or quantity under the 
integral sign in (A) be independent of the variations $7, ds, &e. 
2. That the integral (A) be capable of being reduced to another, 
in which the sign of the element shall be independent of these 
variations. In the first case the element of the integral in (A), 
considered as a quadratic function of six independent variables, 
must preserve the same sign, independently of the particular 
values of the variables which it contains. It must, therefore, be 
capable of being resolved into a function of six squares of the 
form 
A (dz +a dp +a’dq+ &e.)? + B(ép + B'dq + &e.)? 
+ &e. (B) 
+ Ide, 


in which the coefficients A, B,...JZ have all the same sign.* 

In the second case, in which the integral (A) is reduced to 
another which satisfies the first condition, it is plain that the ele- 
ment of the second integral will differ from that of the first by a 
quantity which can be made to vanish in the process of definite 
integration, 1.e. by a quantity which is in itself ¢ntegradle. 

We infer, therefore, that 1t is necessary to the fulfilment of 
this condition, that the quantity under the integral sign in (A) 
should be capable of being resolved into three others, one of 
which is integrable with regard to w, another integrable with re- 
gard to y, and the third such as to satisfy the first condition. 

The application of this principle to the case before us leading 
to formule of great length, we shall content ourselves with giving 
the principal steps and results of this method. 


* Théorie des Fonctions Analytiques, pp. 267-269. The nature of the equations 
derived from this condition, and the mode of deducing them, will be found in the Article 
quoted. The present discussion being rather curious than useful, I have not thought it 
necessary to enumerate them. 
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(1.) Assume, in accordance with the principle stated above, 


Oe rt + Fe 30+ TE BP 4 Ge ~T Bek. (C) 
Then it readily appears that P, Q must be of the forms 
P = adq? + Bdgép + ydgqdz + edp? + CSpdz + 62”, 
Q = adg? + Pdgqdp + ydqdz + eSp? + Cdpdz + 1/82”. 
(2.) Differentiating the first of these with regard to w, the se- 
cond with regard to y, and substituting in (C), we find 


meV, a aL 
ee +, 8 + OF + 








—_ 5 ores 


2-, aa sot + pee «, S78 + Ndrép + werdg 
+ ig 


in which it will be remarked that the coefficients of the squares 
and products of the variations of the highest order are the same 
as in (A). 

(3.) As the sign of K is independent of the variations 67, és, 
&c., which it contains, it must be capable of being resolved into a 
linear function of six squares similar to (B). This will give five 
conditions, two of which are evidently independent of the inde- 
terminate quantities, a, 3, &., a’, 9, &., and express the fact 
that the sign of the polynomial, 








ee aes, 

72 Or? + 

22 ards poe ERG) ey Y 3nd, D 
So aie IT eae ME, 


is independent of Pi variations 67, 0s, oé. 

(4.) If this condition be fulfilled, it appears from (8) that there 
will remain three others to be satisfied by means of the indeter- 
minate quantities, a, 3, &c., a, 9’, &e. Ifit be possible to assign 
values to a, 3, &c., a, (3, &c., such as to satisfy these three con- 
ditions, without rendering K infinite within the limits of inte- 
eration, the value of the given integral will be a maximum or 
minimum, according as the sign of the polynomial (D) is negative 
or positive. The same method may be extended to cases in which 
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V contains differential coefficients of any order. But it is so 
rarely possible to integrate the equation 
Q = 0, 


of Prop. I., that it is, for any practical purpose, useless to pursue 
the subject further.* 


Prop. ITI. 


124. Let V be a function of the independent variables «, y, z, 
and of the function wu and its differential coefficients, as far as the 
second order inclusively, and let it be required to determine the 
form of the function, such as to render the definite integral, 


(\|Vdedydz (= U), 


a maximum or minimum; the limits of integration being supposed 
to be so assigned that the definite integral may extend to all 
values of the variables w, y, z, which satisfy the conditions 


¢(z,y,2)<9, Py, 2) > 9. 


It appears by reasoning precisely similar to that employed in 
the cases of single and double integrals, that to the fulfilment of 
this condition it is necessary that the complete variation of the 
first order should vanish, or, in other words, that the equation 


IHS ERE 


should be satisfied. Substituting for DU its value found in the 
preceding Chapter, and putting, for the sake of brevity, 











dV .2 dV ,2 dV,,2 dV ,2 dV, 

< V Soan Ve ee he ae y 2 x 9 ae 

06 =V,-pV.-qVy me +2p Tn +2q ay +p! de 
i AV xy i AV ing AV iy Vig ee 





dx te dy eee dz dx dy 


+ Vz2r + Vays + Viyzt, 


i O = V4 p?Va2 + Q? Vie - p Vaz — Vue + pg Vays 
an 


* The preceding discussion is taken from the Memoir of M. Delaunay, Journal de 
YEcole Polyt., tom. xvii. pp. 92-97. 
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dV, dV, dV, 
eee needy 3 dé. 


BV2 Ve BVe  PVy  PVar PV y 


dat * dy? iP dady * ade * dydz’ 
the equation 
DU=0 


Voz + Odu+ 0 a kdady 
| ( } dz 


becomes 


-|I( Voz + @3u+ 0’ =) Hdady + {ff QSudedyde = 0. 
This equation is evidently equivalent to 


(vee 4 Odu + O’ =) = 0, 


dz \i 
( Vez +080 + 0 E) = (0, (B) 
dz 0 
Q=0; 


the first of these equations being supposed to hold for all values 
of x, y, z, which satisfy the equation 


¢ (2, y, 2) = 9; 
the second for all values which satisfy the equation 
Y(2, y, 2) = 0; 


and the third for all values satisfying the conditions 
: p (x,y, 2) < 9, (ee, 2) > 0. 


The method of treating these equations is precisely analogous 
to that of the foregoing Proposition. The equation 


= 0, 


which is evidently a partial differential equation of the fourth or- 

der, gives the general relation between the function w and the 

independent variables x, y, z, and the remaining equations serve 

to determine the arbitrary functions which enter into its solution. 

In considering the mode of determining these functions, we shall, 
2N 
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as in Prop. I., confine our attention to the case in which the 
equation 
QO =0 

admits of a solution containing arbitrary functions of the same 
quantities. This supposition will, as before, render the nwmber of 
the arbitrary functions complete, 1.e. equal to the order of the pau 
tial differential equation. 

(1.) Let the form of the limiting function ¢ be given. This 
condition will give, as in the case of a double integral, 


oz = 0 
The first of equations (B) gives, therefore, 
0, =0,,, O71 =, (C) 
These, with the equation 
(2, y, z) = 0, (D) 


will furnish one equation between the arbitrary functions which 
enter into the solution of the equation 
O = 0. 
This is proved exactly as in the case of double integrals. Let the 
solution of the differential equation be 
u=E lx, y, 2, $1(%,v), ga, %), $3(%, 0), par, 0)}, (E) 
v, v being given functions of a, y, z. Suppose 
v=au+ byt+cz, v=axnt+ by+ cz. (F) 
Eliminating wu, x, y, z between the six equations, (C), (D), (E), 
(I), we have two equations of the form 
Fa {v, v, pi (v, v), 2 (v, v), $3 (v, v), 4 (v, v)} gs 
F2{%v, o1(%,v), $2(%, v), o3(v, v), G4(v, v)} = 
Two others being found in a similar manner from the other limit- 
ing function i, we have altogether four equations for the deter- 
mination of the four arbitrary functions, ¢1, 2, $3, p4- Substi- 


tuting the values of these functions in (E), we have finally a de- 
terminate result of the form 


F(t, £, 9,2) = 0. 
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(2.) If the value of wu, corresponding to the limiting function ¢, 
be also given, the preceding discussion will be modified in a 
manner perfectly analogous to that of Art. 112. The equation 


0; = 0 
will disappear, and be replaced by an equation resulting from the 
given value of u. Similarly, if the limiting value of any one of 
the coefficients, 
du du du 
dx’ dy’ dz’ 
be also given, the equation 
61 =0 
will also disappear, and be replaced by an equation resulting 
from the given value of the differential coefficient. 
(3.) Finally, if the form of the limiting function ¢ be deter- 
mined by the elimination of u between the equation (IZ) and a 
given determinate equation, 


u =f (2, Y; 2), 
the variations du, dz will be connected by the equations 


df. aF dF 
ds ey OPH oz + Ou. 


Hence, as in the case of double integrals, the first of equations 
(B) is equivalent to 


df dF 
Vi +0,(F- =) a 


6, = 0 
being the same in number as before. It is unnecessary to pursue 
this discussion further, its principles being perfectly analogous to 
the corresponding case of double integrals. Any condition which 
reduces the number of equations furnished by (B) will, as in the 


former case, introduce a sufficient number of new equations to 
make up the deficiency. 
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CHAPTER VIII. 
APPLICATION OF THE CALCULUS OF VARIATIONS TO GEOMETRY. 
Il.— Theory of Surfaces. 


125. Tue applications of the Calculus of Variations to the 
theory of surfaces are necessarily of a very limited character. 
Excluding, according to the principle stated in p. 138, problems: 
in which the quantity represented by the integral under conside- 
ration is of physical nature, the number of those which remain 
will be very small; and even in the case of these problems, the- 
imperfection of the means which we possess for the integration of 
partial differential equations will generally prevent our arriving: 
at satisfactory solutions. But it must be remembered that this is. 
an imperfection in the Integral Calculus, not in the Calculus of 
Variations. The rules of this latter science will in every case in- 
dicate, by an equation or equations, the distinguishing property — 
which marks the surface, or class of surfaces, which we seek for. 
The deduction of the equation of the surface in finite terms, as a 
function of the co-ordinates, properly belongs to the Integral 
Calculus. 


Prop. I. 


126. To find the surface which will render {{udS a maximum 
or minimum, dS being the element of the superficial area, and mu 
a given function of the co-ordinates 2, y, z. 


Putting for dS its value, 
V (1+ p?+ q°) dudy, 


the given integral becomes 
{[uv (1 + p? + 9?) dady. 


VepV(1+p’t @), 


Here, therefore, 


whence 
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du up Hq 
Las 2 <4) Ute sila A ened Sa Ag Nahas ath a Dae Peale 2 
BEE Dae Tdapigy > Vat 


V.2=0, Viagra; Ve=0; 


we find, therefore, by differentiation, 


Mee PO fae ey tr pgs 
da ¥ (1+p?+q*) \du P ae (1+ p?+q?)3’ 
dVy _ P du, du) (+ p*)t— pgs 
dy VA+p+q@)\dy ¢dz) " Gap+ee 
The equation 
7 Sid Ee 
dain dik Se 
p. 241, becomes, therefore, 
(1+ q?)r-2pgs+(1+p*)é 1 du du du “5 
(+p +e uv sp + g)\Pde” 4 dy” de)” 
(A) 


This equation is susceptible of a geometrical interpretation, analo- 
gous to that given to the corresponding equation, p. 140. For, if 
R, F be the principal radii of curvature of the surface, it is known 
that 


tanee L (1 + g?)7r — 2pqs + (1+ p?)t 
If then we denote by a, 3, y the acute angles which the normal 
makes with the axes of co-ordinates, the equation just found may 
be put under the form 

at 5 ~ = (cosa Te + cos/3 Ge + cosy), (B) 
From this equation we may readily deduce theorems analogous to 
those which have been already established in the case of curves. 
Thus if » be a homogeneous function of the degree m, we shall 
arrive at a theorem similar to that of p. 152. 

Let, as before, a surface be described whose equation is. 
u=const., and let a plane be drawn through the origin conjugate 
(with regard to this surface) to the direction of the line drawn 
from the origin to any point on the surface possessing the pro- 
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perty ef rendering {{udS a maximum or minimum. Produce the 
normal to this surface till it meet the conjugate plane, and let the 
line so produced be called n. Then, by proceeding exactly as in 
p. 152, we shall find 


+—=-a 


Ly elena 
Fe hoe a 
Hence, , 

Tf wu be a homogeneous function of x, y, 2, the surface which ren- 
ders \{udS a maximum or minimum is such, that the sum of the re- 
ciprocals of the radii of curvature is equal to m times the repr 
of the normal (drawn as above described). 

To find the conditions which are to be satisfied at the limits 
of integration, let us suppose that the required surface is bounded 
by two given surfaces whose equations are 


dz=pdxz + dy, 
dz = pdx + ¢dy. 
Then since (p. 241) 


dy 
dy LP ae 


a= Varn Vasa aee 

ae ae Pee 
Bearer 
dz q-q’ 


the equation _ 
Vo+ao(q'- q) = () 
becomes 


Ud - 9) + POP aa 
v(1+p*+@) 


or, clearing of fractions, and neglecting the supposition po = 0, 


1+ pp'+ 97 =9; 


and in the same way we should find 


Mov (1 + p? +9") + Mo 


1+ pp" + qq =0. 


The required surface, therefore, cuts its bounding surfaces at right 
angles. 
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Example. 


127. To find a surface such that the portion of its superficial 
area, which is included between two given surfaces, may be a 
minimum. 


Here = du is du y du % 
pol, ap Ne dy 0, Ficus 
The general equation becomes, then, in this case, 
Lene d. 
Far eae 


giving either 
R=o, R=o, or R+ R'=0. 


The first of these suppositions gives, as the required surface, a 
plane. This, however, is not the general solution, inasmuch as it 
would evidently be impossible to make it fulfil, in all cases, the 
conditions at the limits. We must, therefore, have recourse to 
_ the other supposition, 

: fy de = ©. 


From which we infer that “ The surface of a minimum area ts in 
general such, that its principal radu of curvature at every point of the 
surface are equal and of contrary signs.”* 


Prop. II. 


128. To find the surface which will render 
[J (udS + p'dady) 


a maximum or minimum, dS being the element of the surface, 
and pu, « being given functions of «, y, z. 


In this case 


VepY¥(1tp?+e) +p; 
whence 


* For a discussion of this surface, the reader is referred to Monge, Application de 
l’Analyse a la Geometrie, p. 184. 
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du He 
Z=V(l+p+g) e+ 








Tee 
oS 
ee V (1 +p? + q?) 

Ve _ Pp du de), A +y)r— pas 
de V¥(1+p?+q) \da Pas) P+ p+ Qe 
a 
Ye" ap ae 
dVy _ q dp du\ A +p*)t- pgs 
dy VA+tp+q@)\dy | taz)""* Gep+Qys 

The equation 
dVe_ dVy_ 
le. Jae 


becomes, therefore, 


(1 + 9?)r-2nqs+(1+p?)t 


(1+ p? + q?)e 
1 du du du\ dy _ 
* ayitepp\? ae ay ae) ae 


Introducing, as in the foregoing proposition, R, FR, a, B, y, we 
have 


Lae vee 1 du du du 
Bg (cosa Te + cos i+ cosy Ge + Se) (B) 


The terms outside the sign of integration will evidently be 


rae Ka ~ up = 
(uv (1l+p +9) + 1) °9 + ae ae 


Treating this, as in the former Proposition, under the supposition 
that the surface is limited by two given surfaces, we have at each 
limit of the equation, 


w(L+pp't+ aq) + eV (14 p?+¢@) =0. 


Hence, if wo, w;, be the angles at which the surface cuts its bound- 
ing surfaces, we have 


CALCULUS OF VARIATIONS TO GEOMETRY. 281 


; 


0 
COS Wy = — PY cos Oo, 
[to 


(C) 
ROR GH tarpon cos 9, ; 
My 


0, 9; being the angles made with the plane of wy by the tangent 
planes to the two bounding surfaces. 


Example. 


129. To find a surface such that, under a given superficial 
area, it may contain the greatest possible volume. 


It is evident, from the general principle of isoperimetrical 
problems, that the integral which is here to be made a maximum 


aay 


[[{e-ay (1+ p?+ q?)} dady. 
Lhe solution, therefore, may be deduced from the general propo- 
sition by making 
1 Os pe =. 
This will give 
du 


Re 


and thus reduce the equations (A) and (B) to 
(1 + 9*)r - 2pqs + (1 + p?)t + : (1+p?+q*)=0, 


Lees Baia a 
ger i ©) 
Hence, The surface which, under a given superficial area, con- 
tains a maximum volume, is such that the sum of its curvatures at 
every point is constant. 
130. The equations furnished by the terms outside the sign 
_ of double integration will, of course, depend upon the particular 
form in which the question is given. Ifit be required to deter- 
mine a surface such that the portion of it which is bounded by 
the curves in which it intersects a given surface and the plane of 
wy may be given, and that the volume included between the sur- 
face so found, the projecting cylinder of the first curve, and the 
20 
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plane of zy, may be a maximum, the first equation (C), p. 281, 
will be reduced to 

2,0080, = a cosa). (a) 
Thus, for example, if the first bounding curve were situated in a 
plane parallel to wy at the distance 6, we should have 


A= b, cos @, = i 
and, therefore, 


COSW, = z (b) 


Hence we infer that the required surface cuts the bounding plane 
at a constant angle. ‘The curve of intersection ‘is in this case a 
line of curvature. The second equation (C) becomes, under the 
same circumstances, 
COS Wy = 0. 
The surface, therefore, cuts the plane of wy at right angles. 
If b=a, the equation (b) becomes 


cosw, = 1, or w, = 0. 


It is easy to see, therefore, that the surface will touch the bound- 
ing plane in a point, the nature of the problem evidently excluding 
the idea of a curve of contact. If 6>a, the equation (b) be- 
comes impossible. 

131. As another instance, let us suppose that it were required 
to join, by a surface of given area, two curves of given length, 
situated, the first in the plane of zy, the second in a plane pa- 
rallel to ay, so that the included volume may be a maximum.* 


Denoting by 
({Jededy), 


the value of the integral, 
|| zdady, 


taken through the entire space included within the first of the 
foregoing curves, and by 
[{} edady}, 


the value of the same integral taken through the entire space in- 
cluded within the projection of the second, it is plain that the 
volume which is to be made a maximum will be represented by 


* This problem is taken from M. Delaunay’s Memoir, p. 111, 


| 
i 


_ the single integral being extended through the same space as 





) ; 
) 
; 
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— (ffedady) — [ledady] + z\yoda, 


[\Jzdady]. 


Again, the surface which bounds this volume laterally will be 
represented on the same system of notation by 


(|v + p? + 9?) dady) — [Jv (1 + p® + g?)dady]. 
Finally, the lengths of the limiting curves will be expressed by 


IV + Tes) ae, IVa + a Jat (a) 


respectively. Hence, according to the general principle of rela- 
tive maxima and minima, the function which is to be made a 
maximum will be 


[2-av (1 +p? + q’)} dady 


+ [feet m/(1+ 4 , dye 7) dev | (1 : os ) de, (b) 


the double integral being extended through the whole space 


lying between the first curve and the projection of the second. 
The complete variation of this expression will be 


14g?) —2pqs + (14 p? 
{1 +0 (oe ee y a oe a ae *) \ Sedandy 


dy 
q ie ) 9 ; 
‘{. Pa *+q?) ~ ey enna 
Cc 


; dy 
fe J are } i pee! We 
[fe 2#.) 6% + {z-av (1+ pi +g?) jodyo | de 


ayy 
dx,2 2 
Tae ae 
2 
ae 


— mM 


BYo 
2 


dio? 
a3 Deo | yoda - | ay — Mo Q\3 OY du. 


(1a) 
dao” 
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Now since one of the limiting curves is situated in the plane of 
zy, 1t is plain that 
Daz, = 62) Fi Noy = Q. 


The second curve being situated in a plane parallel to zy, the 
increment Dz, is evidently constant through the entire of the 
upper limiting curve. Eliminating, therefore, dz,, dz by the 
equations 


O21 oh qieyi = 0, 020 ae qooyo = Dz, 


and equating to zero the coefficients of the remaining variations, 
6z, dy1, dyo, Dzo, we have the equations 


(1 + 9?)r—2pqs+ (1+ p*)é+ “(1 +p>+q’)3 = 90, 


dy dy; 
1 + py + 191i =— dai at dx,2 as 
“Witperg) "7 aie” 
dx? 
e (d) 
cA) 
1 + 0? + pogo se ey ee ae 
Tal + 09" + 1 dyo” 3 : 
qe 
dx,” 
dyo 
Yo 
lyoda — iia dx = 0; 
v (1 + po* + 90") 


recollecting that any term which appears without any sign of in- 
tegration must vanish of itself (p. 231). Now since in passing 
from one point to another of either of the limiting curves, z re- 
mains unaltered, we have 


dy dyo 
pt ng = = 0, po+ qo aa = 0. 


Again, if we represent by pi, po the radii of curvature of these 
curves respectively, we have 
ay ayo 
id’ cae ue dy? 





i 
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Making these substitutions in the second and third of the pre- 


- ceding equations, we have 


Senna egy i a ie 
Jt+pi?+n?) pi 7) V(14+p07+q0) pro 


or, if we denote by 6;, 0, the angles which the tangent planes at 
any two points of the bounding curves respectively make with the 


plane of xy, 


=O (ey: 


m mM 
picos@; = -— a pocos Oy = ae 


Hence we infer that at each point of either of the bounding 
curves the projection of the radius of curvature of that curve 
upon the tangent plane to the surface is constant. 

We shall next consider the signification of the fourth equa- 
tion (d), namely, 


| yoda - a V (+ poet ae) dg = QO, (f) 
the integrals being supposed to be extended through the whole 
of the upper curve. 

Now we have, in general, 


des? e 
Ne ig Vv (1+ p?+¢) 
the double integral being extended through the entire space en- 
closed by a given curve, and the single integral being taken 
through the circumference of the bounding curve. Hence if we 
describe a closed curve upon a surface whose mean curvature is 
constant, and denote the single integral in (g), when extended 


through the entire circumference, by 


do — Po tio 
“dito dx, 
Vv (1+ po? + qo) 
we shall have 





* For a proof of this theorem, which is, as far as I am aware, due to Laplace, see 
Chap. X. 
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9000 ae 
iat dx -|| (z+ z) dady = - * [fda ~ jyoda. 
Making this substitution in (f), it becomes identically zero, and 
therefore furnishes no additional condition. 

Now it is evidently necessary to the validity of the foregoing ~ 
reasoning that the portion of the surface situated at one side of 
the plane of the limiting curve should be closed, as the theorem 
expressed in equation (g) would not otherwise be true. It is 
necessary also, that if a line be drawn perpendicular to the plane 
of wy, it should only intersect this part of the surface once. The 
failure of this condition would also introduce a modification in 
equation (¢). If these conditions be fulfilled, the fourth equation 
(f) becomes, as we have seen, identical. 

If these conditions be not fulfilled, this equation will furnish 
a condition for the determination of one of the arbitrary constants 
which enters into the solution of equation (D). Thus, for ex- 
ample, if we take as a particular solution of (D) a surface of re- 
volution round an axis parallel to the axis of z, it may be proved 
from this equation that the required surface is spherical.* 


* Delaunay, p. 116. As the case of a surface of revolution has been considered be- 
fore (p. 161), I do not think it necessary to dwell upon it here. 
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CHAPTER IX. 


APPLICATION OF THE CALCULUS OF VARIATIONS TO MECHANICS. 


132. THE applications of the Calculus of Variations to Me- 
chanics are of two kinds. In that science, as in Geometry, we 
meet with problems of maxima and minima, which involve func- 
tions of variable form, and which, therefore, require for their 
solution the aid of the Calculus of Variations. 

But a more important application of our science was made by 
Lagrange, namely, to the deduction of the equations of equili- 
brium or motion of a system whose constitution is known. We 
shall now proceed to give examples of both these classes of prob- 
lems, commencing with the following very general case of the 
celebrated problem of the brachystochrone. 


Prope. I. 


133. Let a material point be constrained to move on a given 
surface, and let it be supposed that the forces which act upon it 
are such as to render the expression 


Xda + Ydy + Zdz 


a perfect differential ; find the curve along which it should be con- 
strained to move, in order that the time of passing from one point 
to another may be a minimum. 


Let ds be the element of the path, v the tangential velocity, 
and 7’ the time; then it is evident that 


T=(%. 


Vv 


We have, moreover, 
ve = 2((Xdx + Ydy + Zdz) = (2, y, 2). 


This question is therefore a case of the more general problem 


¥ 
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discussed at the commencement of the preceding Chapter, to which 
it may be reduced by putting 


Hence we have 


The first of equations (I), p..180, becomes, therefore, 


en sat pi (Koos + Y cos} + Zcosy)?. (A) 
From this equation may be deduced the following general pro- 
perties of the curve in question: 

(1.) Let & be the resultant of the foreea which act upon the 
material point, and w the angle which that resultant makes with 
the perpendicular to the plane of the normal section which passes 
through the tangent to the path; also let @ be the angle between 
the plane of this normal section and the osculating plane to the 


path; then we have 





We have also 
X cosa + Ycos[3 + Zcosy = R cosw. 
Making these substitutions in equation (A), it becomes 
sin’@  -R’cos’w 
p° ut 
or, since the signs of the two sides of the equation are the same,” 
vy 


—sinf = Reosw. 
Pp 








4 
US ae 

, or —;sin’0 = FR’ cos’w ; 
P 


* If the signs were different the pressure on the curve would vanish, and the motion 
would not be constrained. This supposition applies to another problem, which is solved 
by the same equation.—Vid. infra, p. 293. 
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_ This equation expresses the fact that the resolved part of the cen- 


ae 


_trifugal force, perpendicular to the plane of the normal section, 
_1.e. along the tangent to the perpendicular section of the surface, 
- is equal to the resolved part of & in the same direction. Now it 


- is evident that the pressure on the curve in any direction is equal 


to the sum of the resolved parts (in that direction) of the resultant 
and the centrifugal force; if, therefore, the total pressure be re- 
solved into two, one along the normal to the surface, the other in 
the tangent plane, the value of this latter component is 

ae + Reosw = 2A cosw. 

The total force on the point may be resolved into three, 
namely :—1. A force along the tangent to the path, which acts 
solely in increasing the velocity. 2. A force along the normal 
to the surface, which acts altogether in producing a pressure on 
the surface. 3. A force perpendicular to these, which may be 
termed the deflecting force, inasmuch as it is that part of the total 
force which tends to deflect the material point from the path in 
which it is constrained to move. 

Adopting this definition, the result arrived at above may be 
stated thus: ae. fe 

If a material point, whose motion ts restricted to a given surface, 
be constrained to move in a groove of such a form, that the time of 
passing from one point to another may be a minimum, the deflecting 
force, or pressure on the side of the groove, is double what it would 
be if the particle were at rest, i.e. if the tangential component were 
destroyed. 

(2.) If the resultant be in the plane of the normal section, the 
required curve is a geodesic line. For in this case 

X cosa + Ycos3 + Zcosy = 0; 
hence 
pao e0 = 0) 
The osculating plane is therefore perpendicular to the surface, &e. 

(3.) If gravity be the only force acting upon the point, and if 
the axis of z be taken perpendicular to the horizon, we find from 
equation (A), since X=0, Y=0, Z=-g, 
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Again, 
v? = 2((Xda + Ydy + Zdz) = 29g(h-2z); 


h being the initial height. Hence 


lane: cos*y 
ee _ 


Let P (Fig. 14) be the place of the material point at any in- 
stant, PV a normal to its path drawn in the tangent plane to the 
surface, and produced to meet the horizontal plane through the 
point of departure of the particle, PZ a perpendicular to this 
plane. We have then 

PZ=h-2z; 


and, since P.N is evidently perpendicular to the plane of the 
normal section, 


INEZ ete, 
Hence 
h-z=PZ=PN.cosy; 


and if this value be substituted in the equation 


ae fel a cosy 
ae AU 


we find 
aa t 1 
pip? APNE ®) 
If the tangent plane to the surface at the point P be horizontal, 
PN = o, and ae 
p> p 


Hence it appears that whenever the tangent plane is horizontal, 
the osculating plane of the curve of quickest descent at that point 
coincides with that of a geodetic line. 

Again, if @ be the angle which PV makes with the osculating 
plane, we have, by Meunier’s theorem, 


p=p sing; 
hence 
ik 1 Sco?) Lae 
pt... p? Tipe Ae 
or 


p = 2PN.cos0. (c) 
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Hence at every point ofa line of quickest descent on any surface, 
the radius of curvature is double the projection of the normal 
(drawn as stated above) on the osculating plane. 

Let the given surface be a sphere whose radius is unity, and 
let 7 be the spherical radius of curvature,* then 


i 
Pe 


pP 


meen, p= 1, = cot?”. 


Let HH’ (Fig. 15) be the great circle whose plane is horizon- 
tal, and let it be supposed that the body starts from some point 
in this circle without initial velocity. Let the origin of spherical 
co-ordinates be taken at 0, the pole of this circle, and let p be the 
place of the body at any instant, op the radius vector, og the 
perpendicular on the tangent, and pn the normal. Assume 


b=. 0), (v= i w= 09; 
Then it is plain that 
cosy=sin7, PN=tanv, h-2=cosm. 


Making these substitutions in equation (a), we find 





cos 
tanr = 2 — i ; 
sin 7 
But 
sin sin pd 
tan? = 
 eosrdar’ a 


(the negative sign being taken, inasmuch as the curve is convex 
towards the origin); hence 


tan udu = — 2cotrdr, 


or, by integration, 
sin?7 = mcosu. (d) 


From equation (b) we find 
tanr = 2tany (e) 


expressing a property obviously analogous to one of the cycloid. 


* See Graves’ edition of Chasles, pp. 93, 95. t Ibid., p. 95. 





; 
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(4.) Let the force acting upon the material point be a single 
central force, varying as the n' power of the distance. Then if 
we take as origin the centre of force, we have 


EA va = za - 
Xearvle, Verely, -7 ee 


v? = 2/(Xda+ Ydy + Zdz) = = pel 


Making these substitutions in (A), we have 


(* “ Ai (7 cosa + ycos/3 + “coer J 
4) 


v2 / 


Iv at 
Ore; 








or, 1f we denote by p the perpendicular from the origin upon the 
plane of the normal section, 


1 1 n+1)\? p? 
aoe) & q 


Hence also if @ be the acute angle between the osculating plane 
and the plane of the normal section, 





sin tan@ mal 
D _ (g) 
Piseae 


the upper or lower sign being taken according as the force is re- 








pulsive or attractive. 
(5.) In general if the central force be denoted by R, we shall 
have from (A), 


9 


Un . -F 
—sinf=+(X cosa + Ycosf3 + Zcosy) = + Kcosw, 
p 


where w is the angle between #& and the normal to the curve, 
drawn in the tangent plane. Hence 
02 
+k = ———__—__.. (h) 
pcosw cosec 6 
This formula may be expressed geometrically as follows: 
Draw through the centre of absolute curvature a line perpen- 
dicular to the osculating plane. From the point where this per- 
pendicular cuts the tangent plane as centre, describe a sphere 


* It is here supposed, for the sake of simplicity, that the constant vanishes. The 
redder will find no difficulty in interpreting this restriction. 
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through the point in the curve. Then if ¢ denote the chord of 
this sphere which passes through the centre of force, we shall 
have 


R=+—-. (1) 


2v? 
c 
The principle stated in (6) shows that the same expression 
applies to the motion of a particle, unconstrained (except by the 
given surface), and subject to the action of a central force. 
(6.) We have seen (p. 180) that the equation 

ie dois 1 du du du\? 
=-S =; (cosa Si + cos [3 a + COs y z) 
contains the solution of two problems, namely :—1. To find the 
curve which renders {uds a minimum. 2. To find the curve which 

oc dy ORE ; 
renders ia a minimum. Hence, in the present case, the equation 

iv 

ae 

ae 
contains not only the solution of the problem of the brachysto- 
chrone, corresponding to the integral 7, p. 287, but also that of 
determining the actual path which the body would describe un- 
der the action of the given forces, and merely constrained to move 
on the given surface. For this latter problem is (in accordance 
with the principle of least action) solved by determining the path 
of the body such as to render 


| vds 


= es cosa + Ycos + Zcosy)? 


aminimum. The two questions are therefore connected, as in 


p. 180. Hence, 
The actual path of a material particle, restricted to a given sur- 
face, and urged by a system of forces, which make 


Xdx + Ydy + Zdz 


a perfect differential, and the curve of quickest passage from one 
point to another, are represented by the same differential equation, 


dy 
poe, (« Y 7} 
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(7.) If the material particle be wholly unrestricted, the equa- 
tion u = 0, of p. 177, will disappear, and the equations (C) will. 


become 
du are) de du 


de § ds = ds ds oan 


du d®y dy du | 
dy > Eds dads aes (K) 


du az dzdu_ 
dz "ds dsds 
Let a, (3, y be the angles made with the axes of co-ordinates 
by any line, 2, in the normal plane to the curve. Multiply the 
foregoing equations by cosa, cos[3, cosy, respectively. Now 


dx B d?y : dz i! 
COS 0 = LOS iD = COSY = = Sosa 
ds® ds? Yds ~ p 


w being the angle between the radius of curvature and the line J. 
Also, 
d. 


dx dy Zz 
cosa 7 + cos 3 + COBY 0. 


Hence we have, in general, 


Hatt its Me tal ai ae 
BEL (cosa H+ cos FE + cosy Te): 


: r 
and in the particular case before us, where p= -, 
v 


2 


~~ 


— cosw = X cosa + Ycos+ Zcosy = Reosw, (1) 
p 


w being the angle between # and J. 

Let @ be the angle between & and the normal plane, and y 
the angle between / and the projection of # on the normal plane. 
Then 


COSw = COS COS 7. 
Hence 
ue 
— cosw = Rcosw' = Rcos¢ cosy; 
p 


and as the line 7 is drawn arbitrarily in the normal plane, this 
equation can only be satisfied by making 
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v R 
w= — = LUCOS @. 
“hip 


~ Hence we infer, 
Tf a material point, acted on by any system of forces which satisfy 
the condition | 
Xda + Ydy + Zdz = di, 


be constrained to move in a path such that the time of passing from 
one given point to another may be a minimum, the radius of ab- 
solute curvature will coincide with the projection of the resultant force 
- upon the normal plane, and the pressure on the curve will be double 
what it would be if the point were reduced to rest by the destruction 
of the tangential force. 

For example, let this point be acted on by a single central 
force. Let the origin be taken at the centre of force. Then if we 
multiply the first of equations (k) by y, and the second by a, and 
subtract them, we shall have 


du du wey ax _ ae od dx 
yh a Boal ds? ~ Fast ‘rg “ads Ue ds oh due, 


But since 


it is plain that 





Similarly, . 
dx 2 
fh (Ge v z) = b. 


Eliminating , and integrating, we find 
axv+by+ cz =. 


The curve is therefore plane. Hence we have 
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@ being the angle between the normal to the curve and the radius 
vector drawn from the centre of force. This equation gives 


v2 v2 





mi pcos ~ gemichord of curvature’ 


This is the well-known expression for the central force in the 
case of unconstrained motion. The preceding analysis shows that 
this expression applies equally to the case of constrained motion, 
provided thatthe curve to which the particle 1s constrained be 
such as to render the time of passing from one point to another a 
minimum. 

If in any of the preceding cases the path of the material par- 
ticle be limited not by two given points, but by two given curves, 
it appears from p. 181 that the required curve will cut its bound- 
ing curves at right angles.* 

134. As an example of the preceding case, suppose the mate- 
rial particle to be acted upon solely by gravity, and to have, at 
the commencement of its motion, a given velocity, and let it be 
required to determine the curve of quickest descent from one 
given curve to another. 

Let / be the height due to the initial velocity, and yp the or- 
dinate of the point from which the motion begins. Then if the 
axis of y be taken vertical, and in the direction of gravity, we 
shall have 

wv = 29(y—yoth). (a) 


Equation (1) becomes, therefore, 


AWB etieh 8 cos/[3. 
pP 
If then the origin be transferred to a point in the axis of — y (i.e. 
vertically above the origin at first assumed), at a distance edu to 
yo — h, equation (a) will give 


rad. of curv. = 2A, 


N being the normal terminated in the new axis of a. This is a 
well-known property of the cycloid whose axis coincides with 





* The suppositions 41 = 0, wo=9, would give v]) = ©, v9 = om, and are therefore in- 
admissible. 


CALCULUS OF VARIATIONS TO MECHANICS. 297 


the axis of w The curve of quickest descent is therefore a 
_ eycloid described upon the horizontal line, from which the par- 
ticle may be supposed to start without initial velocity. 

With regard to the conditions to be observed at the limits, it 
is evident, from the general principle of Art. 133, that the cycloid 
will cut its bounding curves at right angles. 

135. Again, suppose the particle to be attracted to a fixed 
centre by a force varying inversely as the n power of the dis- 
tance, and to have an initial velocity equal to that which would 
be acquired in falling from infinity. In this case we have 





v? = — 2(Rdr = oS PCY. 


X cosa + Ycos3 = Keos¢g = fr (acosa + ycos3) = frp, 


p being the perpendicular from the centre of force upon the tan- 
gent. Making these substitutions in the equation of p. 295, and 
putting for p its vaiue in terms of 7 and p, we have 


2rdp + (n-1)pdr = 0. 
Integrating, and adding an arbitrary constant, we find 
rfl 999 = qm, 
Substituting for p its value in terms of r and w, and putting 


ites! 
eee t 





we have 
dr 


LY / kre" i‘ aan) 


du = a” 





Hence we find easily 


r™ cosmw = a", 


the polar equation of the required curve. 


Prop. II. 


136. To find the line of quickest descent for a material par- 
ticle moving in a medium resisting as any function of the velo- 
city, and acted on solely by gravity. 

2Q 
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The present question is evidently not included in that which 
forms the subject of the foregoing Proposition, inasmuch as any 
system of forces which includes the resistance of a medium will 
not satisfy the criterion, 


Xdz+ Ydy + Zdz = dil. 


It will therefore be necessary to consider it separately. 

Assume @ = v?, and let © {= (0)} be the function which ex- 
presses the resistance of the medium. Then if, as in Chapter IV., 
we take s as the independent variable, we shall have the time of 
descent expressed by 


| ds 
v0 
the functions w, y, 8 being connected by the equations 

_ dx? , 

"aes 1 st ea 

dd d “ 

= Yy. aS} 
a ds a 29 ae ds* csi 


the axis of y being vertical, and the positive ordinates being 
measured downwards. Hence, according to the principle of the 
method of Lagrange, we have the equation 


(8s Tat es iB Jd -0. (B) 
But 
Le dxddx dy doy 
rime 0, ol = 25 is asa 
déé déy doe 
6; = tat ra 29 wre + 79 00: 


Substituting these values in (B), integrating by parts the terms 
involving the several quantities, 

dda déy dod 

cistManee Era 
and equating to zero the coefficients of the variations dx, dy, 80, 
we have 
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ds de 
7 A eae, 0, 
ad. dy dd 
a gC ae (©) 
, ary ‘ do 
Lg ee oe 
ve ds M1 dé ? 
Integrating the first two, we have 
dx dy 
A= = 4, A= - 9A = 8, (D) 
~ Assume 
t= 63+ AiO. 


Differentiating this expression, we find 


dé dvi dé 
(403 - a 5) ae Cee 


Hence, and from the third equation (C), we find 
i (0, @) a, 
ds & ~ ds? 


or, eliminating 9 by means of the equation L, = 0, 


dx, dy _ dt 
I as ds ds ds as) 


But if the first two equations (C) be multiplied by = a re- 
spectively, and added, we shall have 
dX dy dx 


Ids ds ds’ 
Substituting this in (E), and integrating, 
é+e= 2A. 


It is easy to show, by reasoning similar to that of Prop. L, 
Chap. IV., that if the length of the curve be not given, the con- 
stant ¢ must be neglected. For the addition ofan arbitrary con- 
stant to ¢ would be equivalent to SUE that the original 


integral was 
(20 
(wate 


“7 
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Neglecting ¢, therefore, and eliminating A by means of the equa- 


tion 


we have 


(04 + 10) = 243 


or eliminating A; by means of the equations (D), 


(04-0) 42 oF = 2a. (F) 


Eliminating & a between (A) and (F), we find 
dé 7 
A 
(6 “0) file 4g? a(ar? 0 ) } 


-a{2-g5(7+e)e} <0 (G) 


This equation determines 9 in terms of s, and if the value so 
found be substituted in the second equation (A), an equation will 
be obtained in y and s, which will be that of the curve required. 

If the resistance of the medium vanish, we have 9 =0, and 
the equations L, = 0 and (G) become 


dé 9 dy 


as I Ge 0, 
i 1 d@ 
ae bs Bs ee oe 
(3 ip F) 4a 0. 


Integrating the first of these, we find 
0 — 2qy =. 


Eliminating @ between this and the second, and solving for dy 
s 


dy 1 
a = 2a V (ia - 20 - °) 


the equation ofa cycloid, as before. 


we have 
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Prop. III. 


137. Leta flexible cord of variable thickness be attached to 
two fixed points; find the curve which it ought to form in order 
that the centre of gravity may be lowest. 


The cord being supposed to be inextensible, it is plain that 
its thickness at any point will be a given function of the arc, s. 
Let this function be denoted by S. Then the distance of the 
centre of gravity from the axis of # will be represented by 


| ySds 
[ Sds ° 


But as the integrals in this expression are taken through the 
whole extent of the curve, it is evident that 


| Sds = volume of cord = const. 
Hence the integral which is to be rendered a minimum is 


| ySds. 


Treating this expression according to the method stated in 
Chapter IV., we shall have the two equations, 


d dz 
27, -Az = 9; 
(A) 


dy 


ie al 


d 
2 habia A 
ds 
Integrating these equations, and assuming 


Si = f Sds, 


we shall have 


(B) 


Hence we find 
2r = oy {a2 + (6+8))*}. 
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Substituting this value in the equations (B), and integrating, we 


have 
-| ads 
Bee NT ae (Oe See 


C 
(6+ 81) ds ( ) 


fe: d= | ares 57 


If s be eliminated between these two equations the result will 
be the equation of the required curve. The solution contains, as 
will be seen, four arbitrary constants: of these, two are deter- 
mined by the given position of the extremities of the cord, one by 
its length, and the fourth by supposing that the are s, which has 
been taken for the independent variable, is reckoned from one 
extremity of the curve. This constant will evidently disappear 
in the elimination of s. If the thickness of the curve be constant 
we shall have 


S=1, S) = 8. 


Substituting these values in (C), and performing the integrations, 
we find 
s+b s+6\? 
w+enal[ * Vf {1+(=) 1] 
o: . 
yt+d=a V {1+ (2) iki 


or, eliminating s, 


x+c=al ee V {(*)-1}] 


the equation of a catenary. 
If the extremities of the cord be not fixed, but merely re- 
stricted to two given curves, 











uy =0, u, = 0, 


the terms free from the sign of integration will give the equations 


da dy dx dy 
(i), m+ (ZnO Ghee (a :) a 


the variations 6, do, 671, dy1, being connected by the equatiel 
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duo sca du, du, 
We, O29 yo = a Ox) + a oyi = 


Hence we have 


delat), dae)" aei(ae sa ae). =” 
Axy\ds}o dyo\ds}o ° da\ds\i dy\ds/j, —’ 
showing that the required curve cuts its bounding curves at right 
angles. 

It is evident, from the principles of Mechanics, that the curve 
determined in this Proposition is that which the cord will assume 
when in equilibrium under the influence of the force of gravity 
only. This principle is assumed in the following Proposition. 


Prop. IV. 


138. If in the preceding Proposition the cord be placed upon 
a given surface, determine its position of equilibrium. 


Let the axis of z be vertical, and let the equation of the given 
surface be 
u = 0. 
Then it is evident that the method of Lagrange will give, as in 
Prop. V., Chap. IV., the equations. 


Ou. 3 ae 

ST re rose = 0, 
,du d. dy 

Mis G - az 

a 7 +S=0 


Multiplying these equations ay a 78° > ae = , respectively, and add- 
ing them, we find 
dX 


oP agi whence A=S) +a. 


Again, if we denote by a, (3, y the angles which the plane of 
the tangent normal section makes with the co-ordinate planes, 
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and proceed as in pp. 179, 180, we shall readily obtain the equa- 
tion 

day Sle Ocoee, 

ep Bray “a 





This equation defines the required curve. If the extremities of 
the cord be not fixed, it is easy to see that it will cut at right 
angles the curves to which these extremities are restricted. 


Prop. V. 


139. To determine the form of the elastic curve, i. e. the curve 
of equilibrium of an elastic spring, whose extreme points are 
given, or restricted to two given curves, and which is not acted 
on by any external forces.* 


Adopting the principle of Daniel Bernouilli, we shall define 
the elastic curve to be that in which the integral . 


[e 
be 
taken through the whole extent of the curve, is a minimum. 
This problem is therefore included in the more general one dis- 


cussed in Prop. IV. Chap. IV., which is applied to the present 


case by putting 
tial ay 2 
Hee oa 


(1.) Let the extreme points be given, and let the line joining 
these points be taken for the axis of « Equation (EK), p. 169, 


becomes (putting =e for a) 


le 27 


page 


Hence in p. 170 we have 


* Euler, Meth. Inven., p. 245. 


Making these substitutions in equation (F), we have 
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(4 + Gray dy 
at+f= ; =: (A) 
eae V {1-(Ere) } + :) \ 

This is the equation of the elastic curve if the position of the ex- 
treme tangents be not given. 

Ifthe position of the extreme tangents be given (in the same 
plane), we must recur to the general equation (C), p. 168, 
| pp? = ay — ba+e. 
But as this equation may always be reduced by transformation of 
co-ordinates to the form (E), it is evident that the elastic curve 
may in all cases be represented by the equation (A), the position 
of the axes of co-ordinates depending upon the given position of 
the extreme tangents. Ifa general solution, not requiring any 
particular position of the axes, be required, it is immediately de- 
duced from (A) by a transformation of co-ordinates. It may also 
be easily deduced from the general equation (C) as follows: 


If we substitute for jv’ in equation (C) its value —-3, we shall 
B 
have 2 
—--=ay-bxt+e. 


are Is. 
Substituting for — its value, 
P 


~ (1+ pryt BP, 
dy ” 
and integrating with regard to y, we find 


2 


eS F 
alee = tay? —blady + cyte. 


° e 1 © d . e 
Again, putting for — its value = (1+ py? and integrating 
P M 
with regard to x, we have 


2 
aegay toe clude tee. 
= tbe - ary + alady — cx +c’. 
2R 
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Eliminating {xdy, and arranging, we have 


eee = (ay — bx +c)? +e, (B) 


where 
e=2ac + 2be’ — c?. 


Hence it appears that the general solution contains five arbitrary 


constants; of these four are determined by the conditions which 
must be satisfied at the limiting points, and the fifth by the given 
length of the elastic spring. 

If the extreme points be merely limited to two given curves, 
it appears, from the principle of p. 171, that the line joining the 
extreme points is perpendicular to the tangents to the two limit- 
ing curves. 

Finally, let it be supposed that the elastic spring is so adjusted 
as to touch the limiting curve at each extremity. 


The general equations* for the solution of the present case — 


are, 





(9, -o-mvo(@8) (8) 
as0(Z) — (ayo — bay + (oe 2) (Se ),> 0, 


which, with the equations 


y=fil@i)> yo=fo(*o), (2) - (2), (Z),- (2), 


are sufficient to determine four of the arbitrary constants, a, 5, ¢, e, f. 
The fifth is determined by the given length of the spring. 

Suppose, for example, that the bounding curves were the 
right lines, 


(C) 


y= Mk + Dp, 
Y=Nnk + g. 


These equations will give 
df df z afi Es ad°fo 
fn (B= Bye Bee 


* The discussion of this case has been inadvertently omitted in the text. It will be 
found in the note on p. 171. 








CALCULUS OF VARIATIONS TO MECHANICS. 307 


Making these substitutions in equations (C), we have 
| a+mb=0, a+nb=0, 
or (unless the given lines be parallel) 
a=Q0, 6=0. 
The general equation (C), p. 168, becomes 
p = const. 


The elastic curve is, therefore, in this case, a circle. 


Prop. VI. 


140. Given the volume of a surface of revolution, to deter- 
mine its form so that the attraction upon a point in its axis may 
be a maximum.* 


If the solid be divided by planes perpendicular to the axis, 
the attraction of an indefinitely thin lamina included between two 


of these planes is 
PY 
Qardz (1 = sah) 


the axis of revolution being taken as axis of 2. The attraction 
of the entire solid will, therefore, be 


2n |(1 - aA) dx. 
The volume of the solid will be 
a \y?da. 
Hence the integral which is to be made an absolute maximum is 


{Vde, 
where 


v 
Ve1l-——— 5 +27 
Very” 
a being an indeterminate constant. The equation 
dP, 


= 0, 
a + & 





* Airy’s Mathematical Tracts, p. 247. 
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of p. 38, is therefore reduced to V=0, or 
ty : 
@iypi + 2ay = 0. (A) 
The factor y=0 being inadmissible, we have, as the equation of 
the generating curve, 
2+ 2a(a? + y?)z =0, 


the constant a being determined from the given volume. 


Prop. VII. 


141. Given the superficial area of an attracting surface, to 
determine its form so that its potential, with regard to a given 
point, may be a maximum. 


If the given point be taken as origin, and the law of the at- 
traction be represented by (7), the potential of the attracting 
surface will be 


fl o@ds, 


where dS is the element of the surface, and 


o(r) = — Jo(o)dr. 
Hence, as the superficial area is given, the integral which is to 
be made an absolute maximum is 


{{ {o(v) + a} dS. 
The present question is therefore a case of Prop. I., Chap. VIII, 
in which 


& du | Ap & du Lenn du _ pe 
He Pes oa dr 7’ dz 


daz dy drr’ arr 
Substituting these values in equation (B), p. 277, and putting for 
do . 
ia its value —- (7), we have 
1 1 wr) /xcosa+ ycosB + zcosy : 
2 ae “) 


or, if P be the perpendicular from the origin Ee the tangs 
plane, | : 
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11 Pw 


R'R 7+ on+a ; (B) 





If the portion of surface with which we are concerned be bounded 
by two given surfaces, it is evident, from the general principle of 
p: 278, that unless . 

(71) +a=0, (C) 


the surface must cut the first limiting surface at right angles, and 
that unless 


(70) +a= 0, (D) 


it must so cut the other limiting surface. The equations (C) and 
(D) evidently denote that the limiting curves of the several sur- 
faces which solve the problem are situated upon spheres whose 
centre is the attracted point, and whose radii are the several roots 
of the equation 





g(r) +a=90. 
142. Suppose, for example, 
then ar 
g(r) = -— pel 


Making these substitutions in (B), we find 





See Lee 
Diino aa pey 
a- 
n+1 


Equations (C) and (D) would become, on the same supposition, 
rmtl=(n+1)a=79"". 


The two limiting curves would therefore be situated upon the 
same sphere. The general equation (B) would give for each of 


these curves either 
1 


1 
Pct Re eo, or P=0, 


denoting that the curve is either a singular curve, or the curve of 
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contact of the circumscribing cone. But it is easy to see that the 
hypotheses, 

hy = 0, Mo = 0, 
would not, in general, give a real maximum. For we have seen 
(p. 271) that it is necessary to the existence of a maximum or 
minimum value that the quantity 


d2?V d2V d2V 
wale Og neh AG pene ass 1 
ip op? + 2 apts opeg + dp og 


should not change its sign within the limits of integration. Now if 


VeuV(1+p?+@); 


we have 


Tavis Sah 7) ae ee upg BV pd epee 


dp? (1+p%+q)t dpdq (1 +pe+ Qi dg  (1+p?+q@)r 





Hence, 
OV, ,&V av. , 


_ , Lt Prep? = 2pqepdq + Cl +p?) opt 
I (1+ p? + q?)3 
op? + dg? + (gop — peg)? 
(1 + p? + g*)s. 


The sign of this quantity is evidently the same as that! of pu. 
Hence, unless yx be a function which passes through zero without 
changing its sign, the supposition that « vanishes within the 
limits of integration ought to be inadmissible. We must, there- 
fore, in general, recur to the other supposition, namely, that the 
surface intersects its limiting surfaces at right angles. 


ON THE APPLICATION OF THE CALCULUS OF VARIATIONS TO THE 
DEDUCTION OF EQUATIONS OF EQUILIBRIUM AND MOTION. 


143. Hitherto the applications of the Calculus of Variations, 
to which our attention has been directed, have been in strict ac- 
cordance with the definition of that science as laid down in 
Chapter I. . So long as the increments with which we are con- 
cerned are of a nature purely mathematical, it is plain that the 
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value of a function can be changed in two, and but two, ways, 
namely, either by a change in one or more of the independent 
variables, or by a change in the form of the function. And if we 
wish to give to the symbol of the Calculus of Variations, 6, a dis- 
tinct signification, we must be careful to apply it only to those 
increments which result from a change in form. If, therefore, x 
denote an independent variable, dz, considered as a symbol dis- 
tinct from da, is, mathematically speaking, unmeaning. As long 
as we confine ourselves to purely mathematical conceptions, an 
independent variable admits of but one species of increment. But 
the case is materially altered by the introduction of the mechani- 
eal conception of motion. The symbol 6 no longer denotes the 
increment which is produced by a change in form, but the incre- 
ment which is produced by a change in position, by the motion 
of a particle from one point of space to another. In fact the in- 
crement denoted by 6 is not a variation, but a displacement; and 
although the science which treats of such increments 1s, generally 
speaking, identical in its rules with the Calculus of Variations, it 
is, nevertheless, in its fundamental conceptions, essentially dis- 
tinct; and no small obscurity has been thrown over the purely 
mathematical science by the introduction of principles which pro- 
perly belong only to the mechanical science. Our first object, 
then, must be to consider how far this fundamental difference of 
conception introduces a difference in the rules which have been 
laid down in the preceding part of this work. One of these dif- 
ferences has been already alluded to. The symbol 6, as applied 
to an independent variable, ceases to be identical with d, the lat- 
ter having reference to the distance between one molecule and 
another, and the former denoting the displacement of the same 
molecule. Again, in the purely mathematical, or, to speak more 
properly, geometrical science, we have not found it necessary to 
make use of such symbols as 
6.dz, d.daxdy, &s.dxdydz, &., 

the quantities with which we have been hitherto concerned not 
being elements, but aggregates of elements, or, in other words, in- 
tegrals. ‘Thus in investigating the variation of a definite integral, 
such as 


[|| Vdadydz, 
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it is plainly unmeaning to assign a variation to the element dadydz, 
inasmuch as the value of the expression does not in any way de- 
pend upon this element, but solely upon the limits of integration 
and the form of the function to be integrated, V. 

But in the investigation of the equations of equilibrium or 
motion of a continuous system, the variation of the element, that is 
to say, the change in geometrical magnitude which it undergoes 
in consequence of the displacement of the molecules which com- 
pose it, cannot be neglected. We shall find that this species of 
variation is introduced into mechanical problems in two ways, 
namely :—1. By the nature of molecular force. 2. By the nature 
of the equations of condition which subsist in a continuous 
system. 

The moment of a force, as defined by Lagrange, is measured 
by the product of the force and the effect which it tends to pro- 
duce. Thus, if /’ be the force, w the quantity which it tends to 
change, and 6 a symbol denoting the change, the moment of the 
force £ will be 

Few. 7 

Now certain forces (as, for example, the force of elasticity) are 
defined by the change which they tend to produce in an element 
of the continuous system under consideration, and cannot be ade- 
quately defined with respect to a change in any finite portion. 
Thus, although the force of elasticity does tend to alter the mag- 
nitude of a finite portion of the system, it cannot be adequately 
defined with respect to such a change, inasmuch as the same effect 
would be produced by other kinds of force wholly different in 
their nature, as, for example, by forces whose operation was li- 
mited to certain regions only of the finite portion. ‘The essential 
-difference of the force of elasticity is that it acts in every element 
ofthe system. It is evident, therefore, that the mathematical ex- 
pression of the moment of a force, such as the force of elasticity, 
must include the variation (as above defined) of an element. 

Again, it may so happen that one of the conditions by which 
the system is restricted may not be capable of being expressed 
otherwise than by an equation consisting of elements or infini- 
tesimals. ‘Thus, for example, the incompressibility of a fluid can 
only be represented by an equation of the form 
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| dm = const. 
- For it is evident that an equation such as 
, M = const., 


M being any finite portion of the fluid, would not denote that the 
| fluid was incompressible, but merely that the compression of part 
of M was equal to the dilatation of the remainder. Now since the 
application of the method of Lagrange requires the variation of 
_ the equations of condition, it is plain that if one of these equations 
be of the form stated above, its variation will involve the varia- 
tion of an element. 
If, then, we distinguish by the name of mechanical variation a 
_ variation produced by displacement, the investigation of the me- 
chanical variation of an element will be an essential preliminary 
_ to our present purpose. 
Again, in the application of the principles of Lagrange to the 
equilibrium or motion of a continuous system, it is frequently 
necessary to determine the mechanical variation of functions s1- 
-milar in their nature to those which have been already investi- 
gated mathematically. Thus, for example, if & n,Z be the actual 
displacements of a molecule in a continuous system, and if 
V=F(ay pede qe Bi Gi eis 2S bi? .) 
dx dy dz’ dz da 
it is frequently necessary to determine the mechanical variation 
of V, i.e. the change which V undergoes in consequence of a 
virtual displacement of the molecule. It will, therefore, be ne- 
cessary to inquire whether and how far this mechanical variation 
is identical with that which has been deduced by purely mathe- 
matical considerations. We shall proceed to consider these ques- 
tions severally. 





Prop. VIII. 


144. To find the mechanical variation of the element 
dadydz, 
or, in other words, the change in the volume of an elementary 
parallelopiped of a continuous body, produced by the displace- 


ment of the molecules of which it is composed.* 











* Mécanique Analytique, pp. 191-4. 
28 
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Let x, y, 2 be the co-ordinates of a molecule in the body, and 
suppose that after the displacement of the molecule these co- 
ordinates become 

a+, Yn) tees 
the complete displacement being thus made up of three partial 
displacements parallel to the axes of #, y, 2 respectively. 

It is evidently necessary to the application of mathematics to 
a problem like the present, that we should suppose the displace- 
ments to follow some regular law, connecting by a determinate 
relation the displacement of any given molecule with its original 
_ position. We assume, therefore, that each of the quantities &, n, a 
is a function of the co-ordinates 2, y, 2. 

Let ABCD (Fig. 16) be one of the faces of the parallelopiped 
dxdydz, as, for example, the face dedy. Then it is plain that the 
co-ordinates of the several points are 


A, #, Uy 2; B, «+dx, y, z, 
C, z,y+dy,z, D, «+dx, y+ dy, z. 


Now suppose the several molecules to be displaced, and let the 
new position of ABCD be A’BC'D. Then the co- ah of 
the points A’B’C'D are: 


Of A’, #+&, yin, 2+. 


Of B, «+dx+&+ & de, jee dx, r+0+2 de. 


dix 
is a (A) 
Of C, FOES Freie! y+ dy+n+ 7 dy, 2404 F dy 
dé dé dn dn 
Of D, et dat hs 7 de + 7 dy, y+ dy ae 
dé dz 
AR Tiberi hires! 


Hence we have evidently 
A'B =da4/ {(1+ z) * oe eae CD’ 
A'C's Vf {Fi (1 +a) + +Fap = BD. 


(B) 


i 
|The figure A’B’C’D’ is therefore a parallelogram. Neglecting 
oi 

quantities of the second order, we have 
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dé te Can dn 
A'B = (1432) ae AC = (1432) dy 


Proceeding in the same way with the remaining faces of the 
parallelopiped dxdydz, we shall easily see that the figure which it 


_ assumes is still a parallelopiped whose three edges are 


d d d 
(14% Jae, (1432) ay (1452) ae 


| Neglecting terms of an order higher than the first, the product of 


the three edges will be 


dé dn dZ 
(1 eee ape :P =) dadydz. (C) 
To find the change in the angle at which two edges, A’B, A’C’,, 


are inclined to each other, we have, deponty the angle between 


AB and AC’ by y’, 


2.A'BA'C’ cosy’ = A'B? + A'C? — BC? (D) 


But from expressions (A) we find 


a dé dé : 
BC? = {(143) de — = dy } 


+ {(145 7) ay - 3 "dob 4 (Baw - F = ay J. 


Substituting in (D) the several values of A’B’, A’C’", BC’, and 
neglecting quantities of an order higher than the first, we have 


dy 
cosy = Bp apt 
and in the same way 
Way Ge Le 
cos [3' = =r s a 
cosa z ae 
dz dy 


From these expressions it is plain that the angles of the new 
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parallelopiped will differ infinitely little from right angles, and 
therefore, that the volume of the parallelopiped will differ from 
the expression (C) by a quantity of an higher order than any of 
the terms in that expression. Hence it is evident that the varia- 
tion of dxdydz will be 


dé an i 


If the displacements be of the species denominated virtual, it 
is usual to denote them by the symbol 6. Employing this nota- 
tion we shall have 


dda dee ns ddz 
6.dadydz = (Se ~— aia re a) dadydz. 
We shall, for the sake of uniformity, confine the use of the 
symbol 6é to displacements of this nature, using &, n, ¢ to denote 
real displacements. 


Prop. [X. 


145. To find the mechanical variation of V, where 


dé d i d 
Va f(s Emo Fen The, as &.), 


containing differential coefficients of &, n, Z of any order. 


If we assume, as in p. 314, that the displacements follow some 
regular law, and, therefore, that &, n, Z are functions of a, y, z, it 
will immediately appear that V can be varied only in one of two 
ways, namely:—1. By a change in some one of the quantities 
x,y,z 2. By a change in the form of some one of the functions 
E,n, ¢. The variables 2, y, z are, as is evident from p. 311, ca- 
pable of two species of increment, namely, the increment which 
relates to the distance between two points or molecules in the 
body, and the increment which refers to the displacement of an 
individual molecule. The former species being excluded from 
the present problem by the signification of the term variation, 
which denotes a change referring throughout to the same mole- 
cule, we shall have, by the principles of Chap. L, 
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wal Bla ge tgelade él gib + &e. * th dat fe) 


dédx' . déda?- dn d 

Qa 

du 
if  afdé me aye, way, aG 

(Za dé dy +e.) by + (F + Fege + &e. )Be 
df ~ af dog 

Bice. eae ia 

“dx 


+ Pan + Be. 4 Fm + he. 


Or, as it may be more briefly written, 


d dV d 
v= (55) ae + (TJ by + (=) 62 


dV dV ddsé 


dx 
lV\ (dV [dV 
dx ) dy ) dz ’ 
the complete differential coefficients of V considered as a function 


implicit as well as explicit, of w,y,z. It is evident from this ex- 
pression that the mathematical variation, which is 


dV dV dvé 
ae of ee perce de ayes of &e., (B) 


+ &e. 


denoting by 


will not be identical with the mechanical unless 


d av av 
(=) 30 + (Fs) Sy + (= 0. 


But in the ordinary use of the symbols a, y, z, which denote the 
co-ordinates not of any really existing molecules, but of former 
positions of the molecules, no such symbol as éz can occur. In 
this case, therefore, 6V is given by (B). 

We shall now proceed to give some examples of the application 
of the method of Lagrange to problems of equilibrium and motion, 
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confining our attention to the case of a continuous system, partly 
because it is to this case that the method of Lagrange is most advan- 
tageously applied, and partly because it is only in this case that 
the peculiar rules of the Calculus of Variations, as distinguished 
from any other method of arbitrary increments, become necessary, 
The method to be pursued being, in its nature, very uniform, a 
small number of examples will suffice to illustrate it. | 


Prop. X. 


146. To find the conditions of equilibrium of a flexible sur- 
face, extensible or inextensible, acted on by any system of forces.* 


Let dS be the element of the surface. ‘Then, if this surface be 
inextensible, the principle of virtual velocities gives the equation 


([(Xéda+ Yoy+ Zdz) dS =0; 


and the inextensibility of the surface gives the equation of con- 
dition, 
édS = 0. 
Hence, according to the principle of Lagrange, the equation, 
which is to be treated by the rules of the Calculus of Variations, 
is 


[|(X8e + Y8y + Zdz) dS + fA8dS = 0. (A) 


A 1 ; 
ssuming Ueda ee 


dS = Udedy, 


we have 


and therefore 
6.dS = US.dady + 6 Udady. 


Now it is evident from Prop. VIII. that 


also, 


oU = — du + oy + = Pte Vay 


dU dU lf dde doz 
div dy U 





“ Mécanique Analytique, p. 148. 


| 
| 
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denoting here by Sz the mathematical variation of z, that is to 
say, the increment which it receives in consequence of a change 
of form only. Substituting for sz its value, 





dz — pox — gey, 
integrating by parts, and putting, for the sake of brevity, 
Ap Aq 
[Sega 
dx dy 


we have 


Jf Udy + F (82 - pdx - qby)} Ade + f{ Vde + £ (Be — pdx - g8y)}ddy 


dU d\u 





+{{(UX +A Bas ages Vp) dadady 
dU d.XU “2 
+{[((OY+ ae Bey + Vq) dydady 


+ {[(UZ - V)8edady = 0. 


Equating to zero the coefficients of dz, dy, dz, under the sign of 
double integration, and reducing, we find 


u{x-(Z)}+ Vp =0, 


ar 
u{y-()}+V9-0 (C) 
= V i=, 
a) _ ad ad 
de} dz. * dz’ 


d\_ ad, ad 
dy) ~ dy * de 


“where 


Multiplying these equations by dx, dy, dz, respectively, and add- 
ing, we have 


dx dn dx 
-_ —_—_—_ apnea = x PY Vd Za. * D 
ggg! ae, dx + Ydy + Zdz (D) 
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If the forces which act upon the surface be such as to satisfy the _ 
condition 
Xda + Ydy + Zdz = dil, 


we have, from equation (D), 
d\=dtl, A=I1+a. 


Substituting this value in the third of equations (C) we have, as 
the equation of the surface, 


d (II + a) p d (II + a) q | 
Seat SS 


7 | 
or + (E) 
or if the equation be transformed, asin Prop. L., Chap. VIII, 
Hb ingeuik 1 
Rt R77 Weg oe oet Ycos(3 + Zcosy). (F) 


Now it appears from Chap. VIII. that this equation also furnishes 
the solution of an ordinary mathematical problem of maxima and 
minima, namely: 

Given the superficial area of a surface, to determine it so that 


{| dady 


may be a maximum or minimum. 

It is evident, therefore, that the mechanical problem of equi- 
librium is in this case identical with a purely mathematical ques- 
tion of maxima and minima. We shall see afterwards that this 
is a case of a more general theorem. 

We shall now proceed to consider the conditions to be fulfilled 
at the limits of integration. 

Suppose the given flexible surface to be bounded by two 
flexible threads, each capable of motion along a given surface, 
with which it is everywhere in contact, but incapable of motion 
in the substance of the membrane itself. The fulfilment of this 
last condition being evidently implied in the signification of the 
symbol 6, which excludes the idea of change from one point of 
the substance to another, it is unnecessary to consider it further. 

Let the equation of one of the limiting surfaces be 


dz = pdx + ddy. 


j 


| 
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We have then, from the signification of 6, 
dz = pox + (dy. (G) 


_ The terms under the sign of single integration in (B) give, as in 


p: 247, for each limit of integration, 
(8c - pdx — q3y)} - P (3¢- pdx - qdy\( 2) - 
{ Udy + i (dz — pdx — gdy)} — { Udx + ii (dz — pda — goy} (2) =i 


Substituting for dz its value derived from (G), eliminating 


dy 
i. by the equation 


Ss od hae 

dx d—-q 
and equating severally to zero the coefficients of dy, dv, we find 
the single equation, 


1+ pp'+ qq7 = 9. 


The surface of the membrane, therefore, cuts its bounding surface 
at right angles. The same is manifestly true for the second 
bounding surface. 

147. The reduction of the equations derived from the co- 
efficients of dz, dy to one, is evidently essential to the possibility 
of fulfilling the conditions of the problem. It is not peculiar to 
the present case, and may be proved generally as follows: 

It will readily appear, from the composition of the terms un- 
der the single sign of integration, that the increments dz, dy are 
introduced into these terms in two ways, namely:—1l. By the 
mechanical variation of the element dxdy. 2. By the substitution 
of 


dz — pou = qey, or (p'—p) dx + (7 -— q) ey 


for the mathematical variation 6z. The terms introduced by the 
variation of dvdy are evidently of the form 


fOdady + | Odydz, (H) 


the coefficients of dx, dy being the same in both. With regard to 
the terms introduced by 2, if these terms be represented by 
fQSzda + [Qi Wzdy, 
2 T 
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it is evident that the part which contains dz, dy will be 


JQ {(p'- p) 8a + (7 - 9) dy} da + [Qi {(p' - p)du + (7 - Qeyjdy. TD) 
Adding the expressions (H) and (I), changing the independent 
variable as before, and equating to zero the coeflicients of dx, dy, 
we find 


dy rs ee 

- 07+ Q(p- p)- Alp —p) z= 9, 
base ox fore dy _9 
8+Q(7-N)- AT -) z=: 


dy . ‘= 
If now we substitute for = its value —& . these equations be- 





come identical, and equivalent to the single equation 
8+ O(q- 9g) + Q(p'- p)=9. 
If the membrane be flexible and extensible, the condition 
odS = 0 
will disappear, and a new force be introduced, whose moment is 
FOd8. 


Hence it is evident that the preceding discussion is adapted to 
the present case by simply changing A into #. ‘The conclusions 
arrived at are therefore the same. 

148. As an example of this proposition, let us suppose the 
meimbrane to be urged by a force which is at all points perpendicu- 
lar to its surface. This condition will evidently give 


Xdx + Ydy + Zdz = 0, 


and therefore A=a. Substituting this value in the third equa- 
tion (C), we find 








where F' is the acting force. Equation (F) becomes, in the same 
case, 
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| If the force be constant, the surface of equilibrium will have its 
' mean curvature constant, a property which, as we have seen in 
_ p. 281, belongs to the surface which contains a maximum volume 
- under a given superficial area. ‘This 1s evidently the case of a 
. flexible surface subjected to the pressure of a homogeneous elastic 
fluid. 

If the acting force were that of gravity solely, we should have 
in (F) 








Il = gz, 
and, therefore, 


or, if VV be the portion of the normal intercepted between the sur- 
face and the plane whose equation is 


CEES 0, 
g 

Ua et age 

TA ARN 


expressing a property analogous to that of the catenary. 


Prop. XI. 
149. If any continuous body be acted on by a system of forces 
which satisfy the condition 


Xdx + Ydy+ Zdz = dil, 


as also by a force tending to increase or diminish the element of 
the body, the investigation of its equilibrium may be reduced to 
a question of ordinary maxima and minima. 

Let dm be the element of the body. The moment of the force 
which tends to augment dm being, 


Fédm, 
the equation furnished by the principle of virtual velocities will be 


{(XOa + Vy + Zdz)dm + | FSdm = 0. (A) 


324 APPLICATION OF THE 


Substituting for dm its value, which will be of the form 
Vdzx, Vdady, or Vdadydz, 


according as the given body is a line, a surface, or a solid, in- 
tegrating by parts, and equating to zero the coefficients of da, 
dy, 62, severally, we find the three equations of equilibrium. We 
shall consider specially the case of a solid body, as being the most 
comprehensive. We have then 


dm = Vdadydz, 
where 


Vay (ay, 26 = &e.), 


u being a quantity depending upon the aggregation of the mole- 
cules, heat, or any other cause which affects the density of the 
body, which is, in this case, represented by V. We have, there- 
fore, 

dda i doy _@ ddz 
dx dy dz 


(as (a. (see 


(3) 04 (F ay + (Zz ) e+ Usu+ V, Ot + &e 
dx dz 


sin (7( 2 =): (22) ays (20) ye 


odm = { v( =) +6V} dadydz; 


or, since 


d. dy dz 





.| dadydz, 


where U, V,, &c., have the same signification as in Prop. III. 


Chap. VII., and 
‘dV dV\ [dV 
(e "\ dy / \ dz 


denote the complete differential coefficients of V considered as a 
function, implicit as well as explicit, of w, y,z. Substituting this 
value in (A), integrating by parts, and equating to zero the co- 
efficients of dw, dy, dz, du, we have 
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rx+ (Ge) (“a )-° 





d d.FV 
VY LFV _ 
i al ( = o ®) 
VZ+8 (5 )- Sie 7) 
dz 
FU (So) ~ he. = 0. 
dx 


If the first three equations be multiplied by dx, dy, dz respec- 
tively, and added, we shall have 


dF dF dF 
= — dx egy oo + ae —dz= Xdx + Ydy + Zdz = dll; 
or, by integration, 
f=T1+a. 


If this value of /’be substituted in (A) that equation will become 


{ {olldm + (II + a) ddm} = 0, 
or 
d{Idm + ad{dm = 0. 
Hence it is evident that the condition of equilibrium is found by 
determining, among all forms of the function u which leave the 
mass of the body unaltered, that form which renders 


{Ildm 


a maximum or minimum. ‘The simplification which this intro- 
duces into the general problem, in permitting us to disregard the 
variations of the elements, is too obvious to require further notice- 


Prop. XII. 


150. To find the equations of motion of an elastic body, whose 
several molecules have undergone an indefinitely small displace- 
ment from their original position of equilibrium. 


In applying the method of Lagrange to the present case, we 
commence with two important assumptions, namely: 1. That 
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the sum of the internal moments of the body may be represented 
by the variation (mechanical) ofa single function, V. 2. That V 
is a function of the first differential coefficients of the displace- 
ments of the molecules. 

The first of these assumptions is evidently true for a body 
whose molecules attract or repel according to any law of the dis- 
tance between them. But recent experiments show that there are 
bodies whose constitution is not of this nature, and the assumption 
of the general truth of (1) can only be regarded as a hypothesis 
whose degree of probability will depend upon the number of 
experimentally true results which can be deduced from it. 

The reason for the second assumption is grounded upon the 
nature of molecular force, which appears to depend upon relative, 
not absolute displacements of the molecules. 

We shall now proceed to investigate the equations of motion 
for an elastic body not acted on by any external forces, and with 
a given form of the function V. The method being in its nature 
very uniform, it will be sufficient to exemplify it by a simple case. 
For more ample information upon this important problem the 
reader is referred to Professor Mac Cullagh’s memoir on the Un- 
dulatory Theory of Light;* Mr. Green’s memoir on the same 
subject ;f and especially to Mr. Haughton’s two Memoirs, on the 
Equilibrium and Motion of Solid and Fluid Bodies,{ and on the 
Classification of Elastic Media.§ 

Let the co-ordinates of any molecule, in its original position, 
be x, y, 2; and suppose that after the displacement they become 

“+é&, Yr; z+. 
Then we shall assume that the nature of the body is such that the 
sum of the moments of the forces developed by the displacement 


may be represented by 
{\[8 Vdadydz, 


dE dn ace 
Tapey: ee a! aby: 
V s0( E+ t+ ez) (A) 


where 


* Transactions of the Royal Irish Academy, vol. xxi. 

+ Transactions of the Cambridge Philosophical Society, vol. vii. p. 11. 
{ Transactions of the Royal Irish Academy, vol. xxi. 

§ Ibid. vol. xxii. Part. i. 
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=. 


_ U being any function of 2, y, z. The general equation of motion 


_ being 
|( eee 


[Nae 





PC 


7 ons dé 


= a) cldydem ([SVandyde,  (B) 

our first object in adapting it to the present case must be to de- 

_ termine the mechanical variation denoted by the symbol éV. 

_ Now in performing the operation denoted by 8, it must be recol- 

lected that this symbol refers to a virtual displacement of the 
molecules from the actual position in which they are placed by 

_ the conditions of the problem. We have, therefore, in this ope- 
ration, no concern with any position which these molecules may 
have previously had. Hence it is evident that the symbol 6 does 
not apply to a, y, z, which are the co-ordinates not of any really 
existing molecules, but merely of the positions which these mole- 
cules had in their original state of equilibrium. The mechanical 
variation of V therefore coincides with its mathematical variation, 
and results solely from a change in the form of the functions &, y, Z. 
We have, therefore, 


ae y8.0(Fs Gigs +2) 


d. dy dz 
dé dn Z\ /dd& dyn doz 
-u(F aay +E\(+ wie =} 


Substituting this value in the second member of equation (B), 
integrating by parts, and equating to zero the coeflicients of 
d&, dn, 2, under the sign of triple integration, we have the three 
equations of motion, 


@—E d (em, dé 
“de dx \dz« dy dz 
an a dime dy de 
Be ray zeae) (C) 
aed dewednw de 
“de dz (Eats z)3 
or, if we assume 
dé _ aa dg 
@) = 


dx * dy” de’ 
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ll FIG fei) os (D) 


An equation, with a single dependent variable, may be deduced 
from these by adding them after differentiating respectively with 
regard to #, y, 2. Performing this operation, we easily find 


aw _ U (dw Tw | Cw 

dee \da® “dy * dz / 

(25 rE) ie Ga saa CE 7) ae 
a ae 


edx s&s dx edy  & dy/ dy edz & dz/dz 


_(@.4av a 1a, a 1av a 
de ede dy «dy de edz 
The terms without the sign of triple integration give the equation 
OU (e+ ae z) (S€dydz + Sn'dadz + 8f’dady) = 0. 


Let a, 3, y be the angles made with the axes by the normal to 
the limiting surface, and let dS be the element of this surface. 
Then it is evident, from p. 216, that the foregoing equation may 
be written 
(|0 (z+ ot - =) (cosad& + cos3en + cosyéZ)dS=0. (F) 
In applying this equation we may have any one of the following 
cases : 

(1.) The external molecules may be ae fixed. In this 
case we have at the limiting surface 


o&=0, df =0, 82 =0, 


and the equation (F) becomes identical. 
(2.) The external molecules may be restricted to a given sur- 
face, admitting of motion along the surface, and excluding motion 


CALCULUS OF VARIATIONS TO MECHANICS. 329 


perpendicular to the surface. Let the equation of the limiting 


- gurface be 


Peete) 9.0. 


- Then since this equation is supposed to subsist between the co- 


ordinates of any one of the external molecules, however it may 
be displaced, we have 


df I eT ae a 
ae Mug hge te 
and therefore, from p. 327, 


86 + Fan + Fa = 0, 
or 
cosadg + cos3on + cosyog = 0. 
The equation (F) is therefore again identically true.* 

(3.) The external molecules may be completely free. In this 

case the limiting equation can only be satisfied by making 
(de dn de 
U E + di + 7) = Q, 
and therefore 
V’ = 0. 

151. The most important case, however, is that in which there 
are two media in contact with each other, differing in the form of 
the function V. As an example of this case we shall consider the 
following question: 

Let two elastic media (V;, V2) be in contact along an indefi- 
nite plane, which we shall take for that of zy. Let the values of 
V for these media be 


2 2 2 
Vi-3 (At B+ OG) 


dx? dy? -' dz 
dé? dn? dé? ©) 
n 


A,, B,, C,, Ae, Bz, C2, being constants. Suppose now that the 
molecules of the first medium are disturbed by a plane wave re- 
presented by the equations 


* Mécanique Analytique, tom. i. p. 207, 
2U 
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Qa 
E, = TL, cos a (v,t- 2), 
1 


2 
n= M, Cos wr (vet is Z), (H) 


2 
CZ, = N, cos (vt — 2). 


Let it be required to determine the nature of the plane wave 
which is propagated in the second medium. 

The action of the molecular forces being insensible at finite 
distances, it is evident that if we wish to find the motion of a 
molecule situated in the first medium at a finite distance from the 
plane of separation, we must make, in the general equation, 


V= Vy. 
For a molecule similarly situated in the second medium, 
V = Vo. 


For molecules situated in, and infinitely near to the plane of 
separation, 


V= V+ Vo; 


and in investigating the conditions to be observed at the limits of 
integration it is evident that we must make use of this last value. 
It is easy to see, indeed, that as each of the quantities, Vi, Vo, 
contains only displacements of its own molecule, the three ques- 
tions alluded to, namely, that of the motion in the first medium, 
that of the motion in the second medium, and that of the transmis- 
sion of the motion from the one medium to the other, will be fully 


solved by making 
V= Vy + V2 


in the general equation. This equation becomes, therefore, 


d a? 
{lJ a e& a 0&1 + a om + ee Bi dadydz 
aPE> d? rn 


+ feo Ge oe 
= {| éVidadydz + {[f 8 Vedadydz. (1) 


y On2 + as oD) dadydz 
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& dé, dog dn, dom | dd d 1 

eee das dy dy : Cue dz’ 

dé, does dnz ddne do ddZe 

da dx ee, dy te Os dz dz 














OV2 = Az — 


Substituting these values in (1), integrating by parts, and equating 
to zero the coefticients of 6&1, dm, 621, under the sign of triple 
integration, we find 


Pe) d*éy d?ni dn CMS aC 
Bae ae 9 ge Page 8 ae OG OS) 


the equations of motion in the first medium, and 

ets mp Oi Moe _ Gg Bos (L) 
Meemieade) de dip? ae. dz?’ 

the equations of motion in the second medium. 


The terms without the sign of triple integration give the 
ie 


| 4, =) SE dyda + (J By de xdz + {i Gino dady 
me 


- 4G Ez 


2 8 dydz — || Bee Bi edaedz — {| C2 
the Be. £1, &e., gut ey to show that they refer to 
the limits, and a negative sign being interposed between the two 
classes of terms, inasmuch as the integrations are performed in 
opposite directions. Let a, (3, y be the angles which the normal 
to the bounding surface makes with the axes of co-ordinates. 
Then if the preceding equation be transformed as in p. 215, we 
shall have at the limit of integration, 


(45 eo 661 — Az a 2 86) cosa + (2. ~ 8n) ter ae 72 8 cos 3 


+ (1 GB ~ O22 a ®t) cosy = 0. 


In the present case, where the bounding surface is the plane of 
ay, we have 
cosa=0, cos =0; 
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and the foregoing equation becomes 


cn 1 84 Cy ie. OS? 8 = 


But since the ee of the same molecule must be the same 
to whichever medium it be referred, we must have 


601 = 002. 
Hence we have, finally, 
do) de'2 
Ci UP C2 ao (N ) 
We have, besides, the three equations, 
E71 ¢ E's, n1 = 125 o1 ny oe, (O) 


which denote that the vibrating molecules at the bounding surface 
may be considered as belonging to either medium. There are, 
therefore, four conditions expressed by equations (N) and (Q), to 
be fulfilled when the oscillation passes from the one medium to the 
other. When the nature of the oscillation in the first medium is 
given, these equations, in conjunction with the equations of pro- 
pagation (L), serve to determine the undulation which is trans- 
mitted into the second. 
In the present case, where the several quantities 


Fa 5 By, Ci, Ap, Ba, Co, Ely €2, 
are constants, if we assume 
—-a?9 =A, -b?q_=B,, -¢"a = Ch, 
iz ag” ams Ap, a be? e2 = Ba, ~ C2” g2 = C2, 


the equations (K) and (L) will become 


PE te Ey dee ae » PEs 
aoe aa ae aa? 

Gm ,,4m dn,» o@'ne 

me by ap (P), tas bz dy?” (Q), 
oi ao) dle 9 d*Ce 

—~ = ¢;” ’ 7 Ol ae 

dt? dz? dé? dz? 


Now since the motion in the first medium is, by hypothesis, repre- 
sented by the equations (H), if we substitute in (P) the values of 
E1, m, 21, derived from these equations, we shall have 


Ly = 0, M, =, Vi = Cy. 


/! 
| 


4, 


| 
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To determine the motion in the second medium, we have, in the 


‘first place, the general solution of (Q), namely, 


Eo =f (+ dzgt, y, 2) + F(x art, y, 2), 
ne = o(y + bgt, x, z) + B(y — bet, x, 2), 
Co = W(z + Cot, a, y) + V(z — Col, a, y). 
In order that these equations should represent plane wave motion, 
they must be reduced to the form 
E2=f (my +nzt+ ut agt)+ (my + nz + x - art), 
no = > (lz + &.) + & (lx + Ke.), 
Co=U (pat &.) + VY (pa + &.). 
The conditions at the limits are 
e1 oe E23, 11 4 1125 C1 = 62, 
resulting from the equivalence of vibrations, and 


Wr _ py de 
ean sde, my 


_ derived from the quantities under the sign of double integration. 


The equations 
E1 a E2, 11 ? 125 


combined with the equations 


L,=0, Mm =0, 
give generally, as is easily seen, 
E> Fa 0, 12 = 0. 


This reduces the general solution to 
E2=0, ne=0, Co=P(petqy t+ zt et) +V(pat+ dy +2 et). 
The equation 
G1 = C2 
becomes, therefore, 
N, 008 t= Wi (pe + gy + ct) + ¥ (pe + gy ~ es). (S) 
1 
Again, we have from equation (R), by the substitution of the 


values of Z'1, Zo, 


Or dy d¥) _ Cs/dp_ av 
oN G1 sin 5 t= C2 (FE %) =(4-F). 
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Integrating this equation with respect to ¢, we have 


Ni Ci 0c Qa 
Coe co 85 uf +O, (T) 


Q being an arbitrary function of w and y. 


Solving equations (S) and (T) for ~ and W, we find 





WV ( pat q'y — ct) — P( pet gy + et) = — 





, Ci C2 Qa 1 
WV (pe + gy - et) = +M (14 oe] 008 Tia 3 Q, 





Cre 2 
(pa + qy + et) =F Mi > | C08 ae 
Cs Vv} Ai 
From these equations it is easy to see that we must have 


p=0, g-0, p -0, 7 =O eee 


and, therefore, 








Gs C2 2r 
_ fs oy the —— 
VY (- eet) bm, (14 ce) oe ut, 
Cie Qa 
W (+ et) = $M (1- G =| 008 eae 


Hence 





W (z- et) =$ Mi (1+ G2) cos 5 COs ahd! = 7, (2 eat) 
vy 


Cee 27 vy 
a Nia te Rad. 
Wb (z+ et) =4 mi (1 C, ae O85 ee "(z+ Cet). 





The wave motion, which is propagated into the second medium, 
is therefore represented by the equations 


Es = 0, no = 0, (V) 
Ci cs 27 vy; 
a v1 a ae 
Zo =} m, {(3 + oe eae (z — Cet) 





Cie. 27 v 
+ (1 ~ Ta) COs ceaes (z+ C2t) }. 
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CHAPTER X. 


APPLICATION OF THE CALCULUS OF VARIATIONS TO THE INTEGRATION 
OF FUNCTIONS OF ONE OR MORE INDEPENDENT VARIABLES. 


152. Tue general principle upon which depends the present 
application of the Calculus of Variations may be briefly stated as 
follows: 

A differential expression of any kind is said to be integrable 
when it admits of being expressed as a function of quantities 
which refer solely to any assumed limits of integration. Thus, 
for example, the expression 


Vda 


is integrable if it be possible to satisfy the equation 


v1 * dy [dy 
{° Vae= Ff 2, yo( 3 | Cine (2) seat 


without determining the form of the function y, or assigning any 
particular values to the limits 2, 2. It is evident, from the na- 
ture of the process of integration, that the function / must be of 
the form 


P {a mn() ...-(Fo8) }-£{ a wo (GE) (ee), } 


Now if this equation be admissible it is evident that the variation 
of the given integral will be of the form 





(rd = iy + Bid(S ), + &e. + Aabyy + Bod ( “) + &e. 
xo 
If we compare this with the general expression of Art. 11, 


} 5 Vda = N, oY) =f (P;)6 (2) GC. + Nodyo Fic &e. 


vy dP, d? 2P, 
+f (w- Tin: aoe — &C. ) oyda, 
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it will immediately appear that the two expressions cannot be 
identical unless the term 


vy dP, 
i (w- ae ie. oyda 
vanish without any determination of the function y. Hence itis 
evident that the form of V must be such as to render the equation 
N - ish + &. =0 
da 

identically true. 

Conversely, if this equation be identically true, the given 


differential 
Vda 


will be integrable. For in this case the variation of the integral 


li Vda 


v1 


will depend solely upon the variations of the limiting quantities, — 


d d 
X15 Yi; (H) 9+ ++ %0, Yo, (2) . 
t 0 


The given integral is therefore a function of these quantities only, 
and consequently the differential 

Vda 
is integrable. 

This reasoning is extended with equal facility to integrals of 
all orders. For we have seen that the variation of a definite in- 
tegral consists of two classes of terms, namely: 1. A series of 
terms depending upon the variations of the limiting values of the 
indeterminate functions, sc. the primitive function and its differen- 
tial coefficients which are containedinV. 2. A series of terms de- 
pending upon the variation in the general form of the primitive 
function itself, &e. 

Now if the form of V be such as to cause these latter terms to 
vanish, it is plain that the value of the given integral will depend 
solely upon the limiting values of the several indeterminate quan- 
tities. The given differential expression is therefore integrable, 
that is to say, its integral admits of being reduced to another of a 
lower degree. Hence we have the following general rule: 
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— ee 


Let V be a function containing any number (n) of indepen- 
‘dent variables, x1, v2,....@n, one dependent variable, w, and its 
several differential coefficients with regard to 2, a, &c. Let it 
_be required to determine in what case the integral 


Mest et V dat thts te... day 


is reducible to another of the order n — 1. 

Determine, by the rules of the Calculus of Variations, the 
complete variation of the given integral, and reduce it until the 
quantity under the highest sign of integration contain but one 

variation, éu. Then if the form of the function V be such as to 
cause the coefficient of du to vanish, the given differential admits 
of being once integrated. 

We have thus seen that the rules of the Calculus of Variations 

give us the means of determining immediately the criterion of in- 
tegrability of a differential function. 

It is also evident that we shall be enabled, by the same rules, 
to determine in what case an integral such as, for example, 


{| Vdady, 
may be reduced to another, 
{| Vidady. 


For if this reduction can be effected, it is plain that the diffe- 
rential 


(V — V)dady 
must be integrable. 


We shall now proceed to consider successively the cases of 
single and double integrals. In the former of these the generality 
of the principle here laid down enables us to proceed at once to 
the most extended case, namely, to determine the conditions ne- 
cessary, in order that a given differential function may be capable 
of being integrated any number of times successively. This will 
form the subject of the following Article. 


RO 
pt 
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Prop. I. 


dy Py = dry 
Ve= (ay ? D> Te’ ax?” bd ** dam ? 
and let it be required to determine the conditions necessary, in 
order that V may be integrable m times successively, m being 
less than n. 


1538. Let 


It is evident from the principles laid down in the preceding 
Article, that, if V be integrable m times successively, the varia- 
tion of 

(Vidar 
will, when reduced as far as possible, consist entirely of terms 
free from the sign of integration. Now 























3m Valam = (m3 Vida = |" (Wey + PS PS ee Ja m (A) 
Consider any term of this series as 
dey , 
ak du”. 
We have, then, neglecting terms free from the sign of integration, 
a8 Gis a hee 
[-P, pe da = (- yA (["S ——~ dydu™ ~1{" zoe Syeda 
kik — 1 (m-2 dk-2 Mi ‘ 
srs EN a Ta dydam — &e. 
Hence 
ke 
8.) Vaden = 3{mP, SOY dam 





k-1 
22 {C0(fP EE 2 OE aya 


h.k—-1(m2?d?Py. |, 
Sear eee Tak? — dyda - de.) by 


Now if this expression be free from all signs of integration, it is 
evident that the coefficients of dy under the several signs 


Ce ee &e. 


must vanish of themselves. Hence we have the equations 
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aa at P; 


























=(- If =) (= Ly aoe = © 
kh. a Ld®?P, 
k-2 
Se meiscdata a/c 
or, since Py = XN, 
dP, dP. bid aa, 
eg Gace 
dP» d?P3 a vp, 
(ae — 2 = Tes 3 7 = &e. (- 1) n dam = 0, 
dP, n.n—LadP, 
art, Aeeneen, NM ae en Vora | St 
P,- 3 ae t &e. + (- 1) ‘ESE 0, (B) 
&e. &e. &e. 
fee mont VAP A 
Pei 7. Baa ands aes 
n-m+1 
+C aaa _m.m+1....n qr n = 0 


Peo —- et loa 


If these m equations be satisfied independently of the form of the 
function y, the given differential function will be integrable m 
times successively. 

The same method may be applied to the case in which V con- 
tains any number of dependent variables, y, z, wu, &c. Hach of 
these variables will introduce m equations similar to (B). Hence 
we infer generally that if V contain m’ dependent variables, the 
number of equations which must be satisfied in order that it may 
be integrable m times successively will be mm’. If n,n’, &c., be 
the orders of the function V in the several dependent variables 
which it contains, 1. e. if 


dy d"y dz dz 
V=s(« Ue a ie Pe we.) 


it is evident that m cannot be greater than the least of these 
quantities. Ifm=1, that is to say, if it be required to find the 
condition to be satisfied in order that Vdw may be a perfect diffe- 
rential, all the equations (B) except the first disappear. The 
required criterion is therefore 
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dP, dP. . d"P, 
de de Oe 








This agrees with the result obtained in the preceding Article. 


Prop. II. 


154. To find the form of the function V such that {{Vdady 
may be reduced to a single integral, where 


V=f (2, Y 2 P,Q): 


The method here adopted is precisely analogous to that 
already given for the case of a single integral. It consists in 
forming the expression of the function Q, which remains under 
the sign of double integration in the variation of {{Vdady, and 
then determining the form of V, so as to cause that function to 
disappear of itself. 

Now it is readily shown, as in p. 250, that the differential 
coefficients of the first and second orders will disappear from Q if 
V be a linear function of p, g, and in that case only. Hence we 
must have 


V=ap+Pq+y, 
a, 3, y being functions of x, y, z. It is plain that in forming the 


expression for 


ayarave ae 
da” dy 


we may reject all terms involving differential coefficients, inas- 
much as all such terms will disappear from the final result. 
Forming the expression on this principle, we have 


dVa\ da (dVs\\_ 23 ees 
dw} de’ \ dy} dy’ ~ dz’ 


and, consequently, 


We infer, therefore, finally, that 


=e 
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The double integral, 
| WP (21 Ys 2 Ps Q) dady, 
may be reduced to a single integral, if 
F(@, ¥, 2,2, 2D =plila, y, 2) + gf 2(a, y, 2) - F3 (a, y, 2), 
the functions F), F2, F’3 being connected by the equation 


dF, dk, dks 
de * dy * de =” ey) 


155. As an example of this, let 
V= w(pe + qy— 2); 
p being a function of a, y,z. We have then 


[EOE ER AIM ENT TM eet es 


Whence 
dn dP, du dF, du 
dx ae di Cee oe d dz 


d d d 
AD dis Pt vosince tay oa 


dy qz t Ou = 0. 


The double integral, 
Ju(pe + qy — 2) dady, 

will therefore be reducible to a single integral if be a homo- 
geneous function of the order — 3. Hence we may infer the fol- 
lowing theorem: 

Let a number of surfaces be described through the same closed 
curve, and let dS be the element of the superficial area of any 
one of these surfaces. Let also P be the perpendicular from the 


origin upon the tangent plane, and a, y, z the running co-ordli- 
nates. The value of the integral, 


[Eda 


extended to the entire of the surface bounded by the closed curve, 
will be the same for all these surfaces. For since 


PdS = —- (px + gy - 2) dady, 
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it is evident, from the foregoing discussion, that the value of this 
integral depends only upon the limiting values of x, y, z, 1. e. upon 
the bounding curve, which is, by hypothesis, the same for all 
these surfaces.* 


Prop. III. 


156. To determine the conditions requisite in order that 
(| Vdady 


may be reducible to a single integral, where 


V = f(a, Y; Zz, PP» 7; ’, 8, t), 


r, s, t being the differential coefficients of the second order. 


Proceeding, as in the foregoing Proposition, we shall form the 
value of Q, and then determine the form of V, so that this quan- 
tity may vanish of itself. Now we have already seen (pp. 249-252) 


* This theorem may be differently proved as follows: 
Let 7, 0, @ be the polar co-ordinates of a point on the surface. Then since 


cos 9 = . tan ¢ = f 
r xv 
and, therefore, 
pds ee emi ~ d, 
sin ~ (e+pz) — 7p ets ~Yy tx) — 79 Y, 
v y 
d SCS — — ees . 
9 y2 + 22 dy aap 
we find, by the ordinary rule, 
: _prerqy—z 
sin 0d0do = satin kaa dady. 


Hence it is easy to see that the given integral may be put under the form 


{|S v(é 2) sin 0a 


or, putting for x and y their values, 


{x ©, @) sin Odbdg, 


an expression which, as it only contains the independent variables, is evidently reducible 
to a single integral. All methods of this nature are inferior in generality to that given 
in the text, by which we arrive at a rule for determining the integrability of any given 
function of x, y, Z, p, - 
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that the coefficients of the third and fourth orders will disappear 


| from Q when (and only when) V is of the form 
A (rt - 8?) + Br+2Cs+ Dt + £, 


(A) 


_ where A, B, C, D, E are, in general, functions of p, g, x, y, z. 


This will give 


dA dB, dC dD aE 
= Poros eataeee pan Ss 
St) a, ft ea ttt a 


ee nee 9928 , po ah 
RG tp) dp dp ** ap dp’ 


dA dB aC dD as 
A!) —— or cafe vi nag a 
V, = (rt - s*) Ta et esa +t ti ~ ie 
V2=At+B, Vy=-2As+2C, Vy=Ar+D. 
In forming the values of 


Mena OO Vy OV et 


oe RE EC Pea ip i 


da’ dy’ “da? * dady’ dy?’ 


(B) 


it is plain that we may reject all coefficients of an order higher 
than the second, inasmuch as we have before seen that all such 


terms will disappear from the final result. 
Differentiating upon this principle, we have 








dV .2 dA dA dA dA dB dB le | Ns: 
oe (BPs re aoe] Mirth lta. ton dp ° dq’ 
IV xy dA dA tA dA\ d@ HO Oh EN tO 
3 dy ae -0(Fs Vaz" * dp tT eget ages “dp oe 
Hence 
dV 2 é ydVay dB aBp dC rhb: 
2 


dy * da *P ie * dy Lae — ap 


(44, dA ad dD " dA Seats grGaie ht 
(Ft Paz ‘dq dp 





Similarly, 
iy ~ dD ‘aD dO» \dC dE 
Sayetde = dy ae ae Pe ay 


At | 


dA dA dC _ a) dAx in dA; dD. dG 
Bt dy dz dp dq 


dy 4dz dq” dp - 


de? dz” dp * aq)" 


—- 
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Hence 
dV. . dV. d /(dVp , dV, 
oy ry 1, N 
T(E +2 dy =) al dy a dx vy) + 
= O (rt — 8?) + Lr+2Ms+ Né+T1; (C) 
where 


dd @A @A, PA @A 
dz * dedp dydq'” dedp' 1 dedq 
eC &B &D 


dpdq dq dp 


6 =3— 


OLD wp (0 eset x ’?B ’B (D) 
dz | dadp dydq  ? dedp 1 dedq 
OO, 
*\dydp” 4 dzdp)~ dp? 
aA 2 aA iA aA 
~ \dady P dydz dydz 9 ode * PY ae 
dC if ’B 2 ’B f aD i. CD ete 
dz dadq P dadq dydp 1 Tedp ~ dpdq 
d?A 19 aA » Pf 
dat“? dade? ae 
dD @D @#&D d?D ?D 
dz dydq dadp *dzdq ~ dzdp 
9 ac Pi PC\ @k 
dadq P dzdq} dq 
TT a’B 9 Bh ?B 
~ dat" “P dade” P ae 
i aD 9 PES Tae 
dy? "4 ade dydz wee dz 
49 aC ac ?C PC 
dudy  @ Gedz*? dydz dydz TPL ae 
ek H CH CE q Ca Dy oe 
~ \dadp * dydq’ ? dzdp" 4 dzdq) * de 





WV = =. 
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If, therefore, the given function V be integrable, it must satisfy 
_ the equations 


eee 0, #0, -N=0, 11-0. (E) 


These equations, therefore, furnish the criterion of integrability of 
the given differential function 


Vdady. 


We shall now consider some particular cases of the general 
problem, which will be found to lead to interesting results con- 
_ nected with the theory of surfaces. 

(1.) Let 

V= A(t — 8). 
Here we have 
0 USO) = 0,- EF = 0, 
and, therefore, 
II = 0. 


The equations (E) are, therefore, reduced to 


dA PA PA PA PA | 
dz  daxdp ” dydq "© dedp 1 dedg 
dA ae GA + Q? dA = 0 
dy “1 dydz 2 ae”? 

(F) 
dA z dA . ad? A iH aA 
dxdy P dydz 1 dade ?1 Gz 

ad’A dA iA 


ei Seiad hat ae a 
ae adel aes 


= Q, 


Integrating the last three of these equations, which is easily 
effected by assuming | 
co dA ‘i dA _dA i dA 
| ae Rigaen ” Tape hae 

we find | 
U=G(Z—PE—- Wy Pi Ds Y= P(S— pe - Qys Ps Ds 
A = vp (e— pe — Ys Pi D + WE —P®- Ws PD 


+ xX (2 — p@ — dy, p, J): (G) 
2Y 


346 APPLICATION OF THE 


Substituting this value in the first of equations (F), and putting, 
for the sake of brevity, 


Z— pe — qy =a, 
we have 
dp dp _ dp dx dp dx 
+g -- (gry + ZB) --(¢3 oT aes 7s) 


Integrating with regard to w, we have 


opt +x--[(F é: Tr) do Fp, Q): 


ip dy 
dw’ dw’ 
for p, p, and omitting, as is plainly allowable, F'(p, 9), 


Substituting this value in (F) we have, putting — 


“+. (H) 


If P be the perpendicular from the centre upon the tangent plane 
at any point of a surface it is known that 
eee la to. 
V+ p+) 
The foregoing value of 4 may therefore be written 
_d&(P, p, q) _a¥(Pyp, : 


This is the most general value of 4, which renders 
A (rt — s*) dady 
integrable, i. e. such that the value of the integral 
{| 4 (rt - 8°) daudy 


is dependent solely upon the nature of the limiting curve and 
the values which z and either of its differential coefficients have 
at the corresponding points of the surface. Hence we have the 
following theorem : 

Ifa number of surfaces be described, touching along the same 
closed curve, the value of the integral 


\J Adpdg (K) 
extended through that part of any one of the surfaces which ts 


av heart 
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| bounded by the curve of contact, will be the same for all the surfaces 


| so described. 
This theorem is evident, if we recollect that 


dpdq = (rt — s?) dady. 


For it is plain, from the foregoing discussion, that the variation 
of the definite integral will contain only the variations of the 
limiting values of y, z, and p or q (p. 232). Since, then, the sur- 
faces have acommon curve of contact, this variation will disappear 
altogether. ‘The value of the integral therefore remains constant 
in passing from one of these surfaces to another. The same con- 
' clusion holds if the surface be entirely closed, i. e. the value of 
the integral (I<) will in this case be the same for all closed surfaces. 
For in this case the variations of the limits will vanish of them- 
selves.* 

Hence also, 

If the tangent plane, at any point of a surface, have a closed 
curve of contact, the value of the integral (KK), extended to the entire 
of that part of the surface which is bounded by that curve, will be 
zero. 

For by the preceding theorem the value is the same for the 
surface as for the tangent plane. 

= (2.) Let 


V=Br+2Cs + Dt, 


where B, C, D are functions of p and q. 
Here we have 


A=0, B=f(p,q), C=F (p,q, D=$(p,9)- 


* This will, perhaps, appear most readily if we suppose the definite integral to be 
transformed, by taking as co-ordinates the radius vector and the angles which determine 
its position, the origin being placed within the surface. It will then assume the form 

{[Vded¢. 
Now the equations of the limiting curves are, in general, of the form 
9=f1(9), 9=fo); 
and the single integrals which occur in the variation of 
{i 7'd0do 
are supposed to be extended through the entire perimeter of each of these curves respec- 
tively. But in the case of a closed surface, these curves become points, and the single 


integrals consequently vanish. 
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Hence it is easy to see that the equations 
L-=0, M=0, N=0 ieee 
become identical, and that the equation 


eked 

becomes 

iB OP Ca oe 

paren Cs —— + — = 

dq? dpdq dp? 
It may be readily shown that this equation is satisfied by making 

ans 7 pq aes 
“arp ee 9" Tape? O° Tere 

Hence, recollecting that 


1.1. @+¢@)r-2p9s5 eee 


Rea (1 + p? + 9q*)z : 
we infer that 
Tf a number of surfaces be described as in (1), the value of the 


definite integral, 
fpebca 


extended to the entire of that part of any one of the surfaces which 
is bounded by the curve of contact, will be the same for all these 
surfaces.” 


“ This theorem, which has been before referred to, is more easily proved by a par- 
ticular method. For, if we assume 


g 


we shall easily see that 


Va+p+@Q) 7 Va+p+@y 


Hence dy 
P= aa 
Ae Sait fl dy | dx 
—+ — |\dxdy= — dx = | ————_——~ dx. 
Na+ z) ei (tz 0) , T+ PP 
It would not be difficult to multiply examples of the present application of the Cal- 
culus of Variations, but the length to which the present work has already extended forbids 


me from entering further into the subject. I shall, therefore, conclude this Chapter with 
the consideration of two questions, which seem to be of some importance. 


= _ er 
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Prop. IV. 


157. To find whether it be possible to represent the super- 
ficial area of a surface by any formula such as 


I'+ |{F(P, 6, ¢) déd¢, (A) 


where I" is a quantity referring solely to the limits of integration, 

and P, 0, @ are the perpendicular from the origin upon the tan- 

gent plane, and the polar angles which determine its position.* 
The method to be pursued in all such investigations as the 


present is as follows : 


Let 
|| Vdady 


be an integral by which it is known that the required quantity 
may be represented, and let 


I+ |/d0d¢ 


be the expression by which it is proposed to be represented, I 
being an indeterminate function of 0, ¢, and some third quantity, 
which in the present case is taken to be the perpendicular on the 
tangent plane. Transform the double integral in the proposed 
expression (by changing the independent variables) into another 
of the form 
{| V'dady. 
We have then 
[| Vdady = + |{Vdady, 
and, consequently, 
{| V- V’) dady = 1. 


If, therefore, it be possible to determine V’ (or IT) such that 
(V — V’) dady 


* It is known that in a plane curve the length of any portion may be represented by 
an expression of the form 
[+ f Pdw, 
where P is the perpendicular on the tangent, and w the angle it makes with any fixed 
line; I being a quantity which refers solely to the limits. The object of the present pro- 
position is to determine whether there be an analogous formula for the quadrature of any 
portion of the surface. 


350 APPLICATION OF THE 


may satisfy the criterion of integrability, the problem is possible; 
if otherwise, it 1s impossible. 

In the present case, where the independent variables in the 
proposed expression are the angles which determine the position — 
of the perpendicular upon the tangent ae it is known that 


7t — 


sin 0d0dp = (me Tae 


Hence it is evident that if the expression 
FP, 0, ¢) dédo 


be transformed into one of the form 
V'dady, 
we shall have 
Vi = (rt — 8) f (2 —pe—- ays P, 9); 
V= /(1+p?+q’). 


If, therefore, the proposed representation be possible, the ex- 
pression 


(Vv (L +p? + 9°) — (rt — 8°) f@— px — ay Ps q)} dedy 
must be integrable. We have, then, in the equations of Prop. III. 
A=-f(2-pe-—qy,p,9g), B=0, C=0) Dev 
B= (1+ p%+ 9) 
Substituting these values in the equations 
L=0, M=0, N=0 
it is easily seen that they become 


CE CE CH 
ap" apdg= age = 


also, 


which are manifestly impossible, inasmuch as / is a given func- 
tion. It 1s, therefore, impossible to express the area of a surface 
by any such formula as (A). 

The present example shows the utility of the Calculus of 
Variations in examining into the question of the possibility of 
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effecting any proposed reduction of one multiple integral to ano- 
ther differing from it in form.* 

Prop. V. 


158. Let &, R’ be the principal radii of curvature of a closed 
surface, P the perpendicular on the tangent plane, and dw the 
element of the spherical surface described by a portion of this 
perpendicular whose length is equal to unity. Then 


(\(R+ R)dw = 2)\Pdw, (A) 


the integrals being extended through the entire of the closed 
surface. 


It is easy to show that 


: rt — 
dw = sinOdédo = Casa a = dady ; 
also, 
1+ 9*)r—-2pqs + (1+ p?)t 
Poe +9°)r ae Clap) V (14 p?+q); 
Dee ah I 
v (1+ p*+¢@) 


If now we assume 


(| Vdady = (|{2P-(R+ F’)} dw, 
and substitute the foregoing values of R, f’, P, dw, we shall have 


zZ (1+ 9?) - 2ngs + (1+ p?)t 
V= Gaga Na oa gaan eartare oe 


Comparing this with the general form (A), p. 343, we find 





* T have investigated the general form which the function V should have, in order 
that the area of any portion of a surface may be capable of being represented by a for- 
mula such as 

I+ {{Vdédg, 
put the result is altogether different from F'(P, 0, ). The reader will find it considered 
in the note upon the present Article. It does not appear to me to be possible to estab- 
lish, in the present question, any analogy between the case of the surface and that of the 
curve. 
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9 (-pe-W) p__1t+¢ 
Cape oes 








o ©) 
Wage z au x 
1+ p?+ g?’ Dae _ 


Now since B, C, D are independent of wz, y, z, and since, more- 
over, A satisfies the equations 


dA dA dA dA 
Wane oases = (), dy) ae (D) 
it is plain that the values (C) will render the quantities L, M, NV, 
IT, identically zero. It remains, therefore, to examine the result of 
these substitutions in 0. 

We have, from p. 344, 


dd @A PA GA PA 
dz" dadp' dydq' ? dedp  * dedq 
20 @B dD 


0 = 


Differentiating equations (D) with respect to p and g respectively, 
and adding them, we find 


yA dA | aA _@A aA CA aA 
dz " dadp  dydq ? dedp” 1 dzdq” 
This reduces the value of © to 


9 #4, 8C “Girne 
— dz“ dpdqg dg dp? 


ek, AES ae dB 
dz ° dp\dq dp)” dq aa 


Now 
dC —p 2n¢q? 
a pe ae 
adD 2nq? 
dp” (+p?+@yP 
Hence 


dC dD _ —p 


dq dp «+p +g? 
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and, therefore, 
d (se 7) ii 1 2p? 


dp\dq” dp)” sp sg” Cape 
Similarly, | 
PAC ae ata oe a 
dq\dp dq/ 1+p?+q@ (1+p?+q@) 
Hence 
slag ap ate dB _ 2 __@A 
dp\dq dp} dq\dp dqg/ (+p +g dz 


We have, therefore, 
6 = 0. 


Since, then, the integrals are supposed to be extended through 
the entire of the closed surface, it is plain that the complete va- 
riation of 


[[Vdady, or {[{2P-(R+ F)}dw, 


will be identically zero. This integral will, therefore, have the 
same value for all closed surfaces. If, therefore, we can find its 
value for any one surface, we shall, by this theorem, find its ge- 
neral value. Let the surface be a sphere described round the 
origin as centre. We have then 


R+Hk =2R = 2P, 
and, consequently, 
([{2P -(R+ R’)} dw = 0. 


Hence, in general, 


{{\(R+ RB) dw = 2\\Pdw. 


If dS be the element of the surface, and if in the left-hand mem- 


ber of equation (A) we put for dw its value 


RR 


we shall have the theorem 


iI( ae z) dS = 2{Pdw. 


2 7 
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Other theorems of the same kind might be obtained in a 
similar way; but as the object of the present Chapter is rather 
to state a general method, than to examine particular problems, 
the foregoing illustrations will probably be considered sufficient. 


NOTES. 


Note A, Page 4. 


Tuts may be readily shown as follows: 
(L.) F2y=F (y+ y)= Fy + Fy = 2Fy, 
F3yY =F (2+) = F2y~+ Fy =3Fy; 


and, in general, 


Fi = ify, 
? being an integer. 
(2.) Let ._™ 
I= re 
Then since 
F ny =nky, 
if we put ny for yy, we have 
¥ lay. 
BE. gs EW ; 


and, therefore, 
Bi Sypris =m. Vie 
n ” n 


The theorem is, therefore, true for all rational values of 7, and may 
easily be extended to irrational values by the method of exhaustions. 





Note B, Page 27. 


The term “second variation,” as generally used, is ambiguous. 
1. It may signify the variation of the variation. 2. Itmay denote the 
quadratic part of the series which is obtained by the substitution of 
y+ doy (or y+ 7) for y. If this series be 
A+ Bi+ C? + &e. 


the term C%? is sometimes denominated the second variation. These 
significations will become identical if 


oy = 0. (a) 
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Now in the applications of the Calculus of Variations to the inves- 
tigation of maxima and minima, we are only concerned with the latter 
signification. I have, therefore, introduced the condition (a), in order 
to obviate any confusion which might arise from the double meaning. 

I cannot but think that M. Delaunay has been misled by this am- 
biguity, when, in the theory of maxima and minima, he employs the 
second variation in the first of the foregoing significations.* For in 
this signification of the term the second variation has not (as it seems 
to me) any connexion with the theory of maxima and minima. 


Note C, Page 32. 


The reader must not suppose that indeterminate functions admit of 
no maxima or minima except those which are discoverable by this rule. 
For, on referring to the reasoning employed in the Differential Cal- 
culus (which is, in this point, identical with that which is used in the 
present case), it will at once appear that this reasoning is based upon 
the assumed possibility of taking the increment so small that any 
term of the series may exceed the sum of all those which follow it. 
This is true only if the coefficients of all these terms be finite. If any 
of these coefficients be infinite, the condition is no longer necessarily 
possible. In fact in this case the development fails altogether. But 
we cannot conclude from thence that the function does not admit of a 
maximum or minimum. Thus in the curve ABA’, Fig. 17, the ordi- 
nate BY is a maximum, although the value of the differential co- 
efficient, 

dy 

dx’ 
is finite. This maximum is not therefore given by the ordinary rule, 
which fails for the above-mentioned reason, namely, that the second 
differential coefficient becomes infinite. 

Similarly, in the theory of maxima and minima, as given by the 
Calculus of Variations, if the second variation (as defined in (2), 
Note B), become infinite, the reasoning upon which the rule depends 
will fail, and the given indeterminate function may admit of a maxi- 
mum or minimum which does not satisfy the condition 


Di Vda = 0. 
Vid. note upon p. 163. 


* Liouville, Journal de Math., tom. vi. p. 225. This error (if it be an error) does not 
affect M. Delaunay’s conclusion. 
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Norte D, Page 72. 


It is evident, from the general discussion contained in Props. IL, 
III., and IV., that, if either the conditions of the problem or the func- 
tion which is to be made a maximum or minimum contain the limiting 
values of coefficients of an order higher than n— 1, the Calculus of 
Variations does not appear to furnish a solution. It may naturally be 
asked, then, whether such problems admit of any solution? The 
answer to this is easy, if we recollect that, in the general discussion al- 
luded to, mixed functions are tacitly excluded. It is assumed through- 
out that the function preserves the same form for all values of x, from 
2%) to x, inclusive. The question discussed is not, therefore, whether, 
under the conditions of the problem, a given integral admit of any 
maximum or minimum value, but whether such a value can be given 
to it consistently with the supposition that the form of the function y 
remains unchanged. Problems of the class above alluded to do not ad- 
mit of suchasolution. But if mixed functions be admitted, the possi- 
bility of the solution will be restored. 

This reasoning will, perhaps, be rendered more clear by a geome- 
trical illustration. Let 

V= ye (2, Y; 2). 
and let it be proposed to describe between two given points, A, B, a 
curve such that the differential coefficients, 


dy d’y d™y 

da? da?’ °° da 
may have, at each of these points, given values, and that the definite 
integral, 

{[Vde, 
may be a maximum or minimum. 
The solution of this problem is given by a mixed curve, consisting 

of (1) a finite portion satisfying the equation 


and passing through the points A, B. (2.) An infinitesimal portion at 
each extremity, satisfying the other conditions of the problem. 

Thus, for example, if it were required to determine a curve of mi- 
nimum length passing through two given points, and touching two 
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given lines, the solution would be a mixed curve, consisting of a finite 
right line connecting the given points, and terminated by two infini- 
tesimal elements touching the given lines. 





Note E, Page 82. 


This theorem may readily be proved by the separation of the sym- 
bols of operation and quantity. 

If we denote by A the symbol of differentiation as dpplied to K 
only, and by A’ the same symbol as applied to w only, it is easily seen 
that the expression 


ad”u , wh 
aK aa ; 1 hediee ae (a) 
da™ dam 


may be written 
{(A + Aye Av’ + (A sk Ae A’™\ Ku, 
or 
(A ve ae Alm’ {(A ae PNG ere + Aine) Ka; 


Now it is readily proved that either of the expressions 
( A Ae ENN et ae Ann 
( A i PNA sz vy Alen. 
may be represented by a series of the form 
Am 4 4 Ar? (A ms. A’) A’ + BA24 ( Ax INDY A? + &a. + E(A ae NA AS, (b) 
where A, B, and £ are functions of n For if we assume 
X=(A+Ad/)A, 
we shall have 
— Ada/ (Ais 4X) 
2 y] 


Ate 


A + o/(A?+ 4X) 
A+ Als ———_—————, 
y 2 


Hence 


(A+ A’)? + AM = = [ {4/ (A*4+ 4X) + A}? + {4/ (A? + 4X) — A} ] 


1 { 2n.2n—1 
A?” +. 


aoa 3 Ar? (A? + 4X) + &e. + (A? + 4X)” }. 


If this expression be arranged according to the powers of X, and if we 
then replace X by its value (A + A’) A’, we shall evidently have a series 
of the form (b). The same method will obviously apply to the ex- 


pression 
(A a At es Alt), 
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Substituting the value so found in 


( A+ ja lel te Alm’ { ( rates Jay are £ A’ es} . 
we have 
a (A ah ies AU + AAm-2 (A ats Aye Ams! 4 & eo, 
where 
n=4(m—m’) or =$(m-m' - 1), 


according as m—m/ is even or odd. 


Hence we have, finally, 


d u d”™u 
d K d m dK da: ne 
hd é 
diac” of d. mi = IPA (A a5 a) A’ i + &c. | Ku 
4b; 
ACEO iy RO 
“da” de” ida dare 
= ine + dant} 
ay Amy 
; 41 pa 
q Gy ae i ia Coussd dam} 
Shiela wpa 
uttin 
p g aK dK 
m da’ 8.4 thes A Ta dx z4 5S &e. 





Note F, Page 84. 


The following theorem is easily proved by the method of separation 
of symbols : 


P d”Q a"PQ m q”) P'Q m.m—1 a Prd 








Seen idee 12 de 
+ (= 1)" P™Q; (a) 
putting, for the sake of brevity, 
dP iP, d"P 
et LA aR (m) = 
z da’ f das” “ 
If now we multiply the equation 
2 
eA = A, a 
idee awe he, = 0 (b) 


da dx? 


by wi, and subtract it from the value of U, we shall have (putting for 
y its value, ut) 
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2 
A ela ypc 
T=4 s +U — + & 
da dar? 
d 2 
dA coke oe 
— ui te — ut bat — &€ 
da dx? ; 
Or, as it may be more briefly expressed, 
( d™., A m —— da”. A,, a=) (c) 
— > Se ee pl & > 
U % dam ut adam 


m having all values from 1 tom. We shall now proceed to show that 
each term in the sum = may be represented by a series of the form 





dt dt 
yh Oh Weadh’ 
db) — d*.b, i oh 
dx c da? - 


Applying the theorem (a), and putting 








d”™ ut du 

Wa" = (ut), ne = u', &c., 
we have 

a". A,,(u)" a”. uA,,(ut)” md” .u/A,,(ut)™ 
m diac” a dac™ 1 dam 
1 d™ ul’ A,,(ut) 
mm—lad™*.u"A,,(ut)” 
i i da ya 
We have also 
mm—1l 





(ut)” = ut™ + mu/tir) + uly) +. &o, 


If this value of (ut)"be substituted in (d), the general term of the re- 
sulting series may be represented by 


a? uPA, UrD ED 
uf da? / 
where it is easily seen that 


m.m—-1l...pt+l mm-1...g+1 
Mato 3c wep te eee 


> 


the upper or lower sign bemg taken according as m—~p is even or odd. 
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Now if p be not equal to q, it is plain, from the form of this expression, 
that there must be another term, 


dau) A uP) tl) 
dat aa 


+M 


the upper or lower sign being taken OS, as p — g is even or odd. 
Hence if we assume 


K= MA,u" ue, 


it will at once appear that, with the exception of the terms in which 
p= (which have already the required form), all the terms of the 
series (c) may be arranged in groups of the form 


dt drt 
ae. K == -dt. K — i) 
dat dx? 
( da” = dat 





But we have before seen (Note E) that a group of this form may 
always be expressed by the series 


BOS aan Ope 
ere + ge ao Ca &e. 
We have, therefore, 
a”. A,,(ut)” d pe ae.C; . a0, 
U6 waa ada BE jh RECT) ea BE, (e) 


Now it is evident that the coefficient of ¢ in 


d, A,,(ut)” 


ake 
u ada” 


will be 


Hence 


Substituting this value in (e), and putting b,, b,, &c. for Ci, C2, &e., 
we have 


Fi 
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a”. Ay, os Bi ad”. A, ns 











da™ dx” 
d 2 n 
Pee A heal d”.b at 
da “i dx? & fe aa” 
Wimeertts: dar + dx" 
and therefore, finally, 
db, = d”".b aii 
Ties dt di? & ” dacm 
{ v= 0; is em Ps + we + nee r (f) 


This demonstration is taken, with some modifications, from M. De- 


launay’s Memoir. 





Note G, Page 127. 


M. Delaunay, in reasoning upon this problem, concludes that if the 
order of the equation 
daa 


be higher than that of the function V, the conditions 


dn dn 
Ay = 0, No = 0, (=) = 0, (=) = 0, &e. 
0 


are necessary.* 

But his reasoning upon this point does not appear to me conclusive. 
A careful examination will, I think, show the reader that, admitting 
the truth of the infinitesimal conditions given by M. Delaunay, these 
conditions may be satisfied by the equations 

(Bn) ma 0, (Budo — 0, &c., 
as well as by the equations 
= 0, Ay = 0, Ke. 

I have given in Chapter IV. some examples which appear to be 
altogether inconsistent with the truth of M. Delaunay’s result. Thus, 
in treating the problem of the shortest line by the method of Lagrange, 
the function V is of the order 0, and the equation 


L=0 
of the order 1. Yet the conditions 
Ny a 0, No a 0, 


are altogether inadmissible. 





* Journal de l’Ecole Polytechnique, tom. xvii. p. 85. 
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Nore H, Page 136. 


The remark in the text is to be understood as applying only to the 
method of treating the equation 


D.\Vda = 0. 


The two cases differ essentially in the mode of applying the theory of 
Jacobi to the investigation of the conditions which relate to the second 
variation. This part of the subject has been considered by M. Delau- 
nay. But, in that part of his memoir which regards relative maxima 
and minima, the reasoning does not appear to me quite satisfactory, 
and the conclusion is far less perfect than in the case of absolute maxima 
and minima. 

I have already pointed out (Note B) a misconception which he 
appears to me to have formed as to the meaning of the term ‘‘ second 
variation.” There is, however, no difficulty in modifying the reasoning 
so as to remove this error, and that without affecting the results ar- 
rived at. Itis the imperfection of the results themselves which has 
induced me to omit this part of the theory. ‘The reader who is curious 
on the subject may consult M. Delaunay’s Memoir, which has been 
already frequently referred to. 





Norte I, Page 152. 


This theorem, as well as the corresponding theorems of pp. 184 and 
278, apply properly to zntegral functions only. There is no difficulty, 
however, in extending them to the case of fractional functions. Thus if 

Ti 


ee WP 


where »’ is an integral function of the degree m’, and m” an integral 
function of the degree m’, we should have 


) 1 , Ip! 
«(cosa FE + cos =) = (cose oe + cos 7) 
fo gy 








a i TRA ee 
1 dp!’ dp!’ 
ei? (cosa eee cos B # ) 


Hence if the construction given in the text be made separately for the 
two curves, 
je =C, pl = e"; 
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and if the corresponding portions of the normal be denoted by 
INGE aN 
we shall find by proceeding as in the text, 


Loe mi!” 
~<a EN 
A similar extension is readily obtained for the theorems of pp. 184 
and 278. 





Note K, Page 163. 


An elegant construction has been given for this curve by M. De- 
launay, viz.: 

If an ellipse or hyperbola, whose transverse axis 1s a, be supposed to 
roll upon the axis of x, its focus will generate the required curve. 

Let the polar equation of the rolling curve, the generating point 
being the pole, be 


r= f(w), (a) 


and let the equation of the curve generated be 


y= (a), or dy = pda. (b) 
Then it is easy to prove the following equations, 
Gra rdw . (c) 
rdw?” V (dr? + r°dw*) — “ 


These formule enable us to pass from the rolling curve to the curve 
generated, or vice versa. For if the rolling curve be given, the equation 
of the curve generated will be found by eliminating r and w between 
the equations (a) and (c). If the equation of the generated curve be 
given, that of the rolling curve will be found by eliminating x and y 
between the equations (b) and(c). By this method we are sometimes 
furnished with a means of constructing a curve given by the differential 
equation 


y = f(P). 
Thus, in the present case, where the equation of the generated curve is 
ay =(y? +e) ¥(1 + p’), 


if we put for y and p their values given by equations (c), we shall have 
for the differential equation of the rolling curve, 


Be / (c)dr 


~ J (ar—r —c) 
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Integrating this equation, we find 


Pes & of ( i ealed | 
—=— — — — —} cosw 
nr  2¢ Ae: Cpa 
the equation of a focal conic section. Comparing this with the ordinary 


equation 
1 1-ecosw 


ri AREA? 
we find 


Hence the proposition is evident. If c = 0, the conic section will 
become a finite right line, and the generated curve a circle, as in p. 164. 

There is a remarkable peculiarity connected with this problem, 
which has been already alluded to in the note upon p. 32, namely, that 
the equation furnished by the Calculus of Variations does not include 
all the cases which may arise. For we have seen, in p.164, that if the 
curve intersect the axis of revolution, we must have c = 0, and that in 
this case the curve will become a circle. The same thing will appear 
from the foregoing construction. For it is plain that a curve, generated 
by the focus of a conic section which rolls upon a right line, can never 
(unless the conic section become a right line) intersect the axis of revo- 
lution. Now, suppose the original problem to have been given as fol- 
lows: 

To construct upon a given base AB, Fig. 18, a curve such that the 
superficial area of the surface generated by its revolution round AB 
may be given, and that its solid contents may be a maximum. 

This problem evidently admits of a solution. But this solution is 
not given by the sphere, inasmuch as its superficia] area is a determi- 
nate function of AB, and cannot therefore be made equal to any other 
given quantity. The solution of this problem is, therefore, not con- 
tained in the equation 


It is easy to see that in this case the development of the new form of 
V, according to powers of 7, fails. For the second variation is, in 
general, | 











ave a2V eV, 
\( dy” es dydp oyop + dp op ) da. 
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But since 
Vay -ayV(1 +p’); 
we have 
a’Vv PV ap ave ay 


dp” dydp J+ PY dp (+p 
If for (1 + p*)3 we put its value derived from the equation 


ay = (y° +c) f(1 + p’)s 
we shall find 
BY pa af io)? 
dp. ay 
Now if ¢ do not vanish, the supposition y = 0 renders this quantity in- 
finite. The method therefore fails altogether. 





Nore L, Page 171. 


There is another case, which has been omitted in the text, that, 
namely, in which the maximum or minimum curve is required to touch 
the limiting curve at each extremity. 

None of the variations, 


déx\ (doy déx (> ar 
eS 
OX, Ys (S )? (a ts OX, OY os fe *) ds 


vanishing in this case, it is easy to see that the terms outside the sign 
of integration will give the equations 








dadéix dy do 
aba, + bey, + Hpi ( ais a5 —<) = 0, 
1 
Pa dé Ty dé ®) 
é edéx dy de 
GOL) + bbYo + Mopo? (SS ch + a — = 0, 
0 


Let the equations of the limiting curves be 


y¥=fi@), yy =fol(2). (b) 


Then since the required curve touches both these curves, we have © 


(ie), (ae), Aae)p “aes” aed 
ds), \d ds}, ds, \dx/,\ds/o . ( 
And since equations (b) and (c) are supposed to hold however the curve 
be varied, we shall have from equations (b), 


df 
oy, = | — 
o (ze) 


and from equations (c), 


(a) 
ds}, 


we have also 


) A 


doa 
ds ) 


js ce)? 


+ ae), Car), Gar) Aas), 
a) aa). a). 
(a 


dx 
G 


\da 


Solving equations (e) and (f) for 


we find 


(= af 
dey za hi 
ds. Xe 


df; 


a). * (Ge 


da 


dix” 


),(), 


(i) 


df; 


a), 3) (7 


variations 


ds 


= 
ds 


ie), as 


apy 


=) 
(a), 


from the equations (a), we find 


) 


déy 








(2) (2), (2), 
Sear 





BLE) 
) = &c., (‘ ds 


Eliminating, by means of the equations (d) and (g), the several 


dé 
OY, (5) 9 
1 


qe), 7 & 
0 


doy doa 
6 
ah ee ds )> G ds *) 


dan. (dy | (a? 
0x, =— : 
¥ (). (3) (52) os 


(f) 
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or, on account of equation (b), p. 168, 


TiN grates afi (= * 
a+b (2 =e) (ay bx, + ¢) a za), =o 


a+b (=), — (ayy — ba, + ¢) (3). (=), =A), 


To interpret these equations let AB, Fig. 19, be a line whose equation 
is 








ay —-be+c=0. 


Let P, be the point x,y, P;.N, the normal to the limiting curve, 7, its 
radius of curvature at the point P,, and P,p, a perpendicular on the 
line AB. We have then, since the curves touch at P,, 


da dy 
2 4 2 eas. 
/ (ae + b°) Pip, = ay, — ba, + Cy 


1 if (5 ) (=) 
r, \da?/, \ds J, 


Making these substitutions in the first of equations (h), we have 
r,=— P,p, sec N, Pp, =—- PM, 





and, similarly, 


%=- oPo sec Vo Po ibe Pr Ne 





Norte M, Page 195. 


Although the equations (C) are not integrable generally, the fol- 
lowing remarkable property of the curve in question may be deduced 
from them : 

Let two planes be drawn making angles with the co-ordinate planes 
whose cosines are 


a b ; ; 
4/ (a? + 6? +e) J (a +B +e) V(@+P +e) ( ) 
Ae «dle a f 


VOPPY JOP PY (PaPapy © 
respectively. Let O (Fig. 20) be the origin, PP’ any arc of the curve, 
and pp’, m7’ its projections upon the planes (1) and (2) respectively. 
The sector Opp’ is proportional to the difference between the perpen- 
diculars Pz, P’z’. 


(h) 
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The truth of this theorem will at once appear from equation (G), 
p. 199, which may be written | 
c(yda — xdy) + b(adz — zdx) + a(edy — ydz) = fda + fdy + fdz. 
For if we denote the element of Opp’ by dA, it is evident that 


_ f e(ydx — xdy) + b(adz- zdx) + a(edy — ydz) 
ad = { / (a? + 6 + c?) ii 
Also, 
d.Px _fida + fidy + faz 
CELE DS 


Making these substitutions in equation (G), we have 





V(C+0+0)dA= f(P+f'rt+f”)d. Pr. 
Integrating, and putting 
(S24 fr+ fr) = ky (a+ B+ 0%, 
A = Opp! = K (Pz - P’r’). 


we have 


If the planes (1) (2) be at right angles, it is easily seen that the pro- 
jection of the curve on (1) will be a right line, and, therefore, that the 
curve will be plane. This agrees with the conclusion stated in p. 198. 

The curve may also be represented by two differential equations of 
the first order. For if we take the plane (1) for the plane of yz, it is 
easily seen that equation (G), p. 199, may be written 


ydz — zdy = ldx + mdy + ndz, 
or 
(y — n)dz — (2 + m) dy = ldax; 


or by transforming the co-ordinates y, z, and taking, as before, s for the 
independent variable, 
dz 7s dy _ 1 


AF Pte POA (a) 


Differentiating this, we have 


d’z pee dx 
I as dst ds*" 





We have also the identical condition 
da dx ; dy d’y F: dz dz 
ds ds? ds dst dsds* — 
3B 
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Eliminating, by means of these equations, 

ay dz 

ds*” ds” 
from the equation 

(s3) : (3) dz 2 x } 
ds) * \as) * (aa) ~ 
and reducing, we have 
dsm f(P+y + Zz) 

Integrating, and adding an arbitrary constant, we have 


a= (Or yh+y +e). (b) 


The curve is therefore represented by the system of equations (a) 
and (b). 





Note N, Page 242. 


The discussion given in the text is, of course, incomplete. In order 
to prove generally that the solution given by the Calculus of Variations 
is perfectly definite, it would be necessary to show that a function of 
two independent variables is completely determined by a partial diffe- 
rential equation, combined with a number of particular conditions 
equal to the order of the equation, and referring only to particular 
systems of values of the independent variables. Of this important pro- 
position I have not succeeded in obtaining a complete demonstration, 
independent of the nature of the particular conditions. The following 
proof, however, although applicable only to a particular class of condi- 
tions, may be considered of some importance: 


Let 
L=0 


be a partial differential equation of the n order. Suppose also that 
the values of z and of one of its differential coefficients of each order, 
as far as the order m—1 inclusive, corresponding to a given system of 
values of x and y, bealso given. The general value of z, in terms of # 
and y, will in this case be perfectly determinate. 

Let the given system of values of x and y be represented by the 
equation 


dot) =, (a) 
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Let also the particular conditions be 


n-1 
ee ea ae ee 


di dgrt = Aen (®) 


Now since these equations are true for all values of x and y which sa- 
tisfy the equation (a), it is plain that we must have from the equation 
t= A, 

de dzdy dX 

dx” dy yda dx’ 


Tz ody Ge dy dz  Pyde PX 
det” “da dudy ' da dy» datdy da?” 
&c., 


the values of 2 a &e., being derived from (a). If these differen- 


tiations be continued up to the n™ order inclusive, it is evident that the 
equation z= X, combined with its several differentials, will give x +1 
relations among the quantities which enter into Z. Similarly we shall 
have from the equation 


n relations among these quantities. 
Treating in the same way the equations 


d?z q’=} Zz 


dx 2 = XxX, &c., Gg = Any 


we have among the several differential coefficients: 


From the equation 2=0....... 1 equation. 


dz “ 
— =4,,,... 2 equations. 
1) q 


Se. oe Ce 88 eo ee 8 «o 


oeeteeeeerteeeeeeeesteeeteeeeeee tet eeee ee * 


The total number of equations which subsist among these quantities is, 
therefore, | 
(n+1) (n+ 2) 
By 2k 


This is evidently also the number of the quantities themselves. Hence 
we infer that if the values of z and one differential coefficient of each or- 
der, as far as n — 1 inclusive, corresponding to the system 


Sf (@ y) = 9, 
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be given, the values of all the differential coefficients, as far as the or- 
der 2 inclusive, corresponding to the same system, will be given also. 
Again, since the equation 


L=0 


is supposed to hold for all values of x and y, it is plain that we must 
have 


The introduction of differential coefficients of the order n + 1 will there- 
fore furnish us with two new equations derived from Z. And as each 
of the equations (b) admits of one more differentiation, it is plain 
that we shall obtain from them nm new equations. We shall thus have 
in all n+2 new equations. This is precisely the number of the new 
quantities introduced, namely, the n + 2 differential coefficients of the 
order n+1. These coefficients are therefore determined. And the 
same reasoning may evidently be extended to differential coefficients of 
all orders. Hence we infer generally as follows: 

If z be a function of x and y which satisfies the partial differential equa- 
tion (of the n™ order) 

L= 0, 

and if, moreover, the values of z and of one differential coefficient of each 
order, as far as n— 1 inclusive, corresponding to a given system of values 
of x and y, be given, the values of all the differential coefficients of all orders 
corresponding to the same system will be also given. 

The function z is therefore perfectly determinate. Hence it is plain 
that the m conditions (b) are necessary and sufficient to determine the 
arbitrary quantities which enter into the solution of the equation 


Li= 0. 


As these conditions are independent of each other, it appears natural to 
conclude that the determinate character of the problem results solely 
from their number. It would be desirable, however, to have a more 
general discussion of the question. 





Note O, Page 252. 


This reasoning may be extended to the general case, in which V 
contains differential coefficients of any order. The method of investi- 
gation is precisely similar to that which has been given in the text, 
and the result may be generally stated as follows: 


re 
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If V be a function of x, y, z, and of the differentials of this latter 
quantity, as far as the n” order inclusively, the equation 
Q=0 

will, in general, be a partial differential equation of the 2n” order. 
But this equation will be reduced to one of the order 2n — 2, by the 
disappearance of the two highest order of terms, when (and only when) 
V is a function of 

Gene one dz 

dx” dx dy’ ** dy” 
of a degree not higher than the second, and in which the coefficients of 
the terms of the second degree are connected by this condition, that the 
sum of the coefficients of all such terms as 

ae NI i d"z 


in which the indices of dw and dy respectively are equal, shall be equal 
to zero. ‘Thus, for example, if A be the coefficient of 


( d ne 2 
da, aa : 


since there are three other terms equivalent to this in the sense just 
defined, namely, 
d"z dz dz dz dz dz 
da". dyi* dx". dy? da"*.dy>* du. dy? da. dy" da. dy” 





if B, C, D be the coefficients of these terms respectively, the above- 
mentioned condition requires that 


A+B+C+D=0. 





Note P, Page 286. 


The reader will observe that one important case has been omitted, 
that, namely, in which it is required to determine, among all closed 
surfaces of equal superficial area, that one whose solid content is a 
maximum. ‘This is known to bea sphere. But this solution has not 
yet been obtained from the equations furnished by the Calculus of 
Variations. The terms which refer to the limits of integration will in 
this case disappear altogether (vid. p. 347), and the only equation fur- 
nished by the Calculus of Variations will be 


1 | l 


— — 


Pees 
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It would seem, therefore, that the sphere ought to be the only closed 
surface included in this equation. But this has never been proved.* 





Note Q, Page 351. 


It may be worth while to investigate generally the form which V 
should have in order that the area of any portion of a surface may be — 
capable of being represented by 


I + {(Vdodd. 


This is readily effected by the method given in the text. For if we 


assume 
A(l+p'+ qi = V; 


it will be evident, from the general principle laid down in pp. 349-50, 
that the expression 


A(rt-—s*)- f(1+p?+@) 
must satisfy the criterion of integrability. We have then, in the gene- 
ral formule of p. 344, 


B=0, C=0, D=0, E=- V(1+p?+q). 


The equation 
k= 0 


becomes therefore identical; and the equations 


G = 0a 0, ee 


give 
dA BPR, Mariel lng 
dy * “Tayde "1 ae” A+ P+ PP 
OY pt est ee 
dady * dydz ' * dude d@- (ltp+ey 
PA aA d’A 1 +p 


ee A 8 ae 
dat * *P ede *P ae (l+p?+q)z 
These equations, which are easily integrated by the method of p. 346, 
give 
(a + yf + (pe + ay)" 
+p +@ 


+ yW (2 — px — Qy, P, 7) + X(Z - px - GY, P, Q)- (a) 


aie 





[S) 


+ xb(z — px — qy, P, ¥) 





* Delaunay, p. 111. 
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It remains, then, to consider the equation 


6'= 0; 
or, as it may be written, 























Ze, Gee ee (Cae a) =0 - 
de dp\du az) * dq\ay ta) (b) 
Now equation (a) gives 
dA dA «+ (put qy)p 
dc *? de +p ee 1 ® 
dA dA yt (pr+qy)¢ 
Wy day GieAsoe 
Hence 
a ea i =) - Qpx + gy w+ (pe+qy)p , db 
dp\du ? az)” “(+p + Pi (l+p?+qf | dp’ 
d =e =)- 2qy + px y+ (per gy) , dp 
dq\dy a)” A+pP+ ei! A+P + Qi 


Adding these expressions, we find 


d =, aA) d @ a dp dy 
eS ee 1 


dp * a dp” dq’ 
also, 
oA. OA dp dy dx 
ae Pea 346) = ERC” RAE PR 


Substituting these values in equation (b), and integrating with regard 
to w, we have 


d d 
Beet x y [pdw — BANOO EE: 
Omitting F'(p, 7), which may evidently be considered to be included 
in ¢ or y, and assuming, as before, 


&=-—/(ddw, V=- {ydw, 
we have 





7h ge ale + Set Dh as aD dv 
yep Hg )k dp dq’ 
and, therefore, 
db dv 
V=-di{[ertyt(per+qgy}+d+Pr +o (S 4 a) 


If we put 
P=0, ¥=0, 
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we shall have the area of any portion of the surface represented by 


LT — $if{a? + y? + (pax + qy)*} dw. 
Hence we may deduce the following theorem : 

If a tangent plane be drawn at any point of a closed surface, and if 
we denote by 7’ the distance between the point of contact and the point 
in which it cuts the line from which @ is measured, the total superficial 
area will be given by the expression 


=—$((T?dw. 
The truth of this is obvious, if we recollect that 
T= 2 4+ y? + (pe+qy) 


For it is plain, from the foregoing investigation, that the value of the 
integral 


{[(dS + $ T?dw) 


is the same for all closed surfaces. Let the surface be a sphere whose 
equation is 
e+yP+2=1. 
Preserving the usual significations of 6 and ¢, we have 
T = tan 0, 
and, therefore, 


wT [27 T 
{{Z°dw = | | tan?6 sin 0d0d = 2n( tan’@ sin 0d0 
0/0 0 


T 1 4) 
= 2n| (= - sind) dd =~ 82. 


o \cos?é 





Hence, in the case of a sphere, we have 
([(dS + $7? dw) = 0, 
and therefore, in general, 
S = -$({T?dw. 

It may be interesting to verify this theorem for the case of a sur- 
face of revolution. 

Let AB (Fig. 21) be the axis of revolution, APB the generating 
curve, and PH a tangent at any point. Suppose the angle @ to be 


reckoned from the line AB, then if PN be the normal, and PY the 
ordinate, to the curve, we shall have 


PNA=0 T=PE=-PYsecé. 
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Let the equation of the curve be 


dy = pdx ; 
then 
p v (1 +p’) 
cos0 = ———_.. T'=- y sec0 = - y —~_— 
v(1 + p’) : ar: 


Now since 7’ is evidently independent of @, we have 


mt (20 T 
| Ma | | T? sin 0dédp = “| T’sin 0dé, 
0J0 0 
Substituting for 0 and 7 their values, we have 
"dp 
£(([7? dw = — {oe as 
al py (1 + p’) 
or (integrating by parts) 


$([T?dw = ry? V (1 +5) ~ aniy4/ (1 +5) dy 


= mV (1 +5) — Qrfys/(1 + p?) de. 
If the limiting points be A, B, it is plain that the term free from the 
sign of integration vanishes, and consequently that 
— $({[Z?dw = 2rlyV/(1 + p*) dx. 


But the second member of this equation manifestly represents the su- 
perficial area of the surface generated by the revolution of APB. 
Hence the proposition is evident. 


THE END. 
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